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We consider the system in the title where the initial condition {xg, 1) € R®. We show that the
system has exactly two prime period-5 solutions and a unique equilibrium point {0, -1). We also
show that every sclution of the system is eventually one of the two prime period-3 solutions or
else the unique equilibrium point.

1. Introduction

In this paper, we consider the system of piecewise linear difference equations

Xnil = |xn] —Yn— 1,
n=0,12,..., (1.1)
Ynsl = Xp = |yn|,

where the initial condition (xg, 1) € R% We show that every solution of System (1.1) is even-
tually either one of two prime period-5 solutions or else the unique equilibrium point (0, -1).
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2 Advances in Difference Equations

System {1.1) was motivated by Devaney’s Gingerbread man map {1, 2]
Xpet = |Xu] = Xpg + 1 {1.2)
or its equivalent system of piecewise linear difference equations {3, 4]

Xn+1 & Ixnl —UYn + 11
n=0,1,2,.... (1.3)

Yn1l = Xy,

We believe that the methods and techniques used in this paper will be useful in
discovering the global character of solutions of similar systems, including the Gingerbread
man map.

2. The Global Behavior of the Solutions of System (1.1)

System (1.1) has the equilibrium point (X, 7} € R? given by
(E’-y_) ={0,-1). (21)

System (1.1} has two prime period-5 solutions,

x=0, y =1
x1==2, 15 =-1

Pl=] ;=2 1 =-3 |,
xz3=4, y3 ==~1

\

x4=4, Yy =3
1
((x=0. w=37 (2.2)
3 1
x1=—?, yz:—~7~
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Advances in Difference Equations 3

Set

h={(xy):x20y=0}
L={(xy):x=0,y2>0},

={{(xy):x<0,y=0},
L={{xy):x=0,y<0},
() :x>0,y>0}
{(x,y):x<0,y>0},
{
{

(2.3}
}
J

(1) 12 <0,y <0},

( }

0]
Q2
Qs
Qu

x,y) x>0,y <0}

Theorem 2.1. Let (xp,yo) € R2 Then there exists an integer A > 0 such that the solution
(%, yn) 2.y 15 eventually either the prime period-5 solution PL, the prime period-5 solution P, or
else the unique equilibrium point (0, -1).

The proof is a direct consequence of the following lemmas.

Lemma 2.2. Suppose there exists an integer M > O such that =1 < xp € Oand yar = ~xp —1. Then
Ceamt, Y} = {0, =1), and 50 { (%, Yn) Vimpse1 18 the equilibrium solution.

Proaf. Note that

xNIl:Ile— M—1=v—xM—{—x\,1—I)—1:D,
- ¥ ! (2.4)
YMel = XM — ]yM] =xp — (xm + 1} =~1,

and so the proof is complete. |

Lemma 2.3. Suppose there exists an integer M > 0 such that xpr 2 1 and yy = xp - 1. Then
{(ares, Yaee1) = (0,1), and 50 {{Xn, Yn) Vompsn 15 Ps-

Proof. We have
a1l = |~y —l=2pm - (k-1 -1=0,

(2.5)
Ynrger = X — IyMI =xy— (-1 =1,

and so the proof is complete. i

Lemma 2.4. Suppose there exists an integer M > O such that xar = Oand yar > 0. Then the following
statements are true.

(1) xaps = 0.

(2) I yane > 1/4, then {(xa, Yn} omates 18 P_%.

(3) If O < yaq £1/4, then yprs = 8yp — 1
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Proof. We have xp = 0 and yar 2 0. Then

X = |xaml ~yar—1=-yar -1 <0,

Yaml =X~ |ym| = —ym €0,
Koz = [Xaset| ~ Y1 — 1= 2y 2 0,
Yaez = Xata = [Ymaa| = 2ym -1 <0,
e = [Xana] - ymeo -1 =4yar 20, (2.6)
Yumes = Xae2 — |yl = -1,
Xnres = [ Xagea| —Yas — 1 =4y 20,
Yaes = Xans — | Yaes] = dym - 1,
X5 = |Xaged] = Yarea ~ 1 =0,
and so statement (1) is true.
¥ yar > 1/4, then Yars = Xarea — [¥atea| = 1. That is, (xars, yass) = (0,1) and so

statement (2} is true.
If0 < yar £ 1/4, then Yases = Xared — |Yasea] = Byar — 1, and so statement (3) is true. O

Lemma 2.5. Suppose there exists an integer M > 0 such that xp = 0 and ya < —1. Then the
following statements are true.

(1) xpr0a = 0.
{2) l:f—3/2 <YM < -1, then Ynira = —4yM -5
(3) Fyne < —3/2, then {(xn, Yn) Yieertea 15 P5-

Proof. We have xar = 0 and yar < —1. Then

Xaer = lxnl -y —1=-ya —12>0,
Ymel = XM — |Ym| = ym <0,
Xpgez = [Xpal =y 1= -2ym -2> 10,
Yoz = Xve = [ysa]| = -1, (2.7)
Xnges = |Xva] —Yase = 1= -2y — 2> 0,
Yares = Xz — | Yate2l = 2ym - 3,
Xpres = [Xpaa| - Ymez =1=10,
and so statement (1) is true.
Now if —=3/2 < ya < -1, then Yares = —2yp — 3 < 0. Thus yare = Xara — |yasl =
—4131 — 3, and so statement (2) is true.

Lastly, if yar < —3/2, then yar.3 = —2ynm — 3 > 0. Thus yags = Xans — |yme3| = 1; that s,
{(2arrs, Yuea) = (0,1) and so statement (3) is true. O
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Lemma 2.6. Suppose there exists an integer M > 0 such that xp1 > 0 and yar = O. Then the following
statements are true.

(1) If xar 2 1, then {(Xa, Yn) Vi ps,z 15 P2

(2) f1/4 < xn < 1, then ((%n, Yu) Vo pses 35 PR

(3 IFO < xp1 S 1/4, then Xpri6 = 0 and yares = Sxpr — 1

Proof. First consider the case xp > 1 and yar = 0. Then

Xyl = |Xp| = ym—1=xpm =120,
YMe1 = Xp - IyM] =xpm >0,
Xae2 = x| — ya - 1= -2,

Yaie2 = Xppe1 — [yaen] = -1,

and so statement (1) is true.
Next consider the case 0 < x3; < 1 and yar = 0. Then

vl = lxaml-ym—1l=axm-1<0,
Y = X6 - [ysm| = 2 20,
Xatea = Jenvm| — yamre — 1= =225y < 0,
Y2 = Xpie1 — lyM+1| =-1,
Xafe3 = [Xar2) — Yaa ~ 1= 2500 20,
YM:3 = Xarz — |[Yaz| = 2300 -1 <0, (2.9)
Xasa = |[Xapa] —vans — 1= 4xp 2 0,
Yaed = X603 — |Yaa| = -1,
X5 = [Xagea| = Yaea — 1= doeps 20,
YMi5 = Xned — |Yarea| = dxpr - 1,

Xaae6 = |Xares] — Yans — 1= 0.

If1/4 < xpr < 1, then yans = 4xp ~ 1 > 0 and so Yaes = Xami5 — |Yates] = 1. That is,
(a6, Yaresy = (0, 1) and so statement (2) is true.

IFO £ xar < 1/4, then yars = 4xps — 1 < 0. Thus Yams = Xars — |Yarss| = 8xp — 1, and
so statement (3) is frue. |

Lemma 2.7, Suppose there exists an inleger M 2 0 such that xa < —1 and yam = 0. Then the
Jollowing statements are true.

(1) Trl+g = 0

(2) If -3/2 < xp < -1, then Yagsa = —4xpr ~ 5.

(3) If xa1 < =3/2, then {(Xn, Yn) Vyipseq is PL
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Procf. Letxar < =1 and yar = 0. Then

Xaeel = p| ~Yamr —1=~xp =120,
Yare1 = Xa1 — |ya] = xm <0,
Xpgen = a1 — ¥ - 1= 2000 - 2> 0,
YMez = Xpael — Y| = -1, {210
Xatd = X - a2 1= 2xp1 -2 > 0,
Yaa = Xnsz — [Yarea| = 2200 - 3,

Xmea = el - Yms —1=0,

and so statement (1) is true.

H-3/2 € xm < -1, then yara = —2x3 — 3 < 0. Thus ¥agee = Xaseg — |yassal = —4xp1 = 5,
and so statement (2) is true.

If xar < =3/2, then Ynez = —2xpm—3 > 0and Yrra = Xps3 — lyM+3f = 1. That is,
(xatsa, Ymea) = (0, 1) and 50 {(Xn, Yn) bopgea 1S Psl and the proof is complete. O

We now give the proof of Theorem 2.1 when {xag, yas) isinla = {(x, ) : x = 0, y=>0).

Lemma 2.8. Suppose there exists an integer M > O such that (Xar, ym) € L. Then the following
statements are true,

(1) IfO< yar < 1/7, then {(xn, Yn) Vazay 15 eventually the equilibrium solution.
(2) If ym = 1/7, then the solution { (%, Yu) Yoepren 5 P2
(3) If ym > 1/7, then the solution {(xy, Yu) Y22 pr s eventually P2,

Proof. (1) We will first show that statement (1) is true. Suppose 0 < ya < 1/7; for each > 0,
let

2m_1

ay = W. (2.11}

- Observe that

(}:a9<a1<a2<---<«1-, Iiman=1_ {2.12)
7 00 7 _
Thus there exists a unique integer K > 0 such that ya € [ak, ax.1)-
We first consider the case K = {; that is, ¥um € [0,1/8). By statements (1) and (3) of
Lemma 2.4, xpr5 =0 and ymss = 8ypr — 1. Clearly yars < 0, and so

Xnes = |Xames| =~ Yas — 1= =8ym < 0,
(2.13)

YMsg = XM+5 — IyM+5I = 8ym—1.
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Now -1 < xpss < 0 and yamss = —Xans — 1, and so by Lemma 2.2, {(xy, ¥a) ooy 18 the
equilibrium solution.

Without loss of generality, we may assume K > 1.

For each integer n such that n > 0, let £(71) be the following statement:

Xnfesaes = U,

. 23Dy _ 1 {2.14)
Yrf+5nes = 230 1)yM - (—*7“-— > 0.
Claim1. P(n)istruefor0<n< K-1.

The proof Claim 1 will be by induction on n. We will first show that (0} is true.

Recall that xpr = 0 and yar € [ax, axa) € [1/8,1/7). Then by statements (1) and (3)
of Lemma 2.4, we have XM+5(0)+5 = 0 and YM5(0)+5 = 8yM -1

Note that,

. 23(0+1) -1
Yarssops = Syar — 1= 230y - (——7—_—) >0 {2.15)

and so P(0) is true. Thus if K = 1, then we have shown that for 0 £ n £ K -1, P(n) is true. It
remains to consider the case K > 2. So assume that K > 2. Let n be an integer such that
0 € n < K -2 and suppase J(n)} is true. We will show that 2(n + 1) is true.

Since P(n) is true, we know

30es1) 23(114.-1) -1
Xarsns =00 Yamsmes =277 Yam — — )z 0. (2.16)

It is easy to verify that for yar € [1/8,1/7),

23(n+1) -1 1
Ynrssnes = 220 Vyar - <m—7--—> <3 (217)

Thus by statements {1) and (3} of Lemma 2.4,

XM+3n+ 145 = 0,

YMeses = S(Ymesmes) - 1

- zs[zs(rﬁ_l)yM _ (23(?1*-';) —1)] _1
(2.18)

- 23n+6

] 23{n+2} -1
— 23(nv2)yM _ < 7 ,
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Recall that ya € [ag, ax.) = [(2%K = 1)/(7 - 23K), (23E=1 _ 1) /(7. 23E+Dyy,
In particular,

23(n+2} -1
Yarestenes = 2y — (—7-—-

N 23(n+2} 23K -1 ~ 23(n+2) -1
- 7 - 23K 7

23n+3K+6 23?1+6 23n+6 1
= — - + =
7.23K 7.23K 7 7

_1 -2 5 Loq_
L(-zen)s Sy

(2.19}

={)I

and so P(n + 1) is true. Thus the proof of the claim is complete. That is, J(n) is true for 0 <
n < K — 1. Specifically, P{K - 1) is true, and so

23K _1
XMa5K-1+5 = 0, Yaessoenyes = 22X yar — < > > >0 {2.20}

In particular,

23K -1 23K -1 F3K+3 _ 23K -1
23K< =% ) - ( 7 > S YMrS(K-1)+5 < 23K< % > - ( - ) {2.21)

That is, 0 € yansx-n+-5 < 1/8, and so by case K = 0, {{xn, Yu) }reptasx.7 18 the equilibrium
solution, and the proof of statement (1) is complete.

{2) We will next show that statement (2) is true. Suppose {xa, a1} = ((,1/7). Note
that (0,1/7) € P:. Thus the solution {(xs, ¥a) }oeps is Pr.

(3) Finally, we will show that statement (3) is true. Suppose ya > 1/7.

First consider v > 1/4. By statement {2) of Lemma 2.4, the solution {(xy, ¥r) }oeazis
is PL.

’ Next consider the case yas € (1/7,1/4}. For eachn > 1, let

23

= (2.22)

by

Cbserve that

]=b1>bz>b3>--->;, lim b, =

1
il = 223
. limb, == (2.23)

Thus there exists a unique integer K > 1 such that yas € (bxi1,bx]-
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Note that the statement }(n) which we stated and proved in the proof of statement
(1) of this lemma still holds. Specifically (K - 1) is true, and so

2K -1
Xprssx-1+s = 0, Yarssk-14s = 2 Yar — ( 5 ) =0, (2.24)

Recall that for yar € (bg.1, bx].

In particular,
23K -1 23K+2 +3 231( -1 1
. 93K 3K -
Yask =2 yM"'< 5 >>2 (7_23K+2>—< 7 >_Z' (2.25)
By statement (2) of Lemma 2.4, the solution {(xu, ¥n) } oz aesks5 15 Ps- N

We now give the proof of Theorem 2.1 when (xag, yar) isinly = {(x,y) 1 x =0,y < 0}.

Lemma 2.9, Suppose there exisis an integer M > 0 such that (xar, yam) € Iy Then the following
statements are true.

(D IF-9/7 < yum < 0, then {(xn, Yn) }reps IS eventually the equilibrium solution.

(2) If yas = —9/7, then the solution {{(Xu, Yu) }ompre 15 P2.

(3) If yns < —9/7, then the solution {{Xy, yu) }ompy i5 eventually Pi.

Proof. (1) We will first show that statement (1} is true. So suppose —9/7 < yar <0.

Case 1. Suppose —1 < yar <. Then

Xara = Ml —ym—1=-yp—-120,
(2.26)

V™M1 = XM — ]yMI =Yl

In particular, =1 < xpr.1 < 0 and yar = —xaa — 1, and so by Lemma 2.2, { (%, ¥n) 1 oaren 18
the equilibrium solution.

Case 2. Suppose —5/4 < ym < —1. By statements (1) and (2) of Lemma 2.5, xp1.2 = 0 and
Yasra = —4yar — 5. Then

Xnes = [Xara] = Yrea — 1= dyar +4 <0,
(2.27)

Y5 = Xnra — |Yaes] = —4ya — 5.

Thus —1 < xpes < 0 and yaues = —Xpes — 1, and so by Lemma 2.2, {(x4, Yn) }neasrs 18
the equilibrium solution.

Case 3. Suppose -9/7 < yu < -3/4. By statements (1) and (2) of Lemma 2.5, xpq = 0
and yara = —4ynm — 5. Note that 0 < ya.s < 1/7 and so by statemment (1) of Lemma 2.8,
[(xn, #n) oz 2104 18 eventually equilibrium solution.
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(2) We will next show that statement (2) is true. Suppose yar = —9/7. By direct calcu-
lations we have (Xpea, Y1) = (2/7,-9/7). So the solution {(Xn, ¥a) foeasa 15 P52.
(3) Finally, we will show that statement (3) is true. Suppose xp; = 0 and yp < -9/7.

Case 1. Suppose —3/2 < yp < —9/7. By statements (1) and (2} of Lemma 2.5, we have xpry =
0 and yagres = —41a — 5. Note that 1/7 < yarn.s < T and so by statement (3) of Lemma 2.8, the
solution {(x, ¥n) }iar.4 18 eventually Fi.

Case 2. Suppose ym < —3/2. By statement (3) of Lemma 2.5, the solution { (X, ¥n)}repsiq I8
P2 0
5

We now give the proof of Theorem 2.1 when (xag, yar) isindy = {{x,y) : x>0,y = 0}.

Lemma 2.10. Suppose there exists an integer M 2> 0 such that (xar, yar) € b Then the following
statements are krue.

(1) If 0 < xar < 1/7, then {{(%n, Yn) | omng 18 eventually the equilibrium solution.
(2) If xpr = 1/7, then the solution {{%a, Yn) Vomares IS PSZ.
(3) If xar > 1/7, then the solution {{xn, Y} Yoo ns 15 eventually PL.

Proof. (1) We will first show that staternent (1) is true. So suppose 0 < xpr < 1/7 and yas = 0.
By statement (3) of Lemma 2.6, xas = 0 and yars = 8xa — 1. In particular, -1 < yars < 1/7
and so by statement (1) of Lemma 2.8 and statement {1) of Lemma 2.9, {{x,, ¥x) loeass 18
eventually the equilibrium solution.

{2) We will next show that statement (2) is true. Suppose x5y = 1/7. By direct
calculations we have (X3, Yaea) = (2/7,-9/7). Thus the solution { (X, ¥n) Fiepses is Pg.

(3) Finally, we will show statement (3) is true.

First consider the case 1/7 < xar < 1/4. By statement (3) of Lemma 2.6, xpns = 0 and
Yaies = 8xag ~ 1. Now, 1/7 < yane € 1 and so by statement (3) of Lemma 2.8, the solution
[(%n, Y 12 pges IS eventually Pl

Next consider the case x5 > 1/4. Then by statements (1) and {2) of Lemma 2.6, if
xar 2 1 then {(2, ¥n) Vomareo is P2, and if 1/4 < xps < 1 then {{xn, Yu) Vi rsss 18 Pr- 1

We next give the proof of Theorem 2.1 when (xa, yam)}isinls = {(x,y) : x <0,y = 0}.

Lemma 2.11. Suppose there exists an integer M > 0 such that (xa, ya) € I3, Then the following
statements are true.

(1) If -9/7 < xp < 0, then {(Xn, Yn) Vo ng 15 eventually the equilibrium solution.

(2) Ifxps = —9/7, then the solution {(Xu, ¥u) Yoo are1 18 PE.

(3) If xar < =9/7, then the solution {(xs, Ya) Yiar i eventually Py

Proof. {1) We will first prove statement (1) is true. Suppose ~9/7 < xpr < 0.
First consider the case -1 € xjys < 0. Then

Xmel = x| —ym—1=-xpm~1,
(2.28)

yma = xn — |ym| = X
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In particular, =1 < xart € 0and yar1 = —xu — 1 and so by Lemma 2.2, { (X, ¥a) }oenren 18 the
equilibrium solution.

Next consider the case —3/7 < xp < —1. By statements (1} and (2} of Lemma 2.7,
xar04=0 and yarg = —4xpr — 5. In particular, -1 < yars < 1/7 and so by statement (1) of
Lemma 2.8 and statement (1) of Lemma 2.9, {(x,, ¥u) }iZaz.q 1S eventually the equilibrium
solution.

(2) We will next show that statement (2) is true. Suppose xyr = —9/7. By direct
calculations, we have (a1, ¥ame) = (2/7,-9/7). Thatis, {{Xn, Yu) }repeey 18 P52,

{3) Lastly, we will show that statement (3) is true. Suppose xp; < =9/7.

First consider the case -3/2 < xym < —9/7. By statements (1) and (2) of Lemma 2.7,
xna = 0 and yaee = —4xpr — 5. In particular, 1/7 < yar.s € 1 and so by statement {3) of
Lemma 2.8, the solution {(Xy, ¥n) };eps.4 15 eventually Pl

Next consider the case xp; < —3/2. By statement (3} of Lemma 2.7, the solution

{{xcn, yn)}:s—.M+4 is PSZ O

We next give the proof of Theorem 2.1 when (xa, yau) isin Q1 = {(x, v} 1 x> 0,y > 0},
Lemma 2.12. Suppose there exists an integer M > 0 such that (xp, yar) € Q1. Then the following
statements are trite.

(1) If yar < xpq = 1, then the solution {{Xn, Yn) Joas.2 15 PE.

(2) If yar > xp1 — 1, then there exists an integer N such that (XN, Yaven) € b Ul

Proof. Suppose xp >0 and yy > 0.
Then

Xarel =Ml —ym—1l=xp -y — 1,
(2.29)

Ym+l = Xn — |yM| =XM — YM.

Case 1. Suppose yy £ xp—1. Then, in particular, xazn = xpr—yar—1 2 Oand yar = xar—1yum >
0. Thus

X2 = |xaa| = yama ~ 1= -2,
(2.30)

YMer = Xpg = [Yma| = -1,

and so statement (1) is true.
Case 2. Suppose Yar > xp — 1. Then, in particular, xag1 = xar —ym — 1 <0.

Subcase 1. Suppose xa; —ynm < 0.
Then yars = xar —yam < 0. It follows by a straight forward computation, which will be
omitted, that xpz5 = 0. Hence (xpz48, yM+5) elhul,.

Subcase 2. Suppose xar — yar = 0.
Then ya = xar — ¥ 2 0. It follows by a straight forward computation, which will
be omitted, that xar.6 = 0. Hence (xar:s, Yasss) € 12 U Iy, and the proof is complete. |

We next give the proof of Theorem 2.1 when (xas, ¥ag) isin Qa = {{x, 1) : x <0, ¥ < 0}.
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Lemma 2.13. Suppose there exists an integer M > 0 such that (xar, yar) € Qs. Then the following
statements are true.

(1) fyam 2 —xpq — 1, then the solution {2y, Ya) Yoo prez i the equilibrium solution.
{2y U yna < =xpg — 1 then (Xara, Yoy € U L

Proof. By assumption, we have xas < 0 and yar < 0.
If yas > —xar — 1, then

X = xp| -~y 1= -y -y —1<0,
Ml = XM — iYMml = Xpm+Ypr <0,
Ymel M Iwa MTY (231)

xar2 = [Xaetf - ya -1=0,

Ynrz = Xnger — ]yM+1| ==

Hence {{x, ¥a) b arez 18 the equilibrium solution and statement (1) is true,
If ym < —xam ~ 1, then it follows by a straight forward computation, which will be
omitted, that xprq = 0. Thus (¥ag.s, Yaea) € I U Iy and statement (2) is true. |

We next give the proof of Theorem 2.1 when (xps, ya) isin Q2 = {(x, 1) 1 x <0, y > 0}.

Lemma 2.14. Suppose there exists an integer M > O such that (xar, yar) € Qa. Then the following
statements are true.
(1) Fym 2 —xar = 1, then (xpre1, yman) € Qs U s
(@) If ya < —xpq ~ 372, then (Xanea, Yamas) € Q1 U L.
3) fynm < —xnm =1, ym > —xp0 = 3/2 and xar < =5/4, then (Xptes, Yasra) € Q1 UL
&) fyn < =xm=1 ym > —xa=3/2, 0 > =5/ 4 and yar < xp0+5/4, then (Xa1es, Yars) €
iy
(5} Ifyar < —xpm—1 yar > —xa—3/2, xpq > ~5/4and yar > xp+5/4, then {Xrtsa, Ynsre) €
QU1

Proof. Now xa < Qand yay > 0.
(1) If yas > —xpr — 1, then

Xpre1 = —xm —ym — 10, (2.32)

Yae1 = Xn —Yar < 0.

Thus (xpre, Yama) € QUL
(2} U ynm £ —xar — 372, then xy = —xp — yar — 1 > 0. It follows by a straight forward
computation, which will be omitted, that

Xy = —2Xpm +2ym—2>0,
M43 Mt LYM (233)

Yna = —2xp —2yp-32 0

Hence (xas3, ymaes) € Qruly.
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(3) Hym <—xpr—1, yar > —xar = 3/2, and xpr € -5/4, then xpp1 = —xpr —ym ~ 1 > 0.
It follows by a straight forward computation, which will be omitted, that

Xpea =4ynm >0,
Mt = M (2.34)

Ynmea = ~dxar - 52> 0.

Thus (2, yy) € C1 UL

() T yar < —xar = 1, yur > =xar — 372, xar > =5/4, and yar < xpr + 5/4, then xpp =
-xpm —ym — 1 > 0. It follows by a straight forward computation, which will be
omitted, that

x =dxpm +dy+ 4 <0,
M+5 M T EYM (2.35)

Yares = —dxp +dyn -5 <0

Thus (xXas, Yaes) € Q5 Ul

(5} Finally, suppose that ypr < —xar-1, Y > —xp—3/2, xm > —3/4, and ypr > x5 +5/4.
Then xpr1 = —xp ~yamr—1 > 0. It follows by a straight forward computation, which
will be omitted, that

Xaes = dxa + 4y +4 <0,

(2.36)
Yases = =4xn + 4y —5> 0
Note that
Yumes = A +4ym 5> —dxpr — 4y — 5= —xtaes — 1 (2.37)
and so by the first staternent of this Lemma, {xXa.6, ¥aree) € Q3 U ls. O

Thus we see that if there exists an integer N > 0 such that (xn, y~) € Qu, then the
proof of Theorem 2.1 is complete. Finally, we consider the case where the initial condition

(Ig\,{,yM) S Q4 = {(x,y} X > 0,y<0}.

Lemma 2.15. Suppose there exists an integer M 2 0 such that (xpr, yar) € Qu. Then there exists a
positive integer N < 4 such that (Xan, Yaren) € Qu.

Proof. Without loss of generality, it suffices to consider the case where

(xz\/I+nf ]/MH:) ey for<n<3 (2.38)

Now (xar, yar) € (4, and hence xy > Oand yu < 0.
Thus

XM+1 = ]xMi —Yum -1 =AM = YmM _Ir
(2.39)

Yme1 = Xy — lyMI = XM T YM-
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We have (Xpge1, Yare1) € Qu, and thus

Xanz = (Xanal—yam — 1= 2y -2,

(2.40)
Yz = Xager = | Yaen | = 2200 — L.
We also have {xz,12) € (3, and hence
Xags3 = [Xaea] — Yagez — 1= —2a1 — 2ynr - 2,
(2.41)
YMs3 = Xara — |Yarez| = 2200 - 2y - 3.
Finally, we have (xa1.3, Ya-3) € Qs, and so
Xaea = [Xamal = Yars — 1= —4xy <0,
(2.42)
WMais = XMe3 — fyM+3] = —dypr — 3.
In particular, xpz.4 < 0 and hence (xp144, Yasea) & Qa. O

3. Conclusion

We have presented the complete results concerning the global character of the solutions to
System (1.1). We divided the real plane into 8 sections and utilized mathematical induction,
proof by iteration, and direct computations to show that every solution of System (1.1) is
eventually either the prime period-5 solution P}, the prime period-5 solution PZ, or else the
unigue equilibrium paint (0, ~1). The proofs involve careful consideration of the various cases
and subcases.
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