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Abstract

In this article we consider the global behavier of the following system of piecewise
linear difference equations: x,11 = X, = ¥n — band Vi1 = X, + |ya] where bis any
positive real number and the initial conditicn {xg, o) is an element of R?. By
mathematical induction and direct computations we show that the selution to the
systerm is eventually one of two particular prime period 3 soluticns or the unigue
equilibrium solution.
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1 Introduction
Recently there has been a surge of interest in systems of both rational and piecewise lin-
ear difference equations due to their practical applications in evelutionary biology, neural
networks, and ecology [1-3]. There has been particular interest in the global behavior of
systems of piecewise linear difference equations [1, 4-7].

We continue the trend by generalizing one of our recent papers [8]. In this paper we
consider the behavior of the generalized system of piecewise linear difference equations,

= 01 11---1
Ynsel =%p + |yni:

{xnﬂ = |xnl —¥n— b;

where the parameter b € (0, o) and the initial condition (%, %0} £ R2. This system origi-
nated from a larger project at the University of Rhode Istand which involves the following

family of systems:

{x"+1—|xlrl+dyﬂ+b, n=0,1,...,

Yuel =%y + C‘,’an + d:

where the parameters a, b,¢,d € {~1,0,1} and the initial condition (x¢,%,) € R*. Each of
the 81 systems in this family is designated a number N, where N =27(a + 1} + 9(b + 1) +
3{e+1) + (d + 1) + 1. The system considered in this paper is a generalized form of system
number 8. Related work has been given recently in {8, 9].

Interest in the area began in 1984 when Devaney published his famous paper introduc-

ing the Gingerbreadman map:

Kpel = | =V +1

nil E rzi yn 7 I’I:O,l,...,
Ynel =X
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with initial the condition (—0.1,0). See [2, 3]. The Gingerbreadman map was Devaney’s
response to the 1978 generalized Lozi equation. The Lozi equation,
xn+1:*"a'ixn'+yn+11 n=0,1,...,

YL = bxm '

with parameters a, & € R and the initial condition (xo, o) € R, had been used to exam-
ine an attractor that was observed by Lorenz in the Hénon map, a non-linear system of
difference equations,
2
Kypl = —8%, + ¥y +1, —0.1...,

Yur1 = bxm

with parameters &, b € R and the initial condition {xo,y5) € R? that modeled weather pat-
terns [10-12]. We believe that our family of piecewise linear difference equations are the
prototypes for more elaborate piecewise difference equations that, in many cases as in the

Lozi equation, exhibit complicated behavior.

2 Preliminaries
The following definitions [2] are used in this paper. A difference equation of the first order

is an equation of the form
| ':f(xn)r n= 0: 1; reny {1}

where f is a continuous function which maps some set J into /. The set J is usually an
interval of real numbers, or a union of intervals, but it may even be a discrete set such as

the set of integers.
A solution of (1) is a sequence {x,}52, which satisfies (1) for all # > 0. If we prescribe a

set of initial conditions
#p €/,
then

:f(x()):
X2 =f {x2),

X

[a

and so the solution {x,}5%, of {1} exists for alt # > 0 and is uniquely determined by the
initial conditions.
A solution of (1) which is constant for all # > 0 is called an equilibrium solution of {1).
A solution {%a)22, of (1) is called periodic with period p (or a period p cycle) if there exists

an integer p = 1 such that

Koep =%y forallm=0. 2)
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We say that the solution is periodic with prime period p if p is the smallest positive integer
for which (2) holds. In this case, a p-tuple

Kntl

Xut2

Xnip

of any p consecutive values of the solution is called a p eyele of (1). A solution {x,}52, of (1)
is called eventually periodic with period p if there exists an integer N > 0 such that {x.};7
is periodic with peried p. .

We denote the absolute value of x by |x}. So

x ifx>0,
|| = )
—x ifx<0.

3 Main result
In this paper we consider the behavior of the system of piecewise linear difference equa-

tions,

+1 = {Ant — n_b;
Tt = 1l = n=0,1,..., 3)
Vutl =X+ b’n!,

where the parameter » £ (0, oc) and the initial condition {xs, ) € R2.
Through extensive study of specific cases of b we found that systern (3) has the unique
equilibriurm solution (%,%) = (—355'3, —%) and two period 3 cycles

0, -b 0, -2
P=|o »| and P2-|-2 ],
25 b
-2b, b -5, -3
where
a1, bl
az, b2
a3, b3

represents the consecutive sohztions (a1, 51), (g, b2), and (&3, b3) of the system.
The main result of this paper is as follows.
Set

L1 = {(0,30)lys = 0},
£ = {(0.30)lyo <0},
Qi ={{xy) e Rx Rix = 0 and y > 0},
Q= {(x»)eRxRlx<0andy= 0},
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Qs = {(x5) € R x Rlx < 0 and y < 0},
Q4={(JCJJ’}GRXRIxZOandy<O}.

Theorem 1 Let {{(x,.v.))5, be a solution to system (3) with b € (0, 00) and the initial con-

dition (x0,50) € R:. Then the solution {(x,, ¥}, is the equilibrium solution (—%b, —g} or

eventually prime period 3 cycle Py or P3.

In each lemma that follows we examine the separate sections of R%, The compilation
of the sections addressed amount to all of 2 and so the proof of Theorem 1 is a direct

consequence of the following lemmas.

Lemma 2 Lef {{x,,y,)Yo0, be a solution to system (3) and suppose that there exists an
integer N = 0 such that yy = —xn — b = 0. Thert (xye1, ¥na1) = (0,—8), and 50 {2, %) 150 4
is the period 3 cycle PL.

Proof We have
e =lan| —yw —b=—an—{-an - B} -b=0 and
YN =X+ Y| =y + (- b) = b

Hence, (xy.1, ¥ns1) = (0,-B) € P} =

Lemma 3 Recall that £; = {(0,yg)lye = 0} and let { G, ¥)}22 be a solution to system (3).
Suppose (xy,y0) € L. Then {{,, y.)Y2, is the prime period 3 cycle P.

Proof We have
x =l —yo—b=0-yy—-b=-yp~b<0 and
N=x+l=0+y=y=0
We see that y1 = —x; — b. It follows by Lemma 2, (x3,y,) = (0, -b) € PL. il

Lemma 4 Recall that £y = {(0,y0}]¥0 < O} and let {(x,,v:)15%, be a solution to system (3).
Suppose (x0,¥0) € La. Then {(x,,5,)}2, is eventually either the prime period 3 cycle P

or P%.

Proof We have
x1 =%} ~vw—b=-v—-b and
F1=%0 + Yol = ~¥ = 0.

Case 1: Suppose ¥ < —b. Then x) = —y9— b > 0 and by direct computations xz = 2yy + 28 <
0and y3 = —2yp — 35.

Case la: Suppose yp < ——32&. Then y; = ~2yy — 35 = 0. In addition, we see that y3 = —x3 —
b > 0. We now apply Lemma 2 and conclude that (x4, y4) = (0, -b) € Pé.
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Figure 1 Sequences f, and u, on the negative x-axis.

Case 1b: It remains to consider the case 7335; <yp <—b. Then y3 = ~2yp — 36 < 0.

For the sake of contradiction, assume that it is false that there exists an integer N such
that {(x,, ¥.)}2 v is either the prime period 3 cycle Pl or P2. 1 follows from Lemma 2 that
when y, = —x, — b, then y, < 0 for every integer # > 0. It also follows from Lemma 3 that
when x,, = 0, then y, < 0 for every integer n > 0.

Foreach » > 0 let

722’”35 oy __22n+2b +b 22n+2b - b
L= ————, U, = ————— and = ——.
3 x 22741 3 x 2% 3
See Tigure 1.
Observe that
36 4b 4b
——=zly<h<bh<---<-—— and lim [, =-——,
3 H—0G 3
4b 4b
b=uyg>tg>ta > - >—— and lim u,=—.
3 H—0G 3

For each integer m such that m > 1, let P(m) be the following statement: for yp €

{Lness Bon1 s
Xam1 =0 and  Yamer = 27¥ + Sy

If ¥ € (B Uz )s then ¥, > 0, which will be a contradiction by Lemma 3.
If yo € (L1s i,), then Yams1 < O, and so

Xamez = =290 — S + B) <0 and  Yzmaz = ~2Myy — 8 > 0,

X3m+3 = 22m+1y0 + 25}11 <0 and Y33 = *22””1_?0 - (25m + b)

If v € {{n-1s L ]s then ya,5 > 0, which will be a contradiction by Lemma 2.

If yo € {5y, Ha), then ygp,s < 0.
Note that yp is now in {{p, ).

Claim 4.1 P(m) is true for m > 1.

The proof of the Claim 4.1 will be by induction on m. We shall first show that P(1} is true.
Recall that x3 = 2y + 2b < 0 and y3 = =2y — 3b < 0 when yp € (lp, up) = (—%13, —b}. Then

Xaye1 =% = %2l -y -5 =0,

Yaye1 = ya = %3 + |y3l = Ay + 56 = 22 My + 8.
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I vy € [u1,40) = {—_ —b), then y3;1),: = 4vp + 55 = 0. By Lemma 3 the solution is even-
tually one of the two prime period 3 solutions and we have a contradiction.
Ifyg € (lg,111) = (—— %), then yaay.: = 4y + 50 < 0, and so

Xayer = &5 = |Xa] — 2 — b = —dyg — 6b=-22Wy, - (5, + b) <0,
Vayer = ¥5 = &g + |ya] = —dyo — 5= —22Wy — 8,50,
X31ys3 = X6 = %5 — 5 — b = 8yp + 105 = 22U+ g0 4 95, <0,

Yo = Yo = x5 + 5] = —Byp — 11k = =220y, (25, + b).

¥yge (b, h]=(Ll= (—3— m’], then ¥s(13,3 = =8y — 11 > 0. By Lemuma 2 the solu-
tion is eventually one of the two prime period 3 solutions and we have a contradiction.

Iy e(h.m)= (ﬁm’ %), then ¥3ay.3 = —8yy — 115 < 0. Hence P(1) is true.

Next, assume that P(N) is true for some integer N > 1. We shall show that P(N + 1) is
true. Since P(N) is true, xs3n,3 = 22y + 28y < 0 and yay.s = -2y, — (284 + B) < 0

when

_22N+3b_b _22N+2b+b
3 x 22N+E T g 5 9N )

Yo € (v un) = (
Then

X3Na1)41 = XaN+a = |Kanaa] — e — b =0,

Va1 = Yanad = Xanes + [Vaneal = 229y 1 48y + b

2N+l
A N

Note that

=46N + b.

22N+4b_b (22N+2b _ b) 3b
S = =4

=
3 3 3

[—2M+4b+b 2N+ 2b+b) then
El

Ity [MN+1:M(N+1)—1) = [tny1sn) = TIRDENAZ 1 5y aiN

22N+4b -b
Vo = 220 gy 4 S,y = 22Ny, 4 (*ﬂ—ﬁg ) =0

By Lemnma 3 the solution is eventually a prime period 3 solution and we have a contradic-
tion.

L2INT3p_p _0dN+dp h
If yo € Uiweny1s tivany) = Uns 1) = Syt s )» then

. 22N+4b . b
Yagvenpn = 229y 1 By = 22(N+l)y0 + (——“‘—3 ) <0,
50 that

Favatyez = 1Xana] = anea — b = =22V Wy (8., + b)

_22N+4 ~2b
___221\[+2y0 + (_Bb—) < 0’
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_p+D)

Vauel)ez = Xanad + Vanea] = ¥o — oy > 0,

X3venya = [ans| — Yanes — b = 2200 90 10800 < 0,

VavaD)ss = Xanes + [Vanes| = —22 Wy, 00550 + b).

2NE3p_ g —22N+5b~b
If yo € (Upwsnyrsdva] = Uno vl = (S o s b then

AN 722N+5b —b
Yatneips = 22Ny — (285 + b) = 22"y + (—3——) >0.
By Lemma 2 the solution is eventually one of the two prime peried 3 solutions and we
have a contradiction.

2Nt _o2Nedp
If yo € (Uny1s iy} = (W’ m—é—), then

] _22N+5b -b
Yaunyes = =22V Ny (2851 + B) = =22V Py + (T) <0,

Hence, P(N +1) is true. By mathematical induction, we can conclude that P(s) is true for
all integers m = 1, We can infer that any solution with initial condition in {(0,3)| - %b <y<

b} - {0, —532)} is eventually the prime period 3 cycle PL.

Note that
Hm [, = —— = lim #u,.
n—20 3 =00

We also note that if {xy,v¢) = (0, —%b), then by direct computations

26 b
{x3,73) = ("3—’"5) ePi

We can conclude that in Case 1, every solution is eventually the prime period 3 cycle P}
or P2.
Case 2: Suppose -5 <y5 < 0. Thenx; = —y% - b =0 andso
xy= |l —yi—b=yo+b+y—b=2y,<0,
ya=%1+ |yl =~y — b~y =-2y0 - b.
Case 2a: Suppose —b < yg < —%. Then y; = =2y — b = 0. In addition, we see that y, =
~x3 — b > 0. We now apply Lemma 2 and conclude that (x3,3) = {0,-b) € PL
Case 2b: Suppose —é—’ <yp < 0. Then y3 = -2yp — < 0,and so
x=lmal—m—b="2v+2% +b-b=0,
Y3 =% + |y2| = 2y0 + 2y0 + b = 4yg + b.
Case 2bi: Suppose -;il <9 < 0. Then y3 = dyp + b = 0. We now apply Lemma 3 and

conclude that {xs, v5) = (0, -b) & P
Case 2bii: It remains to consider the case —g <Y < —%.
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For the sake of contradiction, assume that it is false that there exists an integer N such
that {(x,,¥.)}.C is either the prime period 3 cycle P} or P3. It follows from Lemma 2 that
when y, = —x,, — b, then y,, < 0 for every integer » > 0. It also follows from Lemma 3 that
when x,, = 0, then ¥, < 0 for every integer n > 0.

Foreachu>1let
—2%=lp_ b -2 by b 2y _p

3 amnd T g om GrT T

[u -
Observe that

b b

_T o e i ==

yefaclyco g 3 and nlgglo L %

b .
=Y >U Uz >--->—— and lim u,=——.
3 00 3

= b

For each integer m such that m > 1, let Q(m1) be the following statement: for yg € ([, 1),

K3pm+1 = —szyo - (am + b) <0 and Vam+1 = 722”1)’0 — Uy > 'D,

Famen = 22790 1 20, <0 and  yamn = -2y — Qo + B).

If ¥o € (Lo Lipai], then ¥apa = 0, which will be a contradiction by Lemma 2.

If yo € {lys1s W) then y3,0 < 0, and so

%33 =0 and  yguu3 = 22"”2310 + (4o, + B}

If ¥y € [Us1s Use), then ¥3,,.3 = 0, which will be a contradiction by Lemma 3.
If ¥o € {Lyrets Upmre1), them Yy < 0.

Note that yg is now in (L), Upi).

The proof is similar to Case 1b, so it will be omitted. Note that

. 17
lim [, =—= = lim u,
00 100

and that (0,-§) ¢ PZ. So the solution is eventually one of the two prime period 3 solu-

tions. I

Lemma5 Let {{x,, y.)}52, be a solution to system (3) where the initial condition (o, yo) €
G ={(x3) € R x Rlx > 0and y > 0). Then the solution is eventually the prime period 3

cycle Py or P

Proof Let (xg,v0) € Q1. Then
x=lwol—yo—b=xg—yo - b,
¥i=%p + [yol = %0 + Yo = 0.

Case 1: Suppose % = xp — yp — & > 0. Then, by direct computations, x4 = ¢ and so
(xs,¥y2) € £4 U Ly. By Lemmas 3 and 4 the solution {{x,, v,)}32, is eventually the prime
period 3 cycle P} or P5.
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Case 2: Suppose x; = x5 —¥o — b < 0. Then by direct computations x3 = 0 and so {3, v3) €
L3 U Ly By Lemmas 3 and 4 the solution {{(x,, ¥.:)}52,, is eventually the prime period 3 cycle
PLor P2 L

Lemma 6 Lef {(x,.%,))2, be a solution to system (3) where the initial condition {xo,y) €
Qs = {{x,7) € R x Rix < 0 and y > 0}, Then the solution is eventually the prime period 3

cycle PL or P3.
Proof Suppose (xg, ¥p) € Q2. Then

= aol —yo—b=—x0-yo— b,

¥ =Xp + |¥o| = %0 + Yo.

Ifx; = ~xg ~ yo — b < 0 and y1 = xg + %o > 0, then by Lemma 2, (x,,y5) = (0,-b) € P},

Ifx; = —xp—yo-b<0andy =xp+y <0, thena = lay| —91 —b=0.50 (%, 30) € L1 ULy,
By Lemmas 3 and 4 the solution is eventually the prime period 3 cycle P} or P%.

Ifx; = —xp —yo — b > 0and 3 =x0 + yo < 0, then by direct computations x5 = 0. Thus,
{xs5,¥5) € £3 U L5. By Lemmas 3 and 4 the solution is eventually the prime period 3 cycle
PL or PZ. Please note that we cannot have the case x; > 0 and y; > 0. Hence from all the
possible cases one infers that the solution is eventually 2 prime period 3 cycle. ' ]

Lemma7 Let {(x,,3,)15%, be a solution to system (3) where the initial condition {x0.0) €
Q4 = {(x,7) € R x Rlx = 0 and y < 0}, Then the solution is eventually the prime period 3

cyele P or P,
Proof Suppose {xg,y0) € Q4. Then

x=|wo|l—vo—b=xo-yo - b,
1 =%+ |yol = x5 — 30 > 0.

Ifx) =g —y9 — b = 0, then (x1, 1) € Q1. By Lemma 5 the solution is eventually the prime
period 3 cycle P} or P3.

I, = %0 — %0 — b < 0, then (x1,%} € Q. By Lemma 6 the solution is eventually the prime
period 3 cycle P} or P2. O

Lemma 8 Let {{x,, 7,015, be a solution to system (3) where the initial condition (xg, Yo) €
Q3 = {{x,9) € R x Rlx < 0 and y < 0}. Then the solution {(x,, v,)}o0y is the equilibrium so-
lution or eventually prime period 3 cycle P or P5.

Proof If (x0, %) = (m%,mg}, then the solution {{x,, ¥,)}5, is the equilibrium solution. So
suppose {xz.¥0) € Qs\{ —25—13,—5 }. It suffices to show that there exists an integer N > 0
such that {{x,,7.)]5%, is either the period 3 cycle P} or the period 3 cycle Pj.

For the sake of contradiction, assume that it is false that the solution {{x,, ¥, )i, is even-
tually prime period 3 cycle, which means that there exists an integer N > 0 such that
{0, 5:) 10 is either the period 3 cycle P} or the period 3 cycle P5. It follows from the
previous lemmas that &, < 0 and y,, < 0 for every integer n > 0.

Case 1: Suppose further that xg < —% and yg < 0. Then by direct computations y, = —2xp—

b > 0, which is a contradiction because {x3, v2) & (3.
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a, @ = g, - &ML .. ., b,
- ] i 1 k | H 1
I ] 1] i ] i 1 o
5 13a —atip_p L —29pn oz 39
73 3T pyr= 7 zzee 128 ¥

Figure 2 Sequences gy, by, &y, and dy in the third quadrant,

Case 2: Suppose xg = —-g and yp < —g. Then by direct computations y4 = -4y — 6 > 0,
which is a contradiction because {(xa, y4) € Q3.

Case 3: Suppose xg > —% and ¥y, > —%. Then by direct computations ys = 8xp + 36 > 0,
which is a contradiction because (xg,v¢) € Qs.

Case 4: Suppose xp < —%b and yp = —%. Then by direct computations yg = 16y + 38> 0,
which is a contradiction because (xg, ys) ¢ Q3.

It remains to consider the case —£ < xg < 738—b and 7% <¥g < 4%‘ For each integer n > 1,

2
let
~2%=2h ~2%b b —24=2p_p
= 5w dn-3 7 n= 5y p4n-1’ Cn = 5 5 pAn-2 7
—2%b 4 h 2%p _ b
dn = W and (Sn = ““—*é‘“““‘“
See Figure 2,
b d 1 N 2b
727a1<¢z2<--»<75 and  lim a, = =
35 25 . 2b
—€=bl>b2>--->—? and nlgroiobn——?,
b b . b
—— =g << -<~— and lime¢,=-=,
4 5 H=20 5
3b b
——=di>dy»--->—= and lmd,=-—-.
16 5 H> 00 5

There exists a unique integer # such that (xq, o) € (. Bn) X (€ di)-
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Recall that by assumption x, < 0 and y, < 0 for every integer 1 = 1. Suppose that x, €

(a,0) = (~%,~2) and yg € (o1, 1) = (-4, -L).

For each integer n with # = 1, [et R{#n) be the following statement: for xp (a;,, b,}and

Yo & {Cm dn):
Xamer = =250 =290 — (38, + b)Y, Yawa = 2¥a0 = 2%y + 8,
X8p+2 = 24"“?0 + 2811: Yensd = 724””3"‘0 - (45n + b)’
Hapea = 24ﬁ1+1x0 _ 24n+1y0 + 28, Vausz = 24n+1x0 + 24n+1y0 + (68,, + b),

Xgwea = —2" 720 — (85, +2b),  ygura = 2"y — (48, 4 ),

Komss = 29 200 + 29 Ty + (128, + 26),  yapes = —2%%x0 + 292y, — (45, + D),
Henes = =2V 390 — (88, +2B),  Yanes = 25y + (168, + 3b),

Kgury = =253 + 243y — (83, + 2),

Yaney = =24 g — 283y, — (2485, + 5b),

Kanes = 27y + (328, + 6B),  Yawes = 2y + {165, + 3B).
Now, x5 € (@ns1, brs1) and ¥o € (€re12 @is)y Otherwise we have a contradiction.

Claim 8.1 R(w)} is true for n > 1.

The proof of the Claim 8.1 will be by induction on 1. We shall first show that R(1) is

true. We have xo € (21, 5) = {~£,~ %) and y; € (¢, d1) = (- £, %),

Suppose further that xq € (a1,23] = (-4, - 22| and y; € (e, di} = (- &, - ).

Hence
Xg(1)+1 = X9 = —16%‘0 - 16y0 - 10b = w24(i}x0 b 24(1)_}’0 - (331 + b),
Yaelj+r = Fo = 16xp — 16y + 3 = 24y 24(1)310 + 81,
Xg(1+2 = X10 = 32_‘]}0 +6b= 24(1)+1y0 + 251,
Ya)2 = Y10 = —32xy — 13b = —24w+lxg — (431 + b) >0,

which is a contradiction.

Suppose further that xg € {4, 51) = (*%,*%’3) and yp € (c1.¢2] = (—%,—%].

Hence
Xg{1)+3 = X1 = 32xy - 32_’}10 +6b= 24(1)“2:[) — 24(1)+1yg + 251,
Yoz = ¥i1 = 32x0 + 32yp + 195 = 240y o 98Ul (68, + b),
Xg()+4 = X1y = —64dxg — 26b = —24(1)+2x0 — (88, + 25},
Vs = Y12 = —64ye — 136 = —2*D 2y, — (46, + b) > 0,

which is a contradiction.
Suppose further that x € [by, b)) = [—%,—%} and yo € (c2, 1) = (—%,—%).
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Hence

Xg()es = X13 = 64-.?60 + 64 o+ 38b = 24(1)+2x0 + 24(l)+2 o T (1231 + Zb),
() Y 7
¥Ya+s ~ Y13 — *64%0 + 64}/(; ~13b= —24(I)+2x0 + 24(1)+2y0 - (4:81 + b},
X8(1)46 = X14 = —128_’)!0 —26b= —24(1)+3y0 - (831 + Zb),

Veryee = Ve = 128xg + 515 = 2*M 5, 4 (168 + 38) = 0,

which is a contradiction.
Suppose further that xg € (a3, b2) = —%’,—%) and yg € [dh, dh) = [—%,—% .
Hence

Hg)e7 = K15 = —128x + 128y — 26b = —2HV3x, 4 2¥V3hy (35, 4 b,
Yauy:7 =15 = —128x9 — 128y — 77h = 213y, _ 9¥03by, (945, 4 5h),
X3(1)+8 = X16 = 256xp + 10246 = 24(1)+4JC0 + (3251 + Gb),

Yaqs = Yie = 2560 + 518 = 24V, 1 (168, + 30) > 0,

which is a contradiction.

Sowe have xp € (as,b3) = (—%@, —%) and yg € (c2,dz) = (—%f, —%). Hence R(1) is true.

Suppose R(N) is true. We shall show that R{N + 1) is true. Since R(N) is true, we know
XeN 8 = 24N+4x0 + (325N + 6b), Yenag = 24n+4y0 + (1651\; + 3b)

Recall that

_24N+Zb - b _24N+4b+ b
%0 € (ane baal) = ( VY TR Vi PE ) and

_24N+2b —b _24N+4b+ b
Yo € (CN+11 dN+l) = ( 5 x DAN+2 7 5 o 04N+ )

_oAN2p p _9WNtBp_g
Suppose %o € (@ el = (@ dnee] = (GComr =
-2y N
dNﬂ) =( By WtT P gytN+d

Hence

I, and vy € (enets

Favenel = Fanag = 200y _ 2Ny (g8, +10B),
= gy ¥V Dy (36 + B),
Vavenyl = Yanaa = 25V g — 2NNy L 165, 4 35,

=Dy 24(N+1)y0 +8aal.

Note that

= ON+1-

22Nb_b) g_24N+4b_b

168y + 36 =24
N ( 5 5 5




Tikjha et al. Advances in Difference Equations (2015} 2015:248 Page 13 0f 15

Hence

24(N+1)+1

KN = XaN+10 = Yo + 281

Yaeys2 = Yanio = =22 NP _ (4855 + B).

We see that

AN+6
2TThob b) >0,

yaansz = —2 8 My — A8y + b) = 2"V + ( 5

which is a contradiction.
{_24N+6b _p _otNedp,p

S gaNE 1 5y o3 ) and ¥ € (ewsn cvenul =

Next suppose Xy € {apv:11, bna) =

24N+2b b 2‘LN+6b b
( 5% 2INTE 7 T 23N+G ]

Hence

- 24(N+1)+1x0 _ 24(N+1)+1

Xg(<1)+3 = XBN+11 Yo + 283415

Vauenss = Yanen = 250 Dy 4 N Iy (6501 + B),
XN+1)+4 = XgN+12 = M2y (88,1 + 26),

Vansned = Yonein = =28V 20 A8y, + B).

We see that

AN+&
2 b+ b) -0, )

Vavanyea = ~2 3020 (48 4 b) = 2y, ( z

which is a contradiction.

_94N+8 _adN+4
[ bk 22 heby and vy € {Covenyer Bnel) =

Next suppose ¥ € [boviaya, bue) = Sy oANAT ? TGy gdN13

( 24N+Eb_ 24N+4—b+b)
5x24N+6 7 RN+

Hence

Xgva)es = Fanerz = 29 D gy 4 22 19800 + 2,

Vovenyes = Yaneiz = —2 W 2, o 8N D20 (4800 + ),
Xa(-1)e6 = Xane1a = =22V U3y (88, + 28),

Vevenpes = Vansna = 220300 4 (1681 + 3B).
We see that

Yanatyea = MW B g0 4 (168n41 + 3D)

AN+B g,
= 24N+7x0 + (Zsﬂ) =0,

which is a contradiction.
—gN+bp_p _piN+Bpp
Next suppose xp € {ﬂ(N+1)+l: b(N+l}+1) = {W’ W} and ¥ € fd(N+1}+1, dya) =
N8y p  atN+Ap
[ S )
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Hernce

Xg(n+1):7 = ¥8N+15 = AN 2HNDB g (88N + 2D),
Vavenyer = Yanyis = —2 1B, _ o8 N3y (04851 + 5B),
Faqines = Xens = 200V M 4 (3285, + 6b),

Yaneyes = Yonsts = 2700 D Ey0 £ (168y,17+ 35).

We see that

24_N+8b _ b
Ve(n1)+8 = MUy L (1685, + 8b) = 2448y, 4 (T) =90,

which is a contradiction and so 7(N + 1) is true.

Thus the proof is complete. That is we showed by mathematical induction that R(n) is
true for every integer # > 1. Therefore for any initial condition (xq,3) € Qg\{(—%,—g)}
there exists a natural number N so that {xy, yy) € Qg\{(—zs—b, —g)}, which allows us to apply

previous Jemmas to conclude that the solution is eventually the prime period 3 cycle P}

or P2,
Note that
. 2 . , b
limag,=——=1mb, and lime¢,=-—-=1lim 4,.
H—D0 5 =00 n—co 5 w=x
We also note that -—zs—b, mg) is the equilibrium solution. O

4 Discussion and conclusion

The system of piecewise linear difference equations examined in this paper was created
as a prototype to understand the global behavior of systems like the Lozi equation. Al-
though there has been some progress in examining the behavior of the Lozi equation [4],
it still remains an enigma. We believe that this paper contributes broadly to the overall
understanding of systems whose global behavior still remains unknown.

We utilized mathematical induction, proof by contradiction, and direct computations to
show that every solution of system (3) is eventually either one of the two prime period 3
solutions or the equilibrium solution. We believe that investigating these types of systems
of piecewise linear difference equations will give us the germ of generality that is required

to understand systems with a more complicated behavior.
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