Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 03 — Issue (2, April 2015

Some Basic Properties of r-left-right Derivation in I-CI-
Algebras

Pairote Yiarayong' and Phakakorn Panpho?
! Department of Mathematics, Faculty of Science and Technology,
Pibulsengkram Rajabhat University, Phitsanuloke 65 000, Thailand
2 Faculty of Science and Technology, Pibulsongkram Rajabhat University,
Phitsanuloke 65000, Thailand

Corresponding author’s email: pairote0027 [AT] hotmail com

ABSTRACT— The purpose of this paper is to infroduce the notion of a I' -CL-algebras, we study T -filters, T -seif-
distributives, I -transitives, upper sets and 1" -lefi-right f-derivations in I"-CL-aigebras. Some characterizations of
U -fitters, upper sets and U-lefi-right f-derivations are obtained. Moreover, we investigate relationships between T -
Jilters, U-self-distributives and T -transitives in I"-Cr-algebras.
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1. INTRODUCTION

In what follows, let X denote a Cl-algebra unless otherwise specified. By a Cl-algebra we mean an algebra
(X Lk 1) of type (2, 0) with a single binary operation “*  that satisfies the following identities: for any x, yv,zeX,
Lox*x=1,
2 l*¥x=x,
3. x*(y*z)xy*(x*z)

In, 2006 ,H. S. Kim and Y. H. Kim defined a BE-algebra [8]. Biao Long Meng, defined notion of Cl-algebraasa
generation of a BE-algebra BE-algebras and Cl-algebras are studied in detail be some researchers (A. Borumand Saeid
and A. Rezaei, 2012) and (B. Pickart and A. Andrzej Walendziak, 201 1) some fundamentai properties of Cl-algebra are
discussed.

In this paper is to introduce the notion of a I'-Cl-aigebras, we study I -filters, I” -self-distributives, T -
transitives and upper sets in [ -Cl-algebras. Some characterizations of I -filters and upper sets are obtained. Moreover,
we Investigate relationships between I filters, T -self-distributives and I” -transitives in I" -Cl-algebras.

2, BASIC PROPERTIES

In this section we refer to [12] for some elementary aspects and quote few definitions and examples which are
essential to step up this study. For more detail we refer to the papers in the references.

Definition 2.1. [12] Let X and T be any nonempty sets. If there exists a mapping X xI"x ¥’ — X written as
(%,7.¥) by Xy then (T,X;1) iscalied a I" -Cl-algebra if

Lxyx =1 forall xe X and yel,

2. lyx = x forall xe X and ryel,

3. xy(yPz) = yy(xpz)
forall x,y,z€ Xand ,BeT".
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A I -Cl-algebra (l" ¢ ;1) is said to be I -self-distributive if xy(¥Bz) = (xyy)B(xyz) for all
X.y,ze€X and y, BT,

Example 2.2. [12] Let (F,X ; 1) be an arbitrary Cl-algebra and I’ any nonempty set. Define a mapping
AXIxX = X by Xyy=xy forall x,ye X and y €T . 1tis easy to see that A isa I"-Cl-algebra. Indeed,

1. xyx = xx = 1,
2 lyx = lx = x,
3. xyl = xi = x,
4. xy(ypz) = x202) = yx)

forall x,y,z€ X and 7, 8. Thus every Cl-algebra impliesa ["-Cl-algebra.

Example 2.3. [12] Let X = {l,a,b} in which “- ” is defined by

|1
1 1
a |a
b | b

a
b
1

a

o 2 oo

Then X isnota Cl-algebra. Let T & Define 2 mapping X xI'x X — X by Xyy=y:x forall x,ye X and
7€l Then X isa I'-Cl-algebra. Indeed,
1. xyx = {x-x)-(x-x)
= 1.1
= 1,
2. lyx = x-1
= x,
3 Iyx = x-1
= X,

4. xy(yBz) = (yB:z)-x
= (z-9)x
= (=-x)-y
= (apz)y
= yr(xpz)
forall x,y,z€ X and y, B &I Thercfore X isa I"-Cl-algebra,

Lemma 2.4. [12] Let X bea I"-Cl-algebra. Then Xyy=xpBy forany x,ye X and y, pel.

Proposition 2.5, [12] Any T -Cl-algebra X satisfies for any x,yeX and y, B el yy [(yax) ﬁx] =1

Asian Online Jowrnals {www. ajouroniine.com) 308




Asian Journal of Applied Sciences (ISSN: 2321 - 0893)
Volume 03 — Issue (02, April 2015

Proposition 2.6. [12] Any [ -Cl-algebra X satisties for any x,yeX and y,8eT, (x}/l) yij ( y}/l) = (x;/y) pl.

Proposition 2.7. [12] Let X be a [ ~Cl-algebra. If xy(xBy) = xPy forany x,ye X and 7. €T, then
xyl=1.

3. I -FILTERSIN I -CI-ALGEBRAS
In this section, we study I -filters, T” -self-distributives, I" -transitives, I -self-distributive and upper sets in

I' -Cl-algebras.

Definition3.1. Let X bega I ~Cl-algebraand F' anon-empty subset of X . Then F s saidto be a I -filter of X if
[1eF,
2IfxeFand xyye F, then yekF.

Proposition 3.2.If F, forall i €] are I -filters of X, then nF: isa I"filter of I"-Cl-algebra X .
iel

Proof. Straightforward.

Proposition 3.3. Let F be a subset of I"-Cl-algebra X . Then F is a I -filter of X if and only if for any
abeF,y,fel and xc X, it ay(bfx) = 1,then xe F.
Proof. Let /" bea I -filterof T ~Cl-algebra X . Assume that @,b € F, y.B8€land x € X suchthata

ay(bpx) = 1eF.
By Definition 3.1, we have xe F. For the converse assume that for any a,beF,y,fel and xc X ,
ay(bfix) = 1 implies that xe ¥ Suppose that a xe€ F and xyy€F. By Proposition 2.5, we have
ayl(afx)ax] = 1.Then x & Fand hence F isa I' -filter of X .

Definition 3.4. Let X bea [ -Cl-algebraand let a € X, € I". Define A(a}/) by
Alay)= u{reX ayx= 1}

Then we call A(a}/) the initial section of the element a .

Lemma 3.5. Let X be a I -self distributive I'-Cl-algebra and xyy=1 forall x,ye X, rel' If xe A(ay),
then y € A(ay).
Proof. Let X' bea I'- self distributive I' -Cl-algebra X and xyy=1foral x,ye X,y T . Since x e A(ay),
we have ayx=1.Let ac Aandlet x€ X Then
ayy ay(18y)
ay((xry) By)
(a7 (x72)) B(ary)
((ar=)7(ay)) B(ary)
(17 (ary)) B(ayy)
(ary)Blayy)

"

it

Il

Asian Online Journals {(www.aiouronline.com) 309




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 03 — Issue 02, April 2015

This implies y € A(ay).

Lemma 3.6. Let X bea I -self distributive I"-Cl-algebra. ThenA(a}/) isa I filterof X .
Proof. Let X' be a I -self distributive T"-Cl-algebra, By Definition 3.4, we have 1 & A(ay). Let xe d{ay) and
xpye A(ay). Then ayx=1 and ay{xBy)=1 so that
ayy 18(ayy)
(arx) B(ayy)

ay (xBy)
= 1.
This implies y € A(a}/) and hence A (a}/) isa I'-filter of X .

Il

Proposition 3.7. Let X bea ™ -self-distributive T’ -Cl-aigebraandlet x,y,ye X, y, €T . If zp(x£y) = 1 and
zyx = 1,then zyy = 1.

Proof. Let X be a T -self-distributive [’ -Cl-algebraand x,y,y € X, 7, B eI, Suppose that zy(x3y) = 1 and
zyx = 1. Then

18(zry)

(zr%)B(z7y)

= z7(xpy)

1.

Yy

M

Hence zyy = 1.

Theorem 3.8, Let X bea " -Cl-algebra, F a [-filterand x F ,y el Then A(x}/) cF.
Proof. Let y € A(xy). Then we have xpy = 1. Since F is a I"-filter of X and x€ X, we obtain yeF .
Therefore A(xy) cF.

Definition 3.9. A T"-Cl-algebra X is said to be I -transitive if for all X, ¥,zeX and y7,a,8,6,A¢el,
r2)a(xBy)d(x2z)) = 1.

Proposition 3.10, If X isa I -self-distributive I ~Cl-algebra, then it is I -transitive.
Proof. Forany ¥, ye X and 7,, 5,8,A €T, we have

(yrz)a((xBy)6(xAz)) (ra)a((xBy)5(x£z))
= (yrzo)a(xp(ysz))
= xa((yyz)B(ysz))
= xa((y9z)B(yéz))
= xol
= 1

Hence X isa [ -transitive.
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Definition 3.11. Let X be a I -Cl-algebra and let abe X,y,Bel . Define A(ay,bﬁ‘) by
Alay,bB)={l}u{xe X :ay(bpx)=1}.
We call A(a}/,bﬁ) an upper set of @ and b

Lemma3.12. Let X' bea I'-Cl-algebraand F bea [-fiter of X . If @yl =1, then 1 & f, = {x rayxeF},

forany xe X and y €T
Proof. Suppose that 7' isa I -filter of X . Since 1= ayl,wehave 1e F,.

Theorem 4.13. Let X be a I -self distributive I -Cl-aigebraand I bea I -fiterof ¥ It arl=1, then Fn}, isa

I"filter, forany x€ X and y .
Proof. Suppose that F' is a [ -filter of X . By Lemma 3.12, we have lef*;r. Assume x € F, and xSy e F,.

Then gyxe F and a}/(xﬁy) € F'. We have

ar(xBy) = (arx)p(ayy)
sothat ayy & F. Therefore y € £, and hence F,, isa I -filter of X .

Corollary 3.14. Let X' be a ["-Cl-algebra and F be a U -filter of X . If ayl=1, then A(a}/) C F,, for any

xeXad yel .
Proof. Suppose that F' isa I -filter of X  Let x e A(a}/), forany X€ X and y €T, Then ayx=1le F so that

x e F, . Hence A(a}f) cr,.

4, I' -LEFT-RIGHT DERIVATIONS IN I -CI-ALGEBRAS

In this section, we introduce a relation “<” on X by x < y ifand only if xyy=1foral yeI .

Remark Let X bea I'-Cl-algebra X ,a,b,x € X and let V.3l . Then
L y< [(ycxx)ﬂx]
2. xe Alay) < asx
3. xeAlay,bf) << a<{bpx).

Lemma 4.1. Let X bea I'-Cl-algebraandlet xe X If | < X,then x =1
Proof. Suppose that X is a I" -Cl-algebra, Since 1< X, we have 1yx =1. By Definition 2.1, we have lyx=x.Then

x=1.

Lenuna 4.2. Let X be a I'-Cl-algebra. If X isa I -transitive, then for all x,y,ze X,y, €T, then y<z
implies that X3y < xyz
Preof. Suppose that X isa T -transitive, X,1,z€ X andlet y, B, €1, Since x < Y,wehave xay=1. Then

(xBy)A (xyz) = (xBy)A (xyz)
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I§[(xﬁy)/1 (x;/z)]
(yaz)s [(x,B ) /1(.7672)]

Proposition 4.3, Let X' be a I -self distributive [ -Cl-algebra. Forall x,y,z€ X and 3, B, €T if xy1=1 then

Lif x< y,then Zyx<zyy,
2. yyz <(xBy)y(xaz).

Proof. Let X be a I -self distributive I”-Cl-algebra, x,y,zeX and y,B.axel.
1. Suppose that X < y. Then xSy =1. We have

(z;/x)a(zyy) =

Hencezyx<zyy.
2. Now consider

(rz)ol(xBy)y(xaz)] =

Hence yyz < (xfy)y(xaz).

zy (xay)
zy(xBy)

zy{x7y)
zyl
1.

(yr2)Sl(xBy)y(xz)]
(yrz)o[xB(yyz)]
x0[(yrz2)B(yyz)]

x01

1.

Proposition 4.4, Let X' be a I'-Cl-aigebra and F be a [ filter of X . Then for all x,yeX and yel the

following statements hold:

LIfxeF and x< y then ye F .

2.1f X isa I'-self distributive I"-CI-algebra and xBy=11forall x,ye F and y,f T, then xyyel.
Proof. 1. Suppose that X isa I'-Clalgebraand F isa I"-filter of X  Let x € F and XX V. Then xyy=1 so

that xyy € F'. Therefore ye F .

2. Suppose that X is a I -self distributive I'-Cl-algebra and xBy =1 for all x, yeF and y,B,acel.

We have

yr(xf(xe y))
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xy(yB(xa y))
xy((yBx)a(yBy))
xy((yBx)al)
[x7(yBx)]e(xccl)
[(x71)B(xfx)] a(xal)
[(xyy) Blla(xal)
[(xBy)Blla(xal)
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= (IDa(xal)

= la(xyl)

= xyl

= 1
and hence yy(xB(xa y)) € F . Since y € F, we have xf(xay)e F Itfollows xy y=xay e F . For clements
X and ¥ ofa I'-Cl-algebra X , denote xA y = yx)rx.

Definition 4.5. Let X be a I'-Cl-algebra. A mapping d. X = X is a I'-lefi-right derivation (briefly, I -(, r)-
derivation) of X', if it satisfies the identity d(xyy) =d(x)yynxyd (¥) forall x,yeX and yel . If d

satisfies the identity d(x7y) = xyd(y)nd{x)yy forall x,yeX and yeT, then d is a I -right-left

derivation (briefly, I"-(r, I)-derivation) of X . Moreover, if d is botha T'~(I, r) and "-(r, I)-derivation, then d is a
I -derivation of X .

Proposition 4.6. If d isa I -(Lr)-derivation of I -self-distributive X _ then,d (1)=1.
Proof. Let X bea I"-Cl-algebraand let d bea I -left-right derivation of X . Then
d(1) = d(iy1)
= d(1)y1alyd(1)
= d()y1ad()
= [d(1)B@E )y (L)1)
= 1(@{1) pa(1)y(d (1) BT B(d(1) #1)
= {Ix(d(1) 1] B (1) 1)
= @) B )y
= @d(1)r Bd(1)y1)
= 1
Henced (1} =1.

Definition 4.7. A T -derivation & ofa I -Cl-algebra X is said to be T -regular if d (1) =1.

Corollary 4.8. A I"-(1,r)-derivation d ofa I -seif-distributive X is T -regular.
Proof, Straightforward. O
Proposition 4.9. Let d be a I” -(1,r)-derivation of a I -self-distributive X . Then d (x) =xnd (x) forall xe X.
Proof. Let d bea T -(1,n)-derivation ofa T -self-distributive X' and x € X, 7 €T". Then
d(x) d(lyx)

= d(yxalyd(x)

= d(yxnd(x)

= lpxnd(x)
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= xad(x).
Hence d(x)=xnd(x).
Definition 4.10. Let X a I"-Cl-algebra. Amap f: X — X is called endomorphism if f(xyy) = f(x)rf(»)
forall x,ye X and yeT".

Definition 4.11. Let f be an endomorphism of a I -Cl-algebra X' . A map o 1 X — X satisfying the Identity

d(xyyy=d, (X fOIA f()yd,(p)
is called a I -left-right f-derivation (briefly, I"-(I; r)}-f-derivation} of X .

Proposition 4.12. Let d, be a I"-(1,1)-derivation of a I -self-distributive X . Then d;(x)=1forall xe X
Proof Let d, be a I -(1,1)-derivation of a " -selfedistributive X .Forall ¥, 8T sothat
d.(1) = d,(1yD)

= d, (07 WA S Vyd, (1)

= Oy WA S Wyd, ()

= d,MrfWDA fAyyd (1)

= 4SOy DI L Oy fOlrd (1)

= d.(Dyla 1yd (1)

= d,Dyln d,1)

= [, (), (118 (@, M)

= (B, W), MAY] A, M)

= [, (AN Ad, W)

= (@,(0BY pd, (1)

= (d,(yD) pld, 1)

= 1.
Hence d (1) =1

Proposition 4.13. Let d, be a T'-(1,r)-derivation of a " -self-distributive X _ Then d,(x)=d (XA f(x) for all

xeX.
Proof. Let d, bea I'-(1,1)-derivation ofa " -self-distributive X' . Forall ¥, 8 €T so that

d,(x) = dy(Iyx)

d Dy () fDyd,(x)
lyf(x)Alyd (x)

S ndy(x),

i

it

Hence d (x) = d(xX)A fx).
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Theorem 4.14.1f @ is a I -regular I ~(I; r)-f-derivation ofa I -Cl-algebra X', then d,(x) = f(x)Ad (%)
Proof. Let d, be a I -regular T -(I; r)-f-derivation ofa I’ -Cl-algebra X . Forall ¥, BT so that
d,(x) d (1yx)
4,071 fyd, ()
lyf(x)Alyd (x)
S)nd (x).

Hence d(x)= JInd (x).
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