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ABSTRACT— The purpose of this paper is to introduce the notion of a quasi-primary ideals in I -AG-groupoids, we
study quasi-primary and quasi-left primary ldeals in T -A G-groupoids. Some characterizations of quasi-primary and
quasi-left primary ideals are obtained, Moreover, we investigate the relationships between quasi-primary and quasi-
left primary ideals in 1" -AG-groupoids. Finally, we obtain the necessary and sufficient conditions of a quasi-primary

ideal to be a quasi-left primary ideal in T -AG-groupoids.
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1. INTRODUCTION
Abel-Grassmann's groupoid (AG-groupoid) is a generalization of semigroup theory with wide range of usages in
theory of flocks [6]. The fundamentals of this non-associative algebraic structure were first discovered by Kazim and
Naseeruddin (1972). A groupoid S is called an AG-groupoid if it satisfies the lefl invertive law:
(ab)e= (cb)a

forall @, b, ce S . Ttis interesting to note that an AG-groupoid with right identity becomes a commutative monoid
[5] This structure is closely related to a commutative semigroup. Becauseof containing a right identity, an AG-groupoid
becomes a commutative monoid [5]. A left identity in an AG-groupoid is unique [5]. It lies between a groupoid and a
commutative semigroup with wide range of applications in theory of flocks [6]. Ideals in AG-groupoids have been
discussed in [4]. In 1981, the notion of I -semigroups was introduced by M. K. Sen. A groupeid .S is called a F-AG-
groupoid if it satisfies the left invertive law:

(ayb)oc =(cyb)da
forall a,b,ce§ and y,8 €T {3]. This structure is also known as a left almost semigroup (LA-semigroup). In this
paper, we are going to investigate some interesting properties of recently discovered classes, namely I"-AG-
groupoid S always satisfies the I” -medial law:

(ayb)p(céd) =(ayc) f(bSd)

for all a,b,c,d €S and ¥,8,6 €T [3], while a I'-AG-groupoid S with left identity e always satisfies I"-

paramedial law:

(arb)B(cod) = (dyc) p(bda)
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forall @,b,c,d €S and y,f,6 €T [3]. Recently T. Shah and . Rehman have discussed [ -Ideals and T -Bi-Ideals

in I" -AG-Groupoids.
In this paper we characterize the I"-AG-groupoid. We investigate the relationships between quasi-primary and

quasi-left primary ideals in I -AG-groupoids.

2. BASIC PROPERTIES

In this section we refer to [10, 11, 12, 13] for some elementary aspects and quote few definitions, and essential
examples to step up this study. For more details we refer to the papers in the references.

Example 2.1. [10, I1] (1). Let S be an arbitrary AG-groupoid and I" any non-empty set. Define a mapping
SxI'xS—> S byayb=ab forall a,beSand y €T .Itiseasytoseethat S isa I -AG-groupoid.
(2). Let I"'={1,2,3} . Define a mapping ] xI'x0 —0 by ayb= b—y—aforal a,bef) and y €T where "~

is a usual subtraction of integers. Then [ isa I -AG-groupeid.
Lemma 2.2, [10, 11] Every I -AG-groupoid is I” -medial.

Lemma 2.3. [10, 11] Let .S be a I'-AG-groupoid with a left identity, then ay(bac)=by{aac) forall a,b,ce S

and y,ax el

Definition 2.4. [10, 11] Let .S be a I'-AG-groupoid. A nonempiy subset 4 of S is called a sub I" -AG-groupoid of
SiHAlAc A.

Definition 2.5. [10, 11] A sub T'-AG-groupoid 4 of S is called a left (right) T -ideal of S if Sl'dc 4
(A'S © A )and is calied an 1™ -ideal if it is left as well as right 1" -ideal.

Lemma 2.6. [10, 11]Tfa 1" -AG-groupoid S has a left identity, then every right T -ideal is a left I -ideal.

Lemma 2.7. {10, 11} If 4 is a left I'-ideal of a I"-AG-groupoid § with left identity, and if for any @ €5, there

exists ¥ €17 then ayd isaleft T -idealof S.
Lemma 2.8. [10, 11]1f A is a proper right (left) I"-ideal of a I" -AG-groupoid S with left identity ¢ ,then e ¢ A.
Lemma 2.9, [13]If S is a I"-AG-groupoid with left identity e , then ayb = afb foralla,be S and y,fel.

Lemma 2.10. Let S'be a I'-AG-groupoid with left identity, and let B be a left I'-ideal of §. Then
AFB={a}/b:aeA,beB,;VeF} isaleft I'-idealin &', where @2 A §.
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Lemma 2.11. Let S be a I -AG-groupoid with left identity and et @ € 5. Then
a’ys = {azys =(apa)ys:se S}

isa I'-ideal in §, where 7, T .

Lemma 2.12. Let § be a I'-AG-groupoid with left identity, and let 4 be a left I"-ideal of S Then (A iy r) isa

left I'-ideal in S, where (A:y:r):{aeS:r}'aeA}.
Remark. Let § bea I'-AG-groupoid and let 4 be a left I -ideal of S Tt is easy to verify that 4 (A ¥ r).

Lemma 2.13. Let S be a ['-AG-groupoid with left identity, and let .4, B be left I -ideals of S Then (A T :B) sa

left I'-ideal in S, where (4:I": B)={re S: Bl'rc 4},

Remark. LetS be a I'-AG-groupoid and let A B,C be left I -ideals of S It is easy to verify that

(4:T:Cyc(4:T:B), where B C.

3. QUASI-LEFT PRIMARY AND LEFT PRIMARY I -IDEALS

We start with the following theorem that gives a relation between I" -primary and quasi I -primary ideal in I"-
AG-groupoid. Our starting points are the following definitions:

Definition 3.1. A T'-ideal P is called left quasi-primary if ATB < P implies that
(4rTA)r..)rd=4" P or (((BTB)TB)T.. JTB=B"c P

for some positive integer 1, where A and B are two I -ideals of S .

Definition 3.2. A left I -ideal P is called quasi-left primary if ATB & P implies that
(4T AT )4 = 4" < P or (((BTB)TB)T.. JIB=B"cP

for some positive integer #, where 4 and B are two left I -ideals of S .

Remark. It is easy to see that every quasi-left primary ideal is quasi-primary.
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Lemma 3.3.1f S isa I"-AG-groupoid with left identity, then a left T-ideal P of S is quasi-left primary if and only if
ay{(SpBb)c P implies that

((ada)da)s..)5a=a" e P or (((86b)5B)6...)ob=b" < P
for some positive integer 7, where ¥, 5,6 €T and a,b e S.

Proof. Let P be a quasi-left primary left ideal of a I"-AG-groupoid S with left identity. Now suppose that
a}/(Sﬂb) C P. Then by Definition of left T -ideal, we get Sr(a}/(Sﬁb)) < STP C P that s,

ST {ay (S80)) (58S)T (ay (S b))
(S8a)T(Sy(Sb))
(S8a)T((STS)¥(SBb))
(S5a)T ((585)7(5T5)
(S6a)T((888)7(S))
SBS)yb)
(S5a)T(73)

1! 1l il il Il
—

Sr5a (

for all Sel. Since Sl"(ay(Sﬁb)) cP ad ST (ay (Sﬁb)) =(S6a)T(Syb), we have
(Sﬁa)T(S}/b) <P sothat a" = (eé‘a)n € (S§a)" cl o b= (eb)" € (S}/b)n c P, for some positive
integer 7. Conversely, assume that if ay (S ,Bb) © P implies that a” € P or " € P for some positive integer 71 ,
where 7,6 €I and a,b € S. Suppose that ATB P, where 4 and B are left T -ideals of S suchthat 4 P.
Then there exists x € 4 such that x” & P, for all positive integer #. Now

xy(SBy)C AT (SI'B)c ATBC P,

forall y € B. So by hypothesis, ¥" € P for all Y€ B implies that B" < P. Hence P is quasi-left primary ideal in
S,

Lemma 34.1f & isa I"-AG-groupoid with left identity, then a left T -ideal P of S is quasi-left primary if and only
if (S}fa)§ (S ﬁb)gP implies that @” € P or b” € P for some positive integer 1, where v,0,6€l and

abes.

Proof. Let P be a quasi-left primary ideal of a I'-AG-groupoid S with left identity. Now suppose that
(S ya)5 (S ﬂb) € #. Then by Definition of left ideal, we get

(Sya)s(Spb) = (SrS)5(app)
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S&(apb)

ad (Spb)
that is @ (S ﬁb) = (S ya) d (S ﬁb) C P. ByLemma 33, wehave @" € P or 8" € P for some positive integer #1 .
Conversely, assume that if (S }/a)J (S ﬂb) C P, then a"€P or "€ P for some positive integer 7, where
v,5,0€l and a,beS. Let aé'(Sﬁb) c P. Now consider

as(Spb)= (Sya)é'(Sﬂb) cP.
By using given assumption, if a0 (S ﬁb) C P, then a" € P or b" € P for some positive integer 7 . Then by Lemma

3.3, we have P is a quasi-left primary ideal in S,

Theorem 3.5.If § isa I" -AG-groupoid with lett identity, then a left T -ideal P of S is quasi-left primary if and only
if ayb e P implies that a” € P or b" € P for some positive integer # , where ¥l and a,be 8.

Proof. Let P be a left I"-ideal of a " -AG-groupoid S with left identity. Now suppose that ayb € P. Then by
Definition of left ideal, we get

(Saa) B(Syb) = (SaS)p(ard)
Sp(ayb)

STP

c P

Il

N

By Lemma 3.4, we have a” € P or " € P for some positive integer 2. Conversely, the proof is easy.

Theorem 3.6. Let S be a ['-AG-groupoid, and let 4 be a quasi-left primary ideal of S, Then (A ¥ r) is a quasi-

left primary ideal in &, where ¥ €I and# € .

Proof. Assume that A is a quasi-left primary ideal of S. By Lemma 2,12, we have (A 7 r) is a left ideal in §. Let
aﬁbE(A:}/:r). Suppose that 5" Q(A:j/:r), for all positive integer 7. Since aﬂbE(A:J/:r), we have
ry(aﬂb)e A so that a}’(rﬂb) € A. By Theorem 3.5, we have a” € 4 (A Lyir) or (rﬁb)" € A, for some

positive integer 1. Therefore @” & (A 1y r) and hence (A y r) is & quasi-left primary ideal in S.
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Theorem 3.7. Let .S be a ['-AG-groupoid with left identity ¢ and let P be a quasi-primary ideal of 5. If

(S}/az)a’(Sﬁbz) < P, then @” € P or b" € P, for some positive integer #, where ¥ € 1" and a,b€ 5.

Proof. Let P bea quasi-primary ideal of a I -AG-groupoid .S with left identity. Suppose that b° & P for all positive

integer 1. Now assume that (Sya® ) e (SBb*) < P . ‘Then by Definition of left T -ideal, we get
((s85")ra)as
((a*88%)7S)ass
(SyS)a(a’pp*)
a’a((SyS) pp*)
da((b%yS) 5S)
(5°78)er(ass)

that is (bzyS)a(az,BS) C £ .ByLemma2.11, we have ¢3S and B S are [-idealsin S so that

il

(Syaz)o:(Sﬂbz)

li

a = ala

= (eya)ia

= (axa)le

= (ala)pe

= d’fecad’fScP

or B = bAb

= (exb)Ab

= (byb)Ae

= (bAb)ye

= BrectyScp

forall ¥ e I". Therefore a" € P, for some positive integer n.

Corollary 3.8. Let S be a I' -AG-groupoid with left identity, and fet P be a quasi-primary ideal of S'. If b*ya’ e P,

then " € P or b” € P, for some positive integer 7 .
Proof. Let P be a quasi-primary ideal of an AG-groupoid .S with left identity. Suppose that " & P | for all positive

integer # . Now assume that .bz}/a2 € P . Then by Definition of left I" -ideal, we get
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(aZﬂS)a(bz;VS) = bza((azﬁS)yS)
= bza((SﬁS)}faz)
(SBS)a(bya’)

= Sa (bzyaz)

]

STP
c P

N

thatis {@*BS ) (B*¥S)c P . 1tis easy to see that @” € P, for some positive integer .
P

Definition 3.9. A I" -AG-groupoid .S is called T"-AG-3-band if its every element satisfies

ac/(afa)=(aaa)fa=a.
Proposition 3.10. {13] Every left identity ina I"-AG-3-band is a right identity.
Lemma 3.11. [13] If 2 1"-AG-3-band S has a left identity, then every left I -ideal isa T"-ideal.

Theorem 3.12. Let .S be a I"-AG-3-band with left identity. Then P isa quasi-left primary ideal in S’ if and only if S
is a quasi-primary ideal in ,§ .

Proof. The proof s straightforward. O
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