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Abstract : In this paper, we study the behavior of solutions of piecewise linear
system of difference equations ,y1 = l&g| — yn — 2 and yn41 = Tn + |yn| with
initial condition that (zp,%) is in R? — {{z,y) : # < Band y < 0}. After we
observe via a computer program and some direct computations, we found that
the system has an equilibrium point and periodic solutions. We also show that
the solution of the system is eventually periodic with prime period 3 by finding
the pattern of solutions and formulating the statements that involve the patural
numbers and then proving by mathematical induction.
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1 Introduction

Difference equations usually describe the evolution of a certain phenomenon
over the course of time. In mathematics, a difference equation is a sequence of
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numbers that are the functions of previous numbers. The following definitions [1]
are used in this paper. A difference equation of order (k+1) is an equation of the
form
Tpt1 = f(.’L‘n, Lp—13Bn—24--- .,.’L‘nAk),TL = O, 1, . (1.1)

where f is a continuous function which maps some set J**! into .J. The set J is
usually an interval of real numbers, or a union of intervals, but it may even be a
discrete set such as the set of integers.

A solution of Eq.(1.1) is a sequence {x,}22 _, which satisfies Eq.(1.1) for all
n > 0. If we prescribe a set of (k + 1) énitial conditions

T gy Tktls s T €

then
Z1 :f(:'soam—ls"':x—k)
T2 =f($1,wg,...,$,k+1)

and so the solution {z,}22 _, of Eq.(1.1) exists for all n > —k and is uniquely

determined by the initial conditions.
A solution of Eq.{1.1) which is constant for all n > —k is called an equilibrium

solution of Eq.{1.1). If
Zn = foralln > —k
is an equilibrium solution of Eq.(1.1), ther Z is called an equilibrium point, or
simply an equilibrium, of Eq.(1.1).
A solution{z, }2* _, of Eq.(1.1) is called periodic with period p (or a period p
solution) if there exists an integer p > 1 such that

Tntp = T for all n > —k (1.2)

‘We say that the solution is periodic with prime period p if p is the smallest positive
integer for which {1.2) holds. In this case, a p-tuple

($n+1a$n+23 cer 1$n+p)

of any p consecutive values of the solution is called a p - cycle of Eq.(1.1).

A solution {z,}32 _, of Eq.(1.1} is called eventually periodic with period p if
there exists an integer N > —k such that {x,}52 _, is periodic with period p; that
is,

Tnyp =Tpn foralln > N

Difference equations have rich and far reaching applications, especially in the
field of Biology and Economics [2, 3, 4].

Devaney 15, 6] investigated the piecewise linear difference equation, known as
the gingerbreadman map,

Tpi1 = |[Tn| —Tn1+1,m=1,2,3... (1.3)
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which has been shown to be chaotic in certain regions and stable in others. The
name of this equation is due to the fact that solutions in the plane look like a
gingerbreadman” [5] when graphed. Equation(1.3} is equivalent to the piecewise
linear system,
O E$n| —in+1
,n=01,... (1.4)
Un+1 = In

Gerasimos Ladas made significant contributions to the generalized ginger-
breadman map as an open problem in the form of 81 piecewise linear systems:

Tpg1 = |En| +Fayn +D
n=0,1,... (1.5)
Ynt1 = Tnt+Clyn]+d

where the initial conditions xg, and 5y are arbitrary real numbers and the param-
eters a, b, ¢, and d are integers hetween —1 and 1, inclusively.

Grove and his team [7] found that the behavior of solution of the piecewise
linear system of difference equation,

Tnyr = |Tal —Yn—1
n=01,... (1.6)

Yn-b1 = znp+ UYn

is eventually periodic with period 3 for every initial condition (zp,%) € R*. We
would like to study a generalization of system (1.6), which is the system

Tt = |[Ta| —ya —b
,n=101,... (L1.7)

Ya+l = Tn T+ Yn

with initial condition {zg,y5) € R? and b is positive integer. So, we investigate
system(1.7) by substituting & with 2. In this paper we consider the system of
piecewise linear difference equations

Tpnp1 = |Tp] —Yn —2
nm=0,1,... {1.8)

Unt1 = Zn -+ |Ynl

with initial condition (zg, yp) being some points in R?. The results of this problem
will help us to predict the behavior of generalization of system (1.6} and (1.8} and
we believe that the investigating of the system will give us the germ of generality
that is required to understand systems with more complicated behavior. We let

a, b

¢, d | bea 3-cycle that consists of 3 poiats, i.e. (a,b),(c, d), (e, f).

e, f
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2 Main Results

The solutions of Systern(1.8) are has the unique equilibrium point

@n-(-53-3)

and two 3-cycles

0, -2 0, —%
P} = 0, 2 and  PZ= f%, 5
-4 2 -5 3

The main result of this paper is as follows:

Lemma 2.1. Let {(2,,yn)}3% be a solution of System (1.8) and suppose that
there is an N > 0 such thot yy = —zy — 2 > 0. Then {y11,Yny1) = (0,-2) €

Pl
Proof. We have
Typr = (zn| —yxy —2 =0, and
yni41 =N+ |ynl =—2.
Hence (zx11,3n11) = (0,-2) € P;. O

Lemma 2.2. Let £1 = {(0,y)ly > 0} and {(zn, yn)}5r, be a solution of System
(1.8). Then every solution with initial condition i L1 is eventually periodic with
prime pertod 3.

Proof. Let (xg,y¢) € £1, we have

1 :EIEoE—yQ—Q :—y0—2<0,and
Y1 =g+ [yol =y > 0.

We see that 41 = —z; — 2, and applying Lemma 2.1, (xa,y2) = (0,—2) € P}, O

Lemma 2.3. Let Lo = {(0,y)|y < 0}and {(zn,yn} )52y be o solution of System
(1.8). Then every solution with initial condition in Lo is eventually periodic with
prime period 3.

Proaf. Let {x0,0) € L2, we have

1 =|zo|—yo—2 =0-y—2 =-y—2 and
7 = Zo -+ | Yol =0—y = —yo > 0.
Casel: 21 = —yo — 2 > 0,90 < —2. Thus,
Ty =z —y1—2 =-4<0
Yo =ax1+ |yl =2y —2>0,
T3 =lrzl—ype—2 =2yp+4<0

ys =+ |yl = —2yp — 6.
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fys = —2yp— 6> 0,40 < —3, then we see that y3 = —x3 — 2 > 0§, and applying
Lemma 2.1, {z4,ys) = (0,-2) € P}.

Suppose that y3 = ~2yg — 6 < 0,-3 < yo < —2, we will prove that for
yo € (—3, —2) the solution is eventually prime period 3(P; or P§) by Mathematical

induction.
For each integer n with n > 1, let P{n) be the following statement:

“for o € {ln—1,Un-1),
Tantt =0, Vg1 = 27%Yo + On,

such that ysn+1 is non-negative when yo € [Un, Un—1), 80d 30 (Tanta, Ysnta) =
(0,-2) e .Pgl. On the other hand, ¥sn 1 is negative when yp € [ln—1,%n), and so

Tones = =28y — (60 +2) <0, Yanp2 = —2%"yy — &, >0,

Tanis =27 lyy 426, <0, Ysngz = =2y — (28, +2),
such that ys,+s is non-negative when yp € (l,—1,l,], and s0 (€344, Yan+a) =
(0, —2) € P; where as y3,13 is negative when 15 € ({5, un) where

722n+4 ) 722n+3 42 22n+3 9
3x ozt M T Tgyom T T 3

In =

‘We shall show that P(1) is true. Since x3 = 2yp+4 < 0and y3 = 2y, —6< 0
when yo € (lo, up) = (—3, —2), we have that

T3(1)4+1 = T4 = |$3i — Yz — 2 = 0, and
Ys(1)+1 = Y4 = T3+ |3l =dyo+10 = 2*Myy 4 61
If yo € Jug,u1—1) = [u,up) = [—%,-—2), then Ya()+1 = dyo + 10 > 0. We

apply Lemma 2.2 to obtain {(3(1)+3, ¥sc1)+3) = (0, ~2) € P5.
Hyo € (1, w) = (lo,wa) = (—3,—2), then yz(1y41 = 4yo + 10 < 0, and so

Tyyez =@ =|Tal —ya—2 = —dyo—12 =22y, — (4, +2) <0
Ys(yr2 = Us = T4+ |yal = —dyg— 10 = —22Mgyy — 4§ >0,
Ty =5 = 35| —ys—2 =8yo+20 =22y 25 <0
Ysy+s = Y6 = s + |5 = —8yp— 22 = -2%Utlyy (26, +2).

Ifyo € (li—1, ] = (lo, 1] = (=3, —22], then y3(1)45 = —8yo — 22 > 0, we apply
Lemma 2.1 to obtain (z3(1).04,¥s(1)4+4) = (0, —2) € P§.

yo € (l,u) = (-2, —12), then ysp1y13 = —Byo — 22 < 0. Hence, P(1} is
true.

Next, assume that P(N} is true. We shall show that P(V 4 1) is true. Since
P{N} is true, we have

TaN43 = 22N+1y0 + 28y < 0 and YNy = —22N+ly{) - (251\; + 2) <0

when

N4y _92N43 .4
Yo € (v, uyn) = ( G0N FT T axal N
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Then,
Ty N41)+1 = T3N+4 = |[Tanssl —yanvez —2 =0, and
Ya(N+1)+1 = UsN+4 = TaN+3 + [Uan+3) = 220y 4 45y 42
= 22(N+”yo +0nt1-
Note that
Syen = 02— (B 220) 4 S —usy 2,
If

_gBN45 5 _g2N43 g
bo S [UJV+11U(JV+1)71} - EUN—FlauN) - J: X OZNTZ 1 3y 02N 1

22N+5_a

then yavinypa = 22V Wy + dygq = 220V 2y, + ( 3 ) = 0. We apply
Lemmea 2.2 to obtain (y3(N+1)+31y3(N+1J+3) - (O, —2) e P‘SI.

If
 02N44_n _o2N+E
¥o € (E[NH)A,U(NH)) ={Iy,uns1) = ( 32X22N+125 32),(221\?:_22)1
then
vent = 220y 4 Gy = 22y, 4 (32-%3) <0, %0
TaNg1)42 = |T3N44| —Ysnea— 2 = =22 Wy, — (Syiy +2)
N
— _93Nt2y (722 3+574) <0
Ya(N+1)2 = Tanpa + [Uan g = 22Ny Sny1 > 0,
Tyveita = |[Tangs| — Yangs — 2 = 22N DLy, 4 268 <0
Ya(N+13-+3 = T3N+5 + |[Yanvss] = —2HNFUH gy — (25p 41 +2).
If
 52N+4 5 o2N+E_
Yo € (£(1V+1)715ZN+1] == (lNy lN-E—l] = ( 32><22N+125 32X22N+32:!’
then

oINS 5
Ys(vityrs = — 22Ty — (265 + 2) = 22Ny, 4 ("2—32“"2) z 0.

We apply Lemma 2.1 to obtain (Z3(x11)+4, Ya(vs1)14) = (0,—2) € Py
It

_o2N+E_5  _g2N+5 o
Yo € (In+1,unt1) = ( B oINS 3x22N$

then
9Nt
Y41yt = AN (20541 +2) = —22N+39, 1 ( 2 : 2 2) <0

Hence, P(N + 1) is true. By Mathematical induction, P{n) is true for all n > 1.
Note that
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. 8 .
lim I, = —= = lim uy,.
n—so0 3 00

We also note that if {xo,30) = (0, -%), then (z3,y3) = (-3, ~2) € P}. We can
conclude that in Casel, every solution of the system is eventually prime period 3
(P or P§).
Case2: 1 = —yp — 2 < 0,yp = —2, then
Zo 2!1’1‘——1}1—2 =w+2+y—2 =2y <0
y2 =1+ |yl =-yw-2—-w  =-2y 2.
fys =20 —220,-2<yy < -1, then we apply Lemma 2.1;
(z3,y3) = (0,—-2) € Fy.
Suppose that yo = —2yy — 2 < 0,99 > ~1, then

T3 = w2l —y3 —2 =0
Ya = T2+ |ys] = dyy + 2.

If y3 = 4yp + 2 = 0, then we apply Lemma 2.2, and so
(35,?,’5) - (05 _2) € ‘PS1

Suppose that y3 =4y +2 <0, -1 <y < —%. We will prove that for

yo € (—1,— %) the solution is eventually prime period 3 by Mathematical induction.
For each integer n with n > 1, let Q(n) be the following statement; “for

Ya € (ln, Un ), We have

Tanrl = =220~ (1 +2) <0, wangr =-—-2"yp—n >0
Tanta = 28Flys £ 24, <0, Yantz = 277 lyy — (29, +2)

such that ys,.2 Is non-negative wher yy € (In, 41, and 50 (Zani3, Y3naz) =
(0, —2} € P; where as ya,.2 is negative when y, € (lht1,4n), and so

Tan+3 - Oa Yan+3 - 22””3}0 + (4"13 -+ 2)

Thus ya.1 3 is non-negative when yg € [up41,u,), and 80 (Tany5, Y3nrs) = (0, —2) €
Pj where as ysn13 is negative when yo € (Inq1, Uny1) Where

[ — =22 e o . S I
T Gy ote—1 yUn = Ax 227 s n = 3 M

The proof is similar the above case. So we will omit the proof. Then we have Q(n)
is true for all n > 1.
Note that

2 .
lim [, = —= = lim u,
n—o0 3 n—+co

and we also note that (zo,y0) = (0, ~3) € P§.
The proof is complete. 0O
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Lemma 2.4. Lel Q1 = {(z.y) € Rx Rlz > 0 and ¥ > 0} and {(zn, ¥n) }ols
be a solution of System (1.8). Then every solution with initial condition in ) is
eventually i L1 or La.

Proof. Let {zg,y0) € ¢1. Then

x; =izl -w -2 =z 2
¥ =xo + |vol =xzo+y0 > 0.

Casel: Whenz1 =20 - —2 >0,

Tz =||—-p -2 =-2yp—-4<0

ya =1+ | =25 —-2> 0,

T3 :lﬂjgl—yg—Q =2z + 2y +4<0 .
y3  =x2+ s =2z0 — 2yo — 6,

Ta :|$‘3|—y3—2 :0

Then, (z4,y4) is in L1 or La.
Case 2: When z1 = x5 — 3o — 2 < 0,

frig) :|$1]—y142 = 215 <0
y2 =1+ |1n] = 2xp — 2,
z3 =izl —yp -2 =0

Then (x4,y4) I8 in £y or Ls.
O

Lemma 2.5. Let Q3 = {{z,y) € RxR|z < 0 and y = 0} and {{(Zn, ¥n) om0
be o solution of System (1.8). Then every solution with initial condition in Q2 s
eventually periodic with prime period 3.

Proof. Let (xe,y0) € (Ja. Then,

21 =zl —w—2 = -—mo—yo—2
v = o + |yol = Zp + Yo

Hxy = —2p—1y—2 < 0andyy =20+ yo = 0, then we apply Lemma 2.1,
that {zs,ys) = (0,—-2) € P4.

If$1:~—:t?(}—yo—2 <Oandy1 :$0+y0<0, then z = ]x1!-y1—2:0,
{za,y2) isin £y or L.

Hazy=—2pg—yo—2>=0and yy =zg+yp <0, ther

T2 =lmi—y—2 =-2z5—2y—4>0
iz :$1+Jy1| = —2xg — 20— 2> 0,
T3 :|$‘2|—’y2—2 :—4

ys =2+ |y =—dzg —4yy —6 >0,
x4 =lzs|—y3—2 =4dzot+dy+8<0
Y4 =3+ |ys] = —dzg — 4y — 10,

xZs :‘$3F—y3—2 =10.
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Thus (zs,ys) is in £1 or Ls.

In above cases, the solutions are eventually in £; or £o. We apply Lemma
(2.2) and Lemma (2.3).

Bey=—-—zo—yo—2>0and yy = 2o+ yp > 0, we apply Lemma, 2.4, then the
proof is complete. O

Lemma 2.6. Let Q4 = {(z,y) € Rx Rlz > 0 and y < 0} and {(@n. vn)}20
be a solution of System (1.8). Then every solution with initial condition in Q4 is

eventually periodic with prime period 3.

Proof. Let (xg,y0) € Q4. Then

r1 =lzo|~w -2 =xz0—yo—2
Y1 =g+ |yol =xp— Yo > (L

Ifx1 =20 —y0—2>0, then (z;,91) € @1, and we apply Lemma 2.4.
Ifz1 =29 —yo— 2 < 0, then (z1,11) € (J2, and we apply Lemma 2.5. The
proof is complete. O

Theorem 2.7. Let {(zn,yn)}02, be a solution of System (1.8} with initial con-
dition (z0,y0) € R® — {{z,y) : © < 0 and y < 0}. Then the solution is eventually
prime period 8 solution (Pf or P2.)

3 Discussion and Conclusion

‘We begin with the first result in Lemma2.1 as a tool to prove the next lemma
which is about the solution of the system satisfying some conditions such that
the next iteration will be a point in P}. The second lemma states that if we
begin with initial condition (zg,yn) € £i{nonnegative y axis) then the solution
of the system is eventually P} in two iterations by using Lemma 2.1. The third
lemmma states that if we begin with initial condition (g, yo) € La(negative y axis)
then the solution of the system is eventually PP or P§. We separate the solutions
into two cases and use Lemma 2.1, Lemma 2.2 and mathematical induction to
prove a couple of induction statements in the third lemma. Now we know that
if we begin with initial condition on the y axis then the solution of the system is
eventually periodic with prime period 3. The forth lemma states that if we begin
with initial condition in the first quadrant the selution will be in £y or £2 which
means the solution of the system is eventually periodic with prime period 3. The
fifth lemma state that if we begin with initial condition in the second quadrant
then the solution is eventually periodic with prime period 3 by using Lemma 2.1
Lemma 2.2 and Lemma 2.3. The last lemma states that if we begin with initial
condition in the forth quadrant, then the solution will be in the first quadrant
or the second quadrant where we can apply Lemma 2.4 and Lemma 2.5. This
allows us to conclude that the solution of the system is eventually periodic with
prime period 3 when the initial condition is in R? except for initial conditions in




236 Thai J. Math, 13 (2015)/ W. Tikjha et al.

the third quadrant. We conjecture that the solution of the system is eventually
periodic with prime period 3 for every initial condition in R2.
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