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Abstract

The purpose of this paper is to Introduce the notion of a quasi-left primary T -ideals in -
AG-groupoids, we study left primary and quasi- left primary T'-ideals in I -AG-groupoids. Some
characterizations of left primary and quasi- left primary ['-ideals are obtained. Moreover, we
investigate the relationships between left primary and quasi left-primary ideats in T -AG-groupoids.
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INTRODUCTION

Abel-Grassmann's groupoid (AG-groupoid) is a generalization of semigroup theory with wide
range of usages in theory of flocks (Naseeruddin, 1970). The fundamentals of this non-associative
algebraic structure were first discovered by Kazim and Naseeruddin (1972). A croupoid & s called an
AG-groupaid if it satisfies the left invertive law:

(ab)c= (cb)a
for all a, b, ce S. It is interesting to note that an AG-groupoid with right identity becomes a
commutative monoid (Mushtag and Yousuf, 1978). This structure is closely related to a commutative
semigroup. Becauseof containing a right identity, an AG-groupoid becomes a commutative monoid
{(Mushtaq and Yousuf, 1978). A left identity in an AG-groupoid is unique (Mushtaq and Yousuf, 1978). It
les between a groupoid and a commutative semigroup with wide range of applications in theory of
flocks (Naseeruddin, 1570). Ideals in AG-groupoids have been discussed in (Mushtaq and Yousuf,
1988). in 1981, the notion of I"-semigroups was introduced by M. K. Sen. A groupoid S is called a T’
-AG-groupoid if it satisfies the left invertive law:
(ayb)dc = (cyb)da

forall a,b,ceS and y,8 € (Khan, 2013). This structure is also known as a loft almost sernigroup
(LA-semigroup). In this paper, we are going to investigate some interesting properties of recently
discovered classes, namely I -AG-groupcid S always satisfies the I”-medial law:

(ayb) f(céd) = (ayc) f(bod)
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forall a,b,c,deS and y, 8,6 €l (Khan, 2013), while 2 I -AG-groupoid § with left identity e
always satisfies I -paramedial law:
(ayb)f(cod) = (dyc) f(boa)
forall a,b,c,d €S and ¥, ,6 € (Knhan, 2013). Recently T. Shah and |. Rehman have discussed
I -ideals and T" -Bi-ldeals in I -AG-Groupoids.
In this paper we characterize the T -AG-groupoid. We investigate the relationships between
left primary and quasi- left primary T -ideals in 1" -AG-groupoids.

BASIC RESULTS
In this section, we refer to the article of Shah and Rehman in 2010, for some elementary
aspects and quote few definitions, and essential examples to step up this study, For more details, we

refer to the papers in the references.

Definition 2.1. (Shah and Rehman, 2010} A sub 1" -AG-greupoid 4 of § is called a left (right) I'-
ideal of S if STAC A (ALS © A) and is catled an T -ideal if it is left as well as right I -ideal.

Lemma 7. (Shah and Rehman, 2010} If A is a left I -ideal of a 1" -AG-groupcid S with left identity,
and if for any g € 8, there exists ¥ €I, then ayd is a teft I -ideal of §'.

Lemma%.f Sis a @I -AG-groupoid with left identity e, then ayb =afb for ala,beS and

7B el
Proof. Let § be a I -AG-groupoid with left identity ¢, and let a,h€.8 and y,f €1’ therefore we

have
ayb = a}/(eﬁb)
= ey(apb)
= aph.
Hence ayb =afib. 4

MAIN RESULTS
We start with the following theorem that gives a relation between left primary and guasi- left
primary 1 -ideal in I"-AG-groupoid. Cur starting points are the following definitions:

Definition 3.1. A left '-ideal P is called left primary if AI'BC P implies that A P or
(((BFB)FB)P...)FB=B” < P, for some positive integers, where 4 and B are two left

ideals of §'.

Definition 3.2, A left [-deal P is called quasi-left primary if AI'BC P implies that
(T4 Jrd=a"cP o (((BTB)TB)L..)TB=B"CP, for some positive

integernr, where 4 and B are two left T -ideals of .

Remark. it is easy to see that every left primary T -ideal is quasi-left primary.
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Lemma 3.3. If S is a I"-AG-groupoid with left identity, then a left I -ideal Pof § is quasi-left
primary if and only if a}/(Sﬁb)g P implias that

(((ada)sa)s...)5a=a" P o (((b5b)ob)S.. )sb=b"€ P

for some positive integer 1, where 7, 5,0 €1 and a,b e §.

Proof. Let P be a quasi left primary left T -ideal of a T -AG-groupcid § with left identity. Now
suppose  that a}/(Sﬂb)gP. Then by Definition of left [ -ideal, we get
ST(ay(Sﬁb)) cSTPC P thatis,

ST (a;/ (Sﬁb))

(S5S)T(ay(Spb))

(S8a)T(Sy(Spb))

(S6a)T((STS)7(Sp))

(S3a)L((68S)r(STS))

(s5)T((88)7(5))

(SSa)T((SpS)yh)

(88a)T(Syb)

for al Sel. Since ST'(ay(SBb))cP and SI(ay(Spb))=(S6a)T(Syb), we have
(Sﬁa)F(Sj/b)ng so that " =(eda)” e(S6a) <P or b" =(eb) e(Syb) < P, for

some positive integer #. Conversely, assume that if a;/(S ﬂb) P impliesthat " e P or "€ P

i

i

for some positive integer iz, where ¥, €T’ and a,b € .S. Suppose that AL BC P, where 4 and
B are left T -ideals of § such that 4" @ P, for all positive integer 7. Then there exists x& 4"

such that x & P. Now
xy(Spy)c AT (STByc LB P,

forall y e B. So by hypothesis, ¥” € P, for all y€ B implies that B” < P . Hence P is quasi-left
primary ideal in S. , 0

Lemma 3.4. If § is a ' -AGgroupoid with left identity, then a left [ -ideal P of § is quasi left
primary if and only if (S}/a)5(Sﬂb) C P implies that a" € P or A" & P for some positive integer

n,wherey, 3,0 €l” and a,beS.
Proof. i.et P be a quasi-left primary I"-ideal of a I -AG-groupoid S with left identity. Now suppose
that (S;Va)5 (S /B’b) ¢ P. Then by Definition of teft T -ideal, we get
(Sya)s(Spb) = (S¥S)6(apb)

= S& (aﬁb)

= qd (S ,[)’b)
that is aé'(Sﬁb)ﬂ(S}/a)é'(Sﬂb)gP. By Lemma 3.3, we have a"e P or b" e P for some
positive integer n. Conversely, assume that if (Sya)c?(Sﬂb)c;P,Then a’eP or b€ P for
some positive integern, where ¥, 5,6 €I and a,beS. Let aé'(Sﬂb) < P. Now consider
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ac (S ﬁb) = (S}/cz)é' (S ﬁb) < P.
By using given assumption, if aé‘(Sﬁb)gP, then g”" € P or A" € P for some positive integer#.
Then by Lemma 3.3, we have P is a quasi-left primary I -idealin §. O

Theorem 3.5. If S is a I -AG-groupoid with left identity, then a left T -ideal P of § is quasi-teft
primary if and only if ayb e P implies that a” ¢ P or b" € P for some positive integer 7, where
yvel and a,beb.

Proof. Let P be a left T-ideal of a I -AG-groupoid § with left identity. Now suppose that
ayb € P. Then by Definition of left ideal, we get

(Saa)B(Syb)

i

(SaxS) B(ayb)

- Sﬁ(a]/b)
STP
P.

By Lemma 3.4, we have " € P or b" € P for some positive integer #.

" 10

Conversely, the proof is easy. [l

Theorem 3.6. Let § be a I -AG-groupoid with left identity and let P be a semiprime left ideal of
S. Then P is a quasi-left primary I -ideal in S f and only if S is a primary I"-ideal in S,
Proof. The proof is straightforward. L

CONCLUSIONS

Many new classes of I -AG-groupoids have been discovered recently. All these have attracted
researchers of the field to investigate these newly discovered classes in detail. This article investigates
the T -ideals, left primary and quasi-left primary I -ideals in T -AG-groupoids. Some characterizations
of left primary ideal and guasi-left primary ideals are obtained. Mareover, we investigate the

relationships between left primary and quasi left-primary ideals in I -AG-groupoids.
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