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Abstract

The purpose of this paper is to introduce the nction of a filter and upper sets in I'-CI-
algebras, we study transitive, filter and upper sets in I -Cl-algebras. Some characterizations of filter
and upper sets are obtained.
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INTRODUCTION

Let X denote an Cl-algebra unless otherwise specified. By an Cl-algebra we mean an algebra
(X ;*,I) of type (2, ) with a single binary cperation “* * that satisfies the following identities: for
any x, ¥, ze€ X,

1. x*x=1,
2 l*x=x,
3. x*(y*z)zy*(x*z)

In 2006, H. S. Kim and Y. H. Kim defined a BE-algebra. Biac Long Meng, defined notion of Ci-
algebra as a generalization of a BE-algebra {Meng BL., 2010). BE-algebras and Cl-algebras are studied
in detait by some researchers (Borumand Saeid A. & Rezaei A, 2012; Kim KH., 2011; Meng B.L., 2010;
Piekart B. & Andrzej Walendziak A, 2011} and some fundamental properties of Cl-algebra are
discussed. It is easy to see that every Clalgebras is 1" Chalgebras.

QOur aim in this paper is to introduce the noticn of a T -Cl-algebras, we study transitive, filter
and upper sets in I'-Cl-algebras. Some characterizations of filter and upper sets are obtained.

BASIC RESULTS

In this section is to introduce the notion of a I"-Cl-algebras.
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Definition 2.1. Let X and I be any nonempty sets. The structure (I, X1} is called & I'-C-
algebra If there exists a mapping X xI'x X — X written as (x, }/_,y) by xyy. that satishes the
following condition

1. xyx =1 forall xeX and yel,

2. lyx =xforall xeX and yel',

3. xy(yfz) = yy{xfz)
forall x,y,ze X and y,fel.

Throughout this paper X will denote a I' -Cl-algebra. We introduce a relation < on X by
x<y ifandonlyif Xyy =L

Example 2.2. Let (F,X ;1) be an arbitrary Ci-algebra and I any nonempty set. Define a mapping
XxIxX —> X ,by xyy=x*y forall x,yeX and yel . ltiseasytoseethat X isa I'-
Clalgebra. Indeed,
1. xyx = X*X
= 1,
2. lyx = I*x
= x,
3. xp(vf2) = w*(pp2)
= xx(yrz)
= pa(ees)
= yr{xpz)
foralt x,y,z€ X and y, [ €. Thus every Ci-algebra impties a I -Ci-algebra.

Bample 2.3, Let X' = {1,a,b} in which “ - is defined by

1 a4 b

p a

a | a 1 b
b p 4@ 1

Let T#@. Define a mapping XxI'x X —>X by xyy=y-x forall x,yeX and yel .
Then X isa I'-Cleleebra. Indeed

1. xyx = (x-x)-(x-x)
= 1-1
1,
2. lyx = x-1
= x

5. xy(¥Pz) = (ypPz)-x
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(z-y)-x
= (zx)y
= (xfz)-y
= yy(xpz)
for all x,y,ze X and p,Bel. Therefore X is a T -Clalgebra. Then (I,.X,1) is a T -C-

algebra, which is not a Cl-algebra. For any X,,...,x,,¢ € X and p,,....%, € we define

[xra=x7.¢..(xpa)..)
i=1

Lemma 2.4. Let X bea I'-Clalgebra. Then xyv=xBy forany x,ye X and »,Bel.
Proof. Let x,y€ X and let ¥, €I . Then
xyy xy(18y)
Iy (xfy)
= xfy.
Hence xyy=xpfy. il

i

Proposition  2.5. Any I'-Clalgebra X satisfies for any x,yeX and p,B.oel,
vy l:( yex) ﬂa] =1
Proof, Let x,ve X and y,f,c <1 . Then
vy (yax) pa ] (vox)y(ypcr)
(vBx)y(yBea)
1

Henrce yy[(ya'x)ﬂa]:I O

Proposition 2.6. Let x€ X and y el f 1 <x, then x=1

Proof. The proof is straightforward. ]

Definition 2.7. A T'-Cl-atgebra X is said to be transitive if for all x,y,ze X and
r.apel, yyz <(xay)y(xfz).

Lemma 2.8. If a I"-Cl-algebra X is transitive, then for all x,y,ze€ X and y €1, x <y implies

ZYX L zyy.
Proof. The proof is straightforward. |

Theorem 2.9. Let X be a transitive I"-Cl-algebra and tet x, y € X such that x < y. Then for all
s @, € X, Yees?, €0 ] Jay,x =1 implies that [ [ar,y =1
i=) =l

Proof. We have x < yand from Lemma 2.8 we see that
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1= ﬁai?/ﬁx Sﬁai}/jy
i=]

=]

Applying Proposition 2.6 we conclude that Ha,.y,y =1 [

j=l

FILTERS
The results of the following temmas seem play an important role to study Filters in T -Ch-
algebra; these facts will be used so frequently that normally we shall make no reference to this

definition.

Definition 3.1. Afilter of X is a subset F' of X suchthatforall x,ye X and yI':

L.1eF
2.if xyyeF and xe F, then ye F.

By Fil(X) we denote the set of all filters in X. It is cbvious that {1} X e Fil(X)

Proposition 3.2. If F.(i e I) are filters of X, then ﬂE is a fitter of X

iel

Proof. The proof is straightforward. d

Theorem 3.3. Let F' be a subset of X containing 1. Then F e Fil{X) if and only f for any
abeF,xeX and y,fel,ar(bfx)=1 implies x € F.

Proof. = Let F e Fil(X). Assume a,beF,xeX and y,B el such that ay(bfx)=1.
From Definition 3.1 (1) we obtain ay(hfx)e F. Applying Definition 3.1 (2) twice we have

xefF.

<= Since 1€ F, the condition Definition 3.1 (1) holds. Suppose that ayxeF and
ae F, for all y eI’ By Proposition 2.5, ad[(ayx}fx]=1. Then x € F and hence Definition

3.1 (2 is true. Therefore F & Fil(X).
By induction we easily cbtain

Corollary 3.4. Let F be a subset of X containing 1. Then F & FiI(X) if and only if for any

i
aeF,xeX and y, el [ [ayx=1implies x & F.

i=1

UPPER SETS
The results of the following lemmas seem play an important role to study upper set in I -C-
algebra; these facts will be used so frequantly that normally we shail make no reference to this

definitions.
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Definition 4.1. Let X bea I -Clalgebra and ae X,y €. Define A(a;/) by
A(ay)={l}U{xe X :ayx=1}

Then we call A(a;/) the initial section of the element a .

Definition 4.2. Let X bea T'-Cl-algebra and a,be X,y, el . Define A(ay,bﬂ) by
A(ay,bB)={l} U{xe X :ay(bfx)=1}
We call A(a;v,bﬁ) an upper set of @ and b

Applying Definition 2.1 (2) we conclude that A(j/x) = A(i,x).

Remark. 1. By Definition 4.2, we have A(a}/,bﬁ) = A(by,aﬁ) forall @,be X and p,fel.

2. In general, not every filter is an upper set and not every upper set is a filter,

Theorem 4.3. Let X bea I'-Clalgebra, x,ye€ X and y, B el . Then
L led(ay), 1e A(ay,b8).
2. aeA(ay),
3. ypl=1,then A(ay)c A{ay.bf).
4.if yBl1#1, then A(a}/)——{l} gX—A(ay,bﬂ).
Proof. Let X bea I'-Claigebra X', a,be X andlet y,Bel.
(1) By Definition 4.1 and Definition 4.1, we have le A(a;l/) and 1 eA(a}/,bﬁ).
(2) Since aya =1, we have ae A(ay).
(3)Let xe A(ay). Then xe{xe X:ayx=1} or x={1}
Case 1: x=1.1Itis easy to see that x eA(a}f,bﬁ).
Case 2 xe{xe X ayx=1}.1tis casy to see that ayx=1.Then
ay(bpx) by(apx)

by (ayx)
byl
= 1.

Hencex € A(ay,bp).
(4) Suppose that yfl#1. Let x € A(aj/)—{l} .Then ayx=1 and x#1.We have
ay (bpx) = by(apx)
= by(ayx)
= byl
= 1.
Thus X & A(a]/,bﬁ) and hence A(a}/)-—{l} c X&A(a}f,b[)’). B

e SR L
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CONCLUSIONS

Many new classes of I"-Cl-algebras have been discovered recently. All these have attracted

researchers of the field to investigate these newly discovered classes in detail. This article investigates
we study filters and upper sets in 1"-Cl-algebras. Some characterizations of filters and upper sets are

obtained,
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