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ABSTRACTY— Iu this paper, we characterize the clussical primary radical of sabsemimodules and classical primary

subsemimodules of semimodules over a commutative semsirings. Furthermore we prove that if N ; 15 a classical
primary subsemimodnle of M j» then N ;18 to satisfy the classical primary radical formula it M ; Wand only if
M xM,x..xM, xN,xM,

i X XM, s 1o satisfy the classical primary radical formula in M,
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1. INTRODUCTION
Throughout this paper a semiring will be defined as follows: A semiring is a set R together with two binary

operations called addition "+ " and multiplication - " such that (R, +) is a commutative semigroup and (R, ) 1%
semigroup; comnecting the two algebraic structures are the distrubutive laws : a4 (b +c:) =ab+ac and
(a+b)c =qec+be forall a, b, ce R, A semimodule M over a semiring R is a commutative monoid M with
additive identity 0, together with a function RxM — M, defined by (r, m) > it such that:

L. r(m + n) =yt N

2. (."+S) m=rm-+sm

3. (rs)ym=r{sm)

4. r0=0=0m

5. lm=m
for all mneM and 7,5 € R Clearly every ring is a semiring and hence every module over a ring K is a left

semimoadule over a semiring R, A nonempty subset NV ofa R -semimodule A is called subsemimodule of A if N

is closed under addition and closed under scalar multiplication.
J. Saffar Ardabili 8. Motmaen and A. Yousefian Darani in (2011) defined a different class of subsemimodules

and called it classical prime. A proper subsemimodule N of M is said to be classical prime when for @,b € R and

meM,abm e N implies that amre N or bme N,
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Corollary 2.2. Let N =fIN,. be a subsemimodule of M. Then (EM (N)) = H(EM, (M))
i=1 i=1

Proof. This follows from Proposition 2.1

Proposition 2.3, If N is a classical prime subsemimodule of M, then (EM (N )) = N.
£

Proof. Clearly, N g(EM (N )) To show that (EM (N )) N, Let x= Zi;m,. e( E, (N )), where
i=1

#im e N for some k,€0”. Since N is a classical prime subsemimodule of Af,we have nnm, € N, Then

x=inmi € N so that (EM (N))QN. Hence (EM (N)) = N.

=1

3. CLASSICAL PRIMARY SUBSEMIMODULES

In this section, we give some characterizations for classical primary sabsemimodules of R -semimodule M.

Lemma 3.1. Let M =M, xM,, where M, is an R, -semimodule. A subsemimodule N, X M), is a classical primary
subsemimodule of M if and only if &V, is a classical primary sabsemimodule of M.
Proof. Suppose that N, X M, is a classical primary subsemimodule of R -semimodule M. We will show that N, is
a classical primary subsemimodule of M. Cleatly, &, is a proper subsemimodule of R, -semimodule M,. To show
that classical primary subsemimodule properties of N, hold, #1 € M, and a,b € R, such that abm € N|. Then
(a,1){8,1)(m,n)=(abm,n)e N, xM,.
Since N, X M, is a classical primary subsemimodule of R -semimodule M, it fotlows that
(am,n)=(a,1)(m,n} e N\x M,
or
(b”m,n) =(b,1) (m,n) e N, x M,
for some positive integer . That is, @m € N, or H"m € N,. Therefore N, is a classical primary subsemimodule of
R,-semimodule M. Conversely, suppose that N, is a classical primary subsemimodule of R, -semimodule M. We
will show that N, x M, is a classical primary subsemimodule of R -semimodule M. Clearly, N, xM, is a proper
subsemimodule of R -semimodule M, To show that clessical primary subsemimodute properties of N, X M, hold, let
(m,n)e M and (a,,a,),(b,b,) € R such that
(abm,abyny={a,a,){b,b,)(im,n) € N,x M,.
Since N, is a classical primary subsemimodule of R,-semimodule A7, and gbyne N,, we have ame&N, or
b;' nelN,, for some positive integer 7. Therefore
(al,al)(m,n) = (atnz,azn) e N, xM,
or
(B,0,) (m,n)= (bl"m,b;’n) e N, x M,

Hence IV, X M, is a classical primary subsemimodute of R -semimodule M.
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4, RADICAL OF CLASSICAL PRIMARY SUBSEMIMODULES

A subsemimodule N ofan R -semimodule 34 is said to satisfy the classical primary radical formuta in M,

it {Ey (N)) = c.prad, (N).

Lemma 4.1 Let M =M, x M, where M, isan R,-semimodule. If F¥ is a classical primary subsemimodulc of R -
semimodule M and P={xe M, :(x,y) €W}, then P =M, or P is a classical primary subsemimodule of R;-
semimodule M.

Proof. Suppose that P # M. We will show that P is a classical primary subsemimodule of R, -semimodule M. 1t
is clear that, P is a proper subsemimodule of R, -semimodule A,. To show that classical primary subseminodule
properties of P, let @,b & R, and m & M, such that @bm € P. Then (a,l)(b, 1)(m, ¥) = (abm, y) e W. Since
W is a classical primary subsemimodule of M, we have

(am, 1) =(a,1)(m, 3y W
or
&"'m,»)y=(b,1)" (m,y) eW,
for some positive integer A, It follows that am e P or D' € P. Therefore P is a classical primary subsemimodule

of M,.

Corollary 4.2, Let M =M, <M 2s where M, is an R, -semimodule. If W is a classical primary subsemimeodule of
R -semimodute M and P={xe M, :(0,x}eW}, then P=M, or P is a classical primary subsemimodule of

R, -semimodnle M,.
Proof, This follows from Lemma 4.1,

Corollary 4.3, Let M xHM ., where M isan R;-semimodule. If W is a classical primary subscmimodule of R-

semimodule M and P={xeM, 2oy, my,., .,x,mj,rl,...,mn) €W}, then P= Mj or P is a classical primary

subsemimodule of B , -semimodule M i

Proof, This follows from Lemma 4.1 and Corollary 4.2.

Lemma d4. Let M =M, x M,, where M, isan R, -semimodule and let N be a subsemimadule of R, semimodule
M. Then mec.prad,, (N) ifand only if (1, y) & c.prad,, (Nx {y}).
Proof. Suppose that M =M, xM,, where M, is an R -semimodule. Let N be a subsemimodule of R;-
semimodule M, andlet m € c.prad,, (N).

Ifthete is no classical primary subsemimodule of M containing ¥ x{ y} , then c.prad,, (N X { y}) =M.

Therefore (m, y) ec.prad,, ( Nx { y}).
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Corollary 4.8. Let M =HM ., where M, isan R;-semimodule. If N, be a subsemimodule of R, -semimodule 3,

i=1

then Hc.pradm {N,)ceprad, (HM).
i=1

i=f

Proof. This follows from Lemma 4.7.

Theorem 4.9, Let M =M, x M., where M, is an R, -semimodule. If IV is a subsemimodule of R, -semimodule
M,, then c.prad,, (N))xc.prad, (M,)=c.prad, (N, xM,).
Proof. Suppose that M =M, xM,, where M, is an R,-semimodufe. Let N be a subsemimodule of R,-
semimodule M. By Lemma 4.7, we have ¢.prad,, (N}xc.prad,, (M) < c.prady (N xM,). We will show
that ¢.prad, (N, x M,) € c.prad,, (N, )xc.prad,, (M,). If there is no classical primary subsemimodule of M
containing N, then c.prad,, (N)=M,. Then

c.prady (N, xM,)c e.prad, (N,)x cprady, (M 2)
If there is classical primary subsemimodule of M containing N, then there exists # is a classical primary
subsemintodule of M, containing N. Then WxM, is a classical primary subsemimodule of A, containing
NxM,. Let P be a classical primary subsemimodule of M containing N XM,. Then

NxM, c eprad, (N)xM,
= cprad, {N)xcprad,, (M,).

Therefore c.prad, (N, xM,)  c.prad,, (N;)xc.prad,, (M,) and hence

c.prady (N, x M,) = c.prad, (M) xc. prad,, (M,).

Corollary 4.10. Let M =M, xM,, where M, isan R, -semimodule. If NV is a subsemimodule of &, -semimodule
M,, then e.prad, (M, = N) =c.prad,, (M,)xc.prad,, (N).
Proof. This follows from Lemma 4.9.

n
Corollary 4.11. Let M =HM‘., where M, is an R,-semimodule. If N, be a subsemimodule of R, -semimodule

i=1

M, ten [ [ e.prad,, (N,) =c.prad, (] [ V).

=1 i)
Proof. This follows from Lemma 4.9 and Corollary 4.190.

Theorem 4,12, Let M =M, XM, where M, isan R, -semimodule. If N} is a classical primary subsemimodule of
M, then N, is to satisfy the classical primary radical formula in M, ifand only if N} XM, is to satisty the classical

primary radical formula in M.

Proof. Suppose that /N, is a classical primary subsemimodule of M, and N, is to satisfy the classical primary radical
formula in M|, We will show that IV, XM, is to satisfy the classical primary radical formula in M. Since &, is s

classical primary subsemimodule of M, it follows that
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