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O Fixed PointTheory and Applications
: tpmqercpenlourMl

Iterative approximation methods for mixed
equilibrium problems for a countable family
of quasi-@-asym ptotica ! !y nonexpa nsive
multivalued mappings in Banach spaces
Rabian Wangkeeree' and Pakkapon Preechasilp

Abstr.Gt
ln this papet we prove the existence ofa solution ofthe mixed equalibrium problem
MEP(f ,e,C) W using the KKM mapping in a Banach space setting. Then, by virtue of
this result, we introduce a hybrid iterative scheme for finding a common element of
the set of solutions of MEP(f ,g,C't and the set of common fixed points of a countable
family of quasi-f-asymptotically nonexpansive multivalued mappings. Furthermore,
we prove that the sequences generated by the hybrid iterative scheme converqe
strongly to a common element of rhe set of solutions of MEP(F,9, C) and the set of
common fixed points of a countable family of quasi-@-asymptotically nonexpansive
multivalued mappings.

Keywords: mixed equilibrium problems; shrinking projection method; KKM
mappangs; multivalued mappings

1 lnttoductlon
Let E be a Banach space with the norm ll . ll and the dual ,r. We denote by N and R the
sets of positive integers and real numbers, respectively. Also, we denote the normalized
duality mapping fto m E to 2E byl defined by

lx= lx'er":\r,r'l= 1r1'?= ll*'ll'?|, v*er,

where (.,.) denotes the generalized duality pairing. Let C be a nonempty, closed and

convex subset of a Banach space E. The bifunction/ : C x C --+ lR is said to be relaxed

6-monotone ifthere exists a function 6 : E --+ lR positively homogeneous ofdegree/, that
is, E Gz) = tP € (z) fot all, > 0 and z e r, where I > I is a constant such that

J@,fi +Jra,x\ < lgt - x) for all r,y e C.

lff = 0, then]' is monotone, ie.,

f(x,y) +fQ,x) <0 for all x,y e C.
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prcdktion rn any medium, provided rh€ orEinalwo r propery cited.

'Conelpondence:

rabianw€,nu.ac.th

Depaft menl of Mathematics,
Faculty of kience, Naresuan

Univertity, Phitsanolo( 65000,
thailand

(l.l)

A Springer

RESEARCH Access



Wangkeeree and Pree(h asilp Fixed Point Iheory ond Applicotions 2013,2O13a251
http://www.f ixedpointtheorya ndapplications.co fi I @nton! 20 1 31 1 125 1

Page 2 of 24

Exanple l.l Let E = R and C = [0,1]. A bifunction/: C x C --+ IR. is defined by

f(x,y) =fu-x\, v.r,7 e [0,r].

It is easy to see that f(r,y) +f0,x) = (x - /)2 Z O. If we put 6(r) = I for atl.r e R, then/ is

relaxed (-monotone, but not monotone.

lct us consider the bifunction/ : C x C --+ lR and a function g : C --+ R. The mixed
equilibrium problem (i\ sl\ort, MEP(f ,g, C)) is to find i € C such that

f(i,y) + elvl - s(i) > o, Yl e c. (1.2)

Problem (1.2) y/as studied by Ceng and Yao [1], Cholamfiak and Suantai [2] in Hilbert
spaces and Banach spaces, resp. By using the well-known KKM technique, they gave the
existence and uniqueness ofsolutions ofthe MEP(f ,e,C) when/ is monotone.

In the case of/(.r,7) = lAx,4$,r)), w\ere Ai C --, E, and 4: C x C --+ E, problem (1.2)

is reduced to the following variational-like inequatity problem (in short, VLIplA,rp,C)),
which is to find i e C such that

lA(il,qO,i)l + e@ - e@) > 0, yy e c. (1.3)

Problem (1.3) was studied by Fang and Huang [3]. By using the KKM technique and 4-f
monotonicity ofthe mapping A, they obtained the existence ofsolutions ofthe variational-
like inequality problem (1.3) in a real reflexive Banach space.

In particular, if9 = 0, problem (1.2) is reduced to the well-known equilibrium problem
(in short, EP(F, C)), which is to 6nd i € C such that

f(i,y) > o, vy e C.

The EP(f, C) includes fixed point problems, optimization problems, variational inequal-
ity problems and Nash equilibrium problems as special cases (see also [4-G]).

Let S be a mapping from C into itself. A mapping S is said to be Lipschitz if there exists a

constant I > 0 such that llSr - 57ll 
= 

Lll,r - lll for all r,! € C. S is said to be nonexpansive,
whenI, = 1. A point/ € C is said to be a 6xed point of S if Sp = p. A pointU € C is said to be
anasymptoticfrxedpointofsifthereexistsasequence(.,,)CCsuchthatrr.-r€Eand
lim,-- ll*, - Sx,ll = 0. Denote the set ofall fixed points ofS and the set ofall asymptotic
fixed points ofS by F(S) and i(S), respectively.

Now, we assume that E is a smooth, strictly convex and reflexive Banach space. The
Lyapunov function d : E x E --+ lR* is defined by

O@,y) = llxll2 -2{x,lyl + llyll2, yx,yeE.

A mapping S : C --+ C is said to be relatively nonexpansive (see also [7-9]) if the folowing
conditions are satisfied:

(1) F(S) is nonempty;

(2) 0@,Sr) 3 $(p,x) for all r e C, p e F(S);
(3) i(s) = r($.

(1.4)
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Lemmal.2 [8] Let C be a nonempty, closed and convex subset of a smooth, strictly conve,c

ard refle*ive Banach space E, and let T be d relLtively none*pansive nappingfrom C into
itself, Then F(T) is closed and convex.

In 2008, Takahashi and Zembayashi [10] introduced the following iterative scheme

which is called the shrinking proiection method:

xseC, Cs=Q,
y, = l-t la Jxo + 0 - q )lSx,l,
rz€C such that

J@",y, + +O - u*lu, - lw,l >-o, Yy e c,
C",1 = lv e C,: QQ,u) S 0O,x)1,
*aa1= OXn*rxg, n)_0,

(1.5)

where,I is the duality mapping on E, nc is the generalized pro)ection from E onto C and
S is relativel), nonexpansive single-valued mapping. They proved that the sequence {r,}
converges strongly to a common element of the set of fixed points of a relatively nonex-
pansive single-valued mapping and the set ofsolutions ofan equilibrium problem under
appropriate conditions in a uniformly smooth and uniformly convex Banach space.

In the case of single-valued mapping, many authors such as in references [8, 9, lf-fg]
studied the problem offinding a common element of tlte set offixed points ofa nonerpan-
sive or relatively nonexpansive mapping and the setofsolutiqns ofan equilibrium problem
in the framework ofHilbert spaces and Banach spaces.

Let N(C) and C8(C) denote the family of nonempty subsets and nonempty closed
bounded subsets of C, respectively. The Hausdorffmetric on Ca(O is defined by

H(/,8) = m3x | 5 up 4 \a, Bl, vtp d(A, b\ll.ui otla I

fot all A, B e CB(CI, where d(r, D) = inf( llx - yll,y e Dl. Homaeipour and Razani [20] have
defined the relatively nonexpansive multivalued mapping as follows.

A multivalued mapping S : C --+ N(C) is said to be relatively nonexpansive ifthe follow-
ing conditions are satisfied:

(1) .F(S) is nonempty;
(2) 0@,2\ < 0@,x) for all, € C,p € F(S), z € S';
(3) F(s) = F(s).

It is obvious that the class ofrelatively nonexpansive multivalued mappings contains prop_
erly the class of relatively nonexpansive multivalued mappings (for example, see [20]).
They introduced the following iterative sequence for finding a 6xed point ofthe relatively
nonexpansive multivalued mapping S : C --+ N(C):

lqec.
I r,*r = IIc(o",I(x,) + (1 - q,)llz,l), zn e Sxi,Yn >1, 

(1 6)

where (o,) C [0,1]. Moreover, they proved weak and strong convergence theorems for a
single relatively nonexpansive multivalued mapping in a uniformly convex and uniformly
smooth Banach space E.
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A multivalued mapping S : C --> CB(C) is said to be quasi-d-nonexpansive 12t,22) if
F(S) / b and

Q@,2) < 0@,r), Yr e C,p e F(S),2 e Sr.

S: C --> CB(C) is said to be quasi-d-asymptotically nonexpansive [21, 22] if F(S) / 0 and
there exists a real sequence l, C [1, +oo) with I, -+ 1 such that

0@,2) < l,Q@,x), Yr e C,p e F(S),2, e S'r.

'We remark from the above definitions that the class of quasi-d-asymptotically nonex-
pansive multivalued mappings contains properly the class of quasi-d-nonexpansive mul-
tivalued mappings as a subclass, and the class of quasi-@-nonexpansive multivalued map-
pings contains ploperly the class ofrelatively nonexpansive mappings as a subclass.

Recently, Y [21] introduced the following modifying Halpern iterative sequence for a

quasi-d-asymptotically nonexpansive multivalued mapping S. Let {rn} be the sequence
generated by

(r.7)

where (, = (/" - 1) supr.rsQ@,r,) and (a,) q (0,1). Under suitable conditions, the author
proved that [r,] converges strongly to nr(s)ro.

Motivated and inspired by the above results, we investigate the problem of finding a

common element ofthe set ofsolutions oIMEP(f ,tp,C) andthe set ofcommon fixed points
of a countable family of quasi-{-asymptotically nonexpansive multivalued mappings in
Banach spaces.

The rest of the paper is organized as follows. [n Section 2, we provide necessary con-
cepts and lemmas. In Section 3, we derive the existence and uniqueness ofsolutions ofthe
auxiliary problems for the MEP(f ,q,C) when the bifunction/ is relaxed 6-monotone by
using the well-known KKM technique. In Section 4, we prove that our proposed hybrid
iterative scheme converges strongly to a common element of the set of MEp(f ,q,C) and
the set of common fixed points of a countable family of quasi-d-asymptotically nonex_
pansive multivalued mappings. ln Section 5, we giye an application for a system of mixed
equilibrium problems. The last section is the conclusions,

2 Preliminaries
Throughout this paper,letE be a real Banach space and E* be its dual space. We write,r, -* (respectively r, -' ,) to indicate that the sequence {r,} weakly (respectively weak*)
converges to x; as usual .r, -+ .d will symbolize strong convergence. Let S(E) = {., E E :

llrll = 1) denote the unit sphere of a Banach space E.
A Banach space E is said to have a Geteaux differentiable norm (we also say that E is

smooth) if the limit

,., lle + rrll - llxll
(2.1)

xo€C, Co=C,
y^= l..tla/xs + (l'.o)lz,), z, e S"tc,,

Cot = {v e C" : QQ, y 
") 

< u,QQ, xs) + (L - a )0O,,.) + lt),
xaal=tlg,,rtcu n/O,
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exists for each ,,/ € S(E). A Banach space E is said to have a uniformly Gateaux differen-
tiable norm if for eachT in S(E), the limit (2.1) is uniformly attained for* e S(E); a Frdchet

differentiable norm if for each r e S(E), the limit (2.I) is attained uniformly for 1 e 5(E);

a uniformly Fr6chet differentiable norm (we also say that E is uniformly smooth) if the
limit (2.1) is attained uniformly for (*,7) e S(E) x S(E).

A Banach space E is said to strictly convex f ff < I fot x,y e S(E), .r /n uniformly
convex if, for any e € (0,2l, there exists 6 > 0 such that for anyr,y e S(E), llr-yll>€
implies llf ll <l-6.

Remark 2.1 The following basic properties for the Banach space E and for the normalized
duality mapping,I can be found in Cioranescu [23].

(i) E (.f, resp.) is uniformly convex if and only if E (F, resp.) is uniformly smooth.
(ii) If E is smooth, then / is single-valued and norm-to-weak continuous.
(iii) If E is reflexive, then ,l is onto.
(iv) If E is strictly coNex, ther\ Ir n Jy / 14 for all x,y e E.

(v) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for any

sequence (*,) C E, ifr, -.n € E and llr,ll --' llrll, then r, -+, €f.
(vi) IfE is a strictly convex reflexive Banach space, then,/-r is hemicontinuous, that is,

/-l is norm-to-weak*-continuous.

Recall the Lyapunov function @ defined by

6@,i = llxll2 - z\i,lyl + llyll2, yr,yer.

It follows from the definition ofthe function d that

0 (x, ft (\b + Q - t Vz)) s rd(r,z) + 0 - r)g@, z), v. e lo,r) and r, y, z e E. (2.2)

Eotlowing Alber [24j, the generalized projection fl5. from E onto C is defined by

lllr = aryming(y,x), V, € C.

IfE is a Hilbert space, then d0,r) = lly -.rll2 and 116 is the metric projection of H onto C-
!fle known the following lemma for generalized projection.

Lemma 2.2 I24l Let E be a smooth, strictly convee and refctcive Banach space, and let C
be a nonempty, closed and convea subset of E. Then the following conclusions hold:

(t) $(x,i = a ifqnl onl if x = y for all x,y e E;
(ii) d(*, IIcr) + d(II xy, y) < g(x, y) for att x e C, for all y e E;
(iiil if x e E aad z e C, then z = ncr + \z - l, I* _ lzl >_ O for alt y e C -

Now, let us recall the following useful concepts and results.

Definition 2,3 LetB be a subset ofa topological vector space X. A mapping G t B __+ 2x is
called a KKM mappingif co(q,x2,...,r )clJ[,G(r)for.qeBandi=1,2,...,rz,where
coA denotes the convex hull ofthe set A.
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Lermrma 2.4 125) Let B be a nonenpty subset oj a Hausdorf topological vector space X ,
dnd let G I B --+ 2x be a KKM mapping. If G(x) is closedfor all re € B and is compactfor at
least one rc e B, then 1,."c(r) / A.

Definition 2.5 A multivalued mapping S: C -+ C8(C) is said to be closed if for any se-

quence {r,} C Cwithr, --+.r € C and d(1,S(r)) --+ 0, d(y,S(r)) = O.

The following Iemmas can be found in [21].

Lemma 2,6 [21, Lemma2.8] Let E be a real uniformly smooth and strictly converc Batach
spoce with the Kadec-Klee property, and let C be a nonempty, closed and conver subset of E.

Let lxnl and bt,l be two sequences in C such thot qr --+ p and Ob.r,y) -> O, then yr --t p.

Le,nma2.7 [21, Lemma 2.9] Let E be a real uniformly smooth and strictly conve* Banach

space with the Kqdec-Klee property, and let C be a nonempty, closed and coruvex subset of
E. Let S: C --, CB(C) be a closed and quasi-$-asymptotic4lly nonqcpansive multivalued
mappi g with nonnegdtive redl sequences {t } C [1, oo), iJ h --> I, then the rtlced point set
F(S) of S is a closed and. convex subset of C.

3 Existen(e results of mixed equilibrium problem
ln this chapter \ /e prove the existence theorcm fot MEP(f ,e, C) by using the KKM tech-
nique.

Before solving mixed equilibrium problem (1.2), let us assume the following conditions
fora bifunction./: C x C -+ R:

(A1) /(r,.r) = 0 for all.r e C;

(A2) / is relaxed f -monotone,1.e.,

f(x,y\ +f(t,*\ 
= 

EU _ x);

(A3) for all T e C,/(.,7) is upper hemicontinuous, ie., for all r,, z e C,

limsup/(rz + (1 - t)r, y) 
=f(x,y);.10

(A4) for all x e C,/(r, .) is convex and lower-semicontinuous.

Lemma 3.1 Let C be a nonempty, closed aad convex subset ola reql smooth, strictl! corlvex
and rellexive Banach space E,letf be a bifunction lrom C x C toF- satkfuing (A1)_(A4),
and let g be a lower semicontinuous and conver function from C toF.. Let z e C. Then the
following problems (3.1) and, (3.2) are equivalent:

Find i e c such thqtf (i,y) + ee) +)ntf - f,Wn, - t, -i,Izl > qG),

Y! e C. (3.1)

Find* e c such that 99, )ltf - 
rr9*tt, 

- t, - i,t"l + f@ - x) 2f(y,i) + 9@),

YyeC.
13.2)
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Proof Let i e C be a solution of problem (3.1). It foltows from (A2) that

t-l
0 1 f ti, yl + ety\ - eli) + lllyll' - ;llill, - 0 - i, Iz)

= f (i.y) +f(y,l\ -f (y.i) + eeD - eQ\ + lnt'2 -lt;,lt' - O -;,,t"t

a f@ - i) - f (y,*) + p(y) -,pCx) + )lr|, - ll*|, - O - i, rz), vy e c. (3.3)

Thus i e C is a solution of problem (3.2).

Conversely, let i e C be a solution ofproblem (3.2). Eor any, € (0, U, we put

h=Q_t)i+ty.

Then 1, e C, because of the convexity of C. Since i e C is a solution of problem (3.2), it
follows that

IU,,i). p\y) -v(A * f,W,P -lWP - Or -i,tzt+ €0. -r)

= e\y) - e(il + 
f,lt,tt' - 

11ll;ll' 
- ttl - i,tz\ + llgr - x). (3.5)

Using (Al) and (A4), we have

o =fgby) < (L -tvUbi) + tf (y,,y),

and so

(3.4)

t(f (r,,i) -.f(y,,y)) 
=.f 

O,,i).

The convexity ofthe function g implies that

eU) = e($ - t)i + ty) < (t _ t)e@) + te\).

It follows from (3.5)-(3.7) and the convexity of i ll . ll, that

(3.6)

(3.7)

o = f(tt,tt)
< (L- tlf(h,$ + tf Ut,t)

: o - il| 0) -e@ *f,nt,f -)Wn, - ,o, -t,tzt + {t(y -i)]+ f(y1,y)

= 
tf fy,, yl, 0 - nllL - t)s(lt + teQ) - s Ol * | n*tr, f,tn,

- f,wP - rtt - *,t"t + r Ea - il]

3 tf (y,, y) + (r - t\tleU) - v (i) +'rttti - )WU, -,n - i, kt +,p-t E (t - r)). (3.8)
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This implies that

o a-f ttt,y) + (r - r) [e(/) - e(i) + 'rWn, -'rWn, - O -i,tzl + f-tg@ - g). (3.e)
L

Taking the upper limit, --' 0 in (3.9), by (A3) andp > 1, we get that

q(il <f(i,y) + eQ) + lwP -)wP - o -i,tz), Yy e c.

Therefore, i is also a solution ofproblem (3.1). This completes the prooi tr

Lemma 3.2 Let C be a nonempty, bounded, closed and convex subset of a real smooth,

strictly convex and reJlexive Banach space E,letf be a bifunctionfrom C x C toR, sdtislying
(Al) and (A4), and let q be a lower semicontinuous and convercfunction /rom C to R. Let
z e C. Assume that

(i) f : E -+ 1R rs wea kly upper semicontinuous; that is,for any net ltcgl, tca converges to rc

in q (E, E*), which implies that t,(x) < limilf t@ p).

Then the solution set of problen (3.1) k nonempE; that is, therc exists i e C such that

e,@ = 
lx 

e c : elvl * f,D,l' - lnal' -'t - *, l"l + t rs - x) 2 f ts' x) + e@)l

for every / € C. It is easily seen that r/ € F,(7) and y e G,(7), and hence F"(7) and G,(y) are
nonempty.

(a) We claim that Fz is a KKM mapping. If F: is not a KKM mapping, then there exist
{1r...,y,1 c K and pi > 0, i = 1,.. ., r, such that

f ta,, t), sil, rrllyll' 
- )F,P - u - *, t"l > e@), vy e c.

Proof Let z e C. Define two set-valued mappings F,,G": C --+ 2c as follows:

tr"l-l
F,(t\ = 

lx 
e c : f tx, yt + vA\ + 

llltllz - )llxll2 - tr - x. tz) > v@ |

and

Dpt=r. n=lu,t,cl)rJss.
i=l i=t i=r

By the definition of F,, we have

I^l
!tto'fi + tpUi) - qUol + lllt,ll' - ,lltoll' - Ui - !o,lzl <0

for all i = 1, . . ., r. It follows from (Al), (A4), the conventy of 9 and I ll .

l-l
0 = I9o,yo\ + q\i - erxd + 

2lltollz - )lxl, -lto-to,l"l

(3.10)

(3.11)

(3.t2)

ll2 that

=f u,Qo",t,l * vot) - p(to) +rrllt,ll, -llraf - o, -to,kt).o, (3.13)

which is a contradiction. This implies that F, is a KKM mapping.
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(b) We claim that G, is a KKM mapping. It is sufficient to show that

Fz\i c G,(y), Yy e C.

For any given 7 e C, taking, e F.(/), then

r^1f(x,yl+ttjl-s(x)+)lyll'-)ll*ll'-lt-",t42o. (3.14)

It follows from the relaxed f-monotonicity ofl that

I^l
etsl + ;,llttl' - ;llxll' - \r -x,lz) +l$t -x\ 2JQ,x) + s(x).

It follows that r e G"(7) and so

F,(v) c G,U), Yv e c.

This implies that G. is also a KKM mapping.
(c) We show that G"(r) is weakly closed for all y e C.Let lu,l be a sequence in G,(7) such

tlut u, - r as z --+ oo. It then follows from r, € G"O) that

1^1
vrq)+;llyll'- 2llu,ll'- ly - u*Izl ttU-u,)>f(y,u,)+tp(u^), YyeC. (3.15)

By (A4), the weak lower semicontinuity of9 and ll . ll2, and the weak upper semicontinuity
oft, we obtain from (3.15) that

f $,u) + 9@) s liminf/(/, r,) + liminfp(rr)

= 
llla.ntvtO,u,l + ,?(u")l

I 1 ., I 
,,)l5 rrm,suplef) + llltll'- )llu,ll, - bt - u",tzl + ttr - | 

,
l^r^

= 
?tJ) + 

,llyll' - ttlfl]nf 
lllu,||, -timnfu-u*lzl

+ limsup40 _ r")

l"l
= evl+ rllyll'- rllull'- U-u,tzl + t0- z).

This shows that ,, e G,(7) and hence G"(1) is weakly closed for all l e C.
(d) We prove that G,(7) is weakly compact. Since C is a closed, bounded and conyex

subset of a reflexive Banach space E, it is weakly compact. Again, since G"(y) is a weakly
closed subset of C, we also have G,(7) is weakly compact.

By using (al(d) and Lemma 2.4 and Lemma 3.1 that

fir,tt=Oe.otto.
lec lEC

Hence, there exists re e C satisflng inequality (3.10). This completes the proof. tr
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Proposition 3,3 Let C be a nonempty, closed and convet subset ofa real smooth, strictly
convex and reflexive Banach space E, lr : C ---> B, be a convex function. The lollowing two
i equalities dre equivalenti

there exists i e C such that t!(i) = O and 1!(y) + \y - i,17], > A, Yy e C (3.16)

aad

there exkts i eC such that {r|x) =o a,tdtOl,f,ltf -f,Wf >O, y, eC. (3.Lzl

Prcd Let, satisfy (3.16). It is \Mell known that

(y-x,Ixl <f,Wf - 
Lrll*tl', v*t.r.

Then

0 < lr(y\ + (y -i,/11

= {t() + (y -*,ft)

=,t,tyl,f,Wn, -|Wlr.

Leti satisfy (3.17). For any, € (0,11, let y, = (l - t)i + ty. Then n e C because of the
convexity of C, and so

vo,l.f,lr,P -f,lil. - 0t -i,rzt > o.

Notice that in a real smooth, strictly convex reflexive Banach space E, the duality mapping
,I is single-valued, 1-I, and onto. Since ;ll . ll2 is continuous and Gateaur difterentiable,
from the mean value theorem, there exists a, € (0,1) such that

)w,r -)wr = ut -i,rw,,t,

where r"a, = ori + (1 - o1!r. Hence

o<tu)+f,wp-f,v,p

= 9e) + e, _i,lw",l

< (t - t){t(*) + tthO) r tlr - i,lwc,l

= trlr(y)+t0-n,Iw",l.

DMding , in the above inequality, we get

o-tti+u_*,1w",).
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BI the eistence of rv,., r/d. --+ i as , --+ 0. Since / is norm'to-weakr continuous, we have

that

0</(y)+ b,-*,lil.

This completes the proof.

Remark 3,4 lfi e C is a solution of (3.1), then

l-l
1@,y)+,pQ)+ - lltlf - rilill'- ly -i,lzl zvli), vyeC.

For any fixed z e E, we p:ut lri(i =f @,y\ + g@ - 9(i) - ly -i,lz) for ally e C. Obviously,

f;(i) = 0 and ry'; is a convex function, since the linearit,, of a duality mapping and the
convexity of/(i,') and p. Hence

I^t^
,!*rtl + )lrll' - ,llill' 20, v, e c.

It then follows from Proposition 3.3 that i is a solution ofthe following problem:

f(i,y) + p(yl + (y - i,]i - lzl > 9(i), Yy e C.

The existence result relaxes the results of Ceng and Yao [1] and Cholamjiak and Suantai

[2], because ofthe (-monotonicity of/.

Lemma 3.5 Let C be a closed, bounded, and conver subset ofa uniftrmly smooth, strictly
carver Banach space E,letf be a bi/unctionfrom C x C toR satisffing (Al)-(A4), and let
g be a lower semicontinuous and conye,cfunctionfrom C toR. Suppose further that

(i) f : E --+ R is weakly upper semicontinuous;
(ii) ((7-.r) r f (r-y) < 0.

Define a mapping T,(z) : E --+ C as follows:

T,1zl = lx e c :f lx,y) * ,ptt) +1:\y - *,1* - lz) >- 1lx),vy e cl. (3.18)lrl
Then

(l) T, is single-valued;
(2) T, is afrmly nonexpansive mapping, i.e.,for all x,y e E,

(r,@\ - r,(i, tr,(x) - rr,(y)l 
= lr,@) - r,U), rx - If;

(3\ F(r) = MEP(I:,e,c);
(a) MEP(f ,9,C) is closed and conver;
(s) S@,T,x) + g(T,x,,c) < O@,x).

Prooflff(x,fl:CxC+lRsatisfres(A1)-(A4)andp:C-+Risconvexlowersemicontin_
uous, then for any r > 0, we known that y'(a,7) and r9 are also. We have from Lemma 3.2
and Remark 3.4 that lrz is nonempty for all z e E.
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(1) Por each z e E, let rr,r2 € fr(z). Then

I
f (4, x2l + g(x2l + : lxz - q, h - lz\ Z ebi

and

t
f(x2,41 + glx) + =lxr - xz,Jxz - lz) zg@).

Adding (3.19) and (3.20), we have

tl
J @2, *11 + I @1, x2l + -- 

l4 - *2, lxz - Izl + I l*z - *r Ir, - Izl z o,

and so

I
f (x2,41 +J@1,x21+ -- 

\xz - q,lq - Ixzl > O.r

By the relaxed f-monotonicity of/, we know that

(t2 - 4, 14 - lr2l > -rf $r - *1.

In (3.21) exchanging the position ofrr and 12, we get

I
f (4, *21 + f (x2, x) + -- l4 - *2,1x2 - lx) > O,

and so

@1- t2,lx2 - lx) > -rfQr - *1.

Now adding inequdities (3.22) and (3.24), by using (ii), we have

lx2 - x1,!q - lx2l 2 -l{eU - rl * eU - ,l) z. o.

Since rI is monotone and E is strictll convex, we have 11 = 12, and so T,(z) is single-valued.
(2) For r,y e C, we have that

f(T,x,T,yl + eQg - p(T,cc) +!(r,, - ro,rro - I*, .or

and

f(T,y,T"x) + vT,x) - ee,rl +leu - r,r,1r, - 1ry .0.I

Adding the two inequalities aboye, we get that

I
JQa,T,y) +f (T,y,T"x) + :lT,y - Tnc,lTsc - lTd - lx + ltl zo.

(3.19)

(3.20)

(3.2r)

\'3.22)

(3.24)

(3.23)



wangkeeree and Preech atllp Fixed PointTheory ond Applicotions2ilS,20131251 Page 13 of 24

http://rvwufi xedpointtheoryandapplications.con clntenV201 3/1/251

From (A2), we obtain that

I
E (T,y - T,x) + - lT,y - T*, JT"x - lT,y - lx + Iyl > O.

r

In (3.25), interchanging the position of fr, and T,7,we get

1

EG,x - T,y) + - (Tfi - T,y.lT,y - IT"x - ly + lxl > o.
r

Again adding (3.24) and (3.25), we get

2
E@,y -'r,r) + E(T,x - T,yl + - lT,y - T*,ITsc - lT,y - lx + It) > o.

f

It fotlows from (ii) and r > 0 that

(T,r- T,y,lT,e- IT,II 
= 

(TJ - Trtc,In - Ii.

(3) lndeed, we have the following:

peF(7,\ + p=T,p

+ I@,y)+ely)-,p(p\+!\y-p,lp-tp) =0, 
y/€ c

f

+ f (p,y) + s(y\ - 9@) > o, YyeC

+ peMEP(f ,q,C\.

(3.25)

(3.26)

(4) We claim tl\ar MEP(f,q,C) is closed and convex. Indeed, from (3) we have

MEP(f 'g'c) = F(f,). From (2) we have, for all r,! e c,

lr,@) - r,O\ rr,@t - r,U)l 
= F,@ - r,/or,k - ryl.

Moreove! we have

0Q,*,7,i + bQ,t,T,$) = 2llr"all2 - (T"r,IT,yl - lr,t,fr*l + zllr,yll2

= 2(7,*,IT* - IT,yl +2(T',TJ - JT,'c'l

= 2\T* - 'r+ IT* - IT,tl

and

SQ"t,y) + g(7,7,x) - 6Q*,r) - QQ,y,t)

= llrrrcll? -zlTpc,Irl + lb/ll2 + llT,yll2 - (T,y,lxt + llrll2

= -llT,.rll2 + 2(7,r,lr) - llxll2 - llT ll2 + lrfl,lyl - llyll2

=2lT,x,Ix - li -zlr,r,le - hll

= 2(T"r - T,y,Ix - Ii.
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Hence, we have

b1,,rT,i t o(T,y,T,x\ < Q(T,x,y\ + Q(T,y,xl - o(T,x,x\ - QQ,y,y). (3.27)

So, we have, for any *,y e C,

S(T,x, T"yl + Q('f,y, T,x) 
= 

Q(T"r,i + Q(r,y, x).

Next, we show that ?g) = Uep(f ,,p,C). tet p e FV,I. Then there exists {a,} C E such

that z" - / and tim,-,-(u, - T,u,) = O. Moreover we get that Ufrl - p. Since the duality
mapping/ is uniformly continuous on a bounded set, we get

I
litli -l\u"-JT,u"ll=0.

From the definition of 7", we have

1

JlT,u*y) + - bt - T,u",IT,u" - lu) > q(T,u,).
r

Since

I
- (y - T,u*lT,u, - lu"'tr

> eQ,u,) - e@) -f (T,u,,y)

zq$,u") - rtU) +f(y,T,u) - ggr - T,u").

By (A4), the convexity and lower semicontinuity of 9(.r) and the weak upper semicontinu-
ity off, we can obtain that

o 2 lim inf{re(I,a,) - 9Q) +f(y,T,u,) - t(y - r,dl
= lim inf q(T,u ) - p rq) + ltm hI J Q, T, u,) - Lm sup f (7 - I,a,)

>- p(D - vtq) +f U,p) - EU - d.

This implies that

e@) -eO) +fu,il - €O - d <o, V ec.

Let/€Kandsetl, = ty+(t-t)pforte (0,ll.It follows from (Al) and (A4) that

o ="f@t,p)

< (1- tv@t,d + tf@l,yl.

The convexity of the function g implies tlat

eQd = e(O - t)p + ty) < (r - t)e@) + teu).

(3.28)

(3.2e)

(3.30)



Wangkeeree and Preech asilp Fixed Point Theoty ond Applicotions 2013, 2013i251 Page 15 of 24
http://www.tixedpointtheoryandapplications.cofi I c.nle^!2013h 1251

It follows from (3.28)-(3.30) that

o = f(popt)

= 
(l - tV@rd + tJrgolr)

3 t/(pg'y) + (L- t)fs(p,) -q@l + f E(t - ill
3 tf(pbi + 0 - t)l(r - t\eQ,) + tgol - e@ + f E(t - dl
= tf(p6) + $ - t)tfe?) - e@) + f-t Eto - p)1.

Dividing by t, we have

o < f (p g, y) + (t - t)leul - e@) + f t (y - p)1.

(3.31)

(3.33)

(3.32)

By (A3) and p > 1, taking the upper limit , --+ 0 in (3.33), we get

I(p,yl + q0) z eG,), Yy e c.

He]nce, p e MEP(f ,q,C), and so F('f) = MEP(f ,\p,C) = F(7,). Therefore, we have I. is

a relatively nonexpansive mapping. From Lemma 1.2, ME2{f ,tp,C) = F(T) is closed and

convex.

(5) From (3.27) we have, for all r,7 e E,

$G.r, T,y) + QQ,y, T,xl < 0V *, yl + Q(T,y, xl - g(T,x, x) - g(T,y, y).

Leni'rg y = p e F(Tt), we have

Q@, Ta) + g(T"x,x) < g(p, rl.

This completes the prool

4 Strong (onvergence theorems
Before proving the convergence theorem, we recall some definitions ofa countable family
of multivalued mappings (S1 : C --+ C8(C)lfi.

Defrnition 4.1 (5,1[1 is said to be a family of uniformly quasi-{-asymptotically nonex-
pansive mappings [15] if, := n:r F(Sr) / 0 and there exists a sequence [/,] C U, oo) with
,, --+ I such that for each i > 1,

Q(p,2,.) < 1"0@,r1, vp e F,z,.i e Six,vn >_1.

Defrrition 4.2 A mapping S : C --+ CB(C) is said to be uniformty l-Lipschitz continuous
{l5l ifthere exists a constantl, > O such that llx, -/all < tllr _7ll for all.r,y e C,x, e Tnx,
y, e T',1.

Theorem 4,3 Let E be a real uniformly smooth and strictly conver Banach spece with the
Kadec-Klee property, and let C be a nonempty, bounded, cbsed dnd conver subset of E. Let



Wangkeeree and Pree<h asilp Fired Polnt Theory ond Applicoaiont 2013, 2013:251
http://vwvw.fi xedpointtheoryandapplications.corvclntenU201 3/1/251

Page l6 of24

f be a bifunction from C x C to R. satishing (Al)-(A4), and let e be a lower semicontin-

uous and convex functioh lrom C to R. Let {Si I C --} CB(C)lf, be a lamily ol closed and
uniformly quasi-0-asymptoticall! nonelipansive multivalued. mappings with a sequence

{L } c [1, oo), ln --+ 1. Suppose that lor each i Z l, 51 is uniformly L;Lipschitz continuous

andfnMEP(f,9,C)/O.
Let {xnl be d, sequence in C generated bl

*oeC, Co =C,
w^ = l-t(a,.slrs + lf;rr,Jz,), zn,i e SIxa
uneK such that

.f(u",y) * q(i + *ly - u,,lu, - Iw,l > 9(u,\, vy e C,

C"q = [v e C 
" 

: QQ, u,) S a,.ofQ, rd + g - o,,slg(v, 4l + E^1,

r,.1 = Il6o*,rq, 220,

where for each tr,lzo C la,a) for some a > O, [o,,i)Eo.i=o c IO,l), and f, = sup,67(L -
t)$(u,x,) lf lioa,,i = 1, vn Z 0, lim,- *q,p = o, then {xnl converges strongly as n --, @
to llexo, where {2 i= F n MEP(f ,e,C).

Prool We divide the proof into five steps. Firstly, we rewrite algorithm (4.1) as fotlows:

xoeC, Co=C,
w, = la(a,.s!xs + l7tq,,ilz,.), zn,1 e S,!r,,
C 
"q = lv e C n : gQ, T,^w,) < a,,sQQ, tg + (l - a,olflQ, x,) + t,l,

l9 +t = nc,.r&, ,t Z 0,

(4.2)

where f, is the mapping defned by (3.18) for all r > 0.

Step 1. we first show that the sequence {r,} is well defined. It suftces to prove that C,
is closed and convex and that O C C, for all n 2 0. Suppose that Cn is closed and convex
for some z Z 0. By the definition of@, we have

C",1 = lv e C,: g(v, u,) :, q,p$Q, xd + (1- a,.s)g(v,*,) + q,l

= lv e C : QQ, u,) < a,,sg(v, re) + (t - a,p)OO, x,) + <,1 n C,

= lv e C :2a,,s(v,lxsl + 2(l - o,.o) lv,lx,l -2(v,lu)

5 o,.q ll*e ll2 + (t - o,,o' lrc,ll? - lly,llz + l,l a C*

This shows that C,.1 is closed and convex. The conclusions are proved.
Step 2. Next, we prove that s.2 C Ci for all n 2 0. In fact, it is obvious that e C Cj := e.

Suppose Q C C, for some z 2 0. Hence, for anyp € e, it follows from Lemma 3.5(S) that

0@,u) = o@,r,,w,) 
=6@,w,)

/ t oo \\
= 6l p,f'l r,.ot*o * )-",.1",,1 I\ \ ; *ll
. a,p6@,*s) + ir,.i6@,2^.i)

i=l

(4.i)
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= 
d".of(p,qd + g- q".olh6@,x,'l

< a,,sg(p,*s) + (r- o,.ollQ@,x") + (h -\A@,x,)l

= 
c.r.odl(p,xo) + I - o,.01161p,*,1 * tt, -r) sup@1p,x,1|

= q,,00@,td + 0-q",ol6@,x,) + t* (4,3)

This shows thatp e Q c C,*r. Hence Q c G for all z Z 0.

Step 3. We show that {rr} convertes strongly to some point i, Since ." = rlc,*0, from

Lemma 2.2(iii), we haYe that

(x"-!,lxo -Jx) > O, YyeC*

Also, since .F C C,, we have

(x, - p,lxo - Ix) >-0, vp e t.

It follows ftom Lemma 2.2(ii) that for eachp e .F and for each z 2 l,

Q@*xsl = g(flq,rs,rd <0@,* -0@,t) <$@,sd.

Therefore, l6@*xdl is bounded, and so is [ro]. Since *n = [I6,rs and x611 = nc,*rfo €

C,*r c C,, we have

0@* <Q@*vd, Vz>0.

That is, (d(x,,p)) is a nondecreasing sequence, and so limo -*0@-p) exists. Since .E is

reflexive, there exists a subsequence (r,,) C (r,) such that r", - i e C. Since C, is closed,

convex and C"t C C,, we get that C, is weakly closed and i e C, for all n > 0. Since

.rr, = nC,..rO, we have

i@a"xd < 6(i,rol' vniZ0.

By the weak lower semicontinuit), of ll . ll, we have

limrnfd(r,,,ro) = Ii-,I,f(ltr,, tl' - Z(x,,,lxsl + llxsll2)

> llill2 -Z\i,Ixol + llxollz

= d6,xol,

and so

d(i,ro) 
= 

li,15rf {(r",,*e) S limsup{(r,,,4) 3S@,xs).

Therefore lim,*-d(r,i,xo) = (.i,re), and so llro,ll --+ llill. Since E has the Kadec_Klee
property and r,, - i, we obtain that r,, --+ i. Since the limit of {d(r,,.ro)) exists, this



together with lim,- *$(x" ,xs) = $(i,xs) implies that lim"-- @(r,, re) = {(i,;6). If there

exists a subsequence (rr,) C {r,} such that r,, .. i. Then by Lemma 2.2(ii) we have that
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(4.4\

(4.6)

(4.8)

(4.e)

(4.s)

(4.7\

d(i,i) = .1;6 61r,,,r",) =.lim d(r",, flc,,ro)
rJ+F rJ- 0o

s t)jt:\lo@,,, 
xd - 6( IIc, ro,.xo) I = i)t*lo @,,, xd - o@,i, rdl

= Q@,xi - 0(i,xol.

Hence i = i, and so

,,11"', =i.

This implies that

(, = (ri - r) sup d@,r,) --+ 0.

Step 4. We prove that i e j'. Since r, = [I6,rq, by Lemma 2.2(ii) we get that

0@,x"1 < 6@,ql - Q@",xd, Yx e C".

Since *,.1 e C,.1 c C,, we get that

$(roa, x") < S@,.1, rol - 0@* xd.

Since limn--d(r,,rg) = d(i,ro), we get that

,!l[ C(r*r, r,) = o.

Since ,,l*r € C,+r, we have from (4.1) that

o@"i,un 
= 

qn,oiv,,ro) + (l - c,,o)0(r,*r,*,) + (".

By lim,**c",e = g, (4.5) and (4.6), it implies that

,!;[d(r*r,r,) = o,

which together with (4.4) and Lemma 2.6 give that

)y9"", = r.

Recall from (4.3) that

0@, u 
^) 

< 0@, w,l < a,,sgQt, xs't + (l - u,dO @, * ) + 1,.

It follows from Iimn-*c,,0 = 0, (4.4), (4.5) and (4.9) that

)yya{t,w) = 0@,il.

wang keere€ and Pree(h asilp Fixed Point rheory dnd Applicotiont 2013, 2013:251
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By Lemma 3.5, we get that

6@*w,l < QrO,w,l - Q@,u") --+ O as n --t oo.

It follows from kmma 2.6 and lim,-- r, = i that

)\n,=t'

From (4.1), we get that

lllw" - Iz,,ill = q",olllxo - lz"tll' vi - t.

Since limo--a,,0 = 0 and the boundedness of (2",,),

)\lllw, - tz"S1= o' Yi>1.

(4.10)

(4.11)

(4.12)

Sinee lwo --+ Ji, we have ftom t]le uniform continuit), of / that lz,, --+ /i for all i Z l.
Remark 2.1(vi) gives that

z".i ^ i, Yi >1.

Again, since

(4.13)

lllz,rll - lliil | = l|z"lt - lViltl 
= 

lllz"i - Illl -' o as z --| m,vi: l, (4.14)

Page I9 of24

it follows from (4.13), (4.14) and the Kadec-Klee property of.E that

!*r".,=2, vi' t'

For all i Z 1, we consider

d(561n2,1) 3 d(5p,.1,2,q) + llz*y - x,,1ll + llx*1 - x,ll + llxn - znll

. d(Sl'rr,,Si'r**r) r llz*u -r*rll + ll*"1 -.r,ll + llr, -2,;ll
< Ltllx" - x"]itll + llz,,r,r -r,.rll + ll**r -r,ll + llx, - z,.ill

= (li+1)ll.r,-r,*rll + llz,,r.i - x,.rll + llx, - z..ill.

From (4.4) and (4.15), we get that d(5fi4,2o,) -+ O as lr --+ oo for all i > t. By (4.15) and
the closedness of S;, we have i e Sii for all t 2 1, and so i e -F.

Step 5. We show that i e MEP(f ,V,C). Since r,, = Ir, ryn, we derive

I
f(u.') + 9Q) + :lt - u".lu, - lw) 2qfu), Yy e c.

rn

From relaxed f-monotonicity ofJf, we haye

1

- g - u", lu, - lw) + eO) - efu) > -f (u,,yl > I(t, d - eO _ u), yy e C.

(4.1s)
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Sirrce lb{ --+ 0 and r, --+ i. By (A4), the lower semicontinuity of g and the upper semi-

continuit), of 4 , we have

.f U,i) - qO - 1) 
= 

liminf/(/, r,,) - limsupt(/ - ru )

=ttnnfvo,u) - EU -u")l

. tim int{ l g - r.,, tu, - Iw) + ,trrl -ofu)lz-o [rr_ 
_. 

1

= 90) - lim supe(&J

= evl_e@r, yy eC.

For all y e C and c e (0, 1l, let7. = ry r (f - t)i. Since C is convex, we have rr € C, and then

f Q1,i) - elfi + e(i) 
=€{yt 

-i).

Using (A1) and (A4), we have

o =f(tbr) < 0 - tv9"i) + tlUri.

The convexity of the function g implies that

e(il = s((t - t)i + ty) < (r - tle@l + tsbtl .

This implies that

o = f(y.y)

= 
(t - tvuiil + tIO., y)

= 
tf Ot,i + 0 - t)le\) -,p(il + E0, -r)l

3 tf rs,,fl + (1- t\tle\\ - eG) + P-tqto -i)).

This implies that

o 3f(y6y) + (t - t)feO) -s(i) + dtO -Al. (4.18)

By (A3) and p > l, taking the upper timit , --> O in (4.18), we get

f(l,y) + s@) - e@) > 0, y/€ c.

Therefore, i e MEPV,e,C).
Step 6. Finally, we prove that i = nono. Let ly = noro. Then d(w,ro) < d(i,.ro).
Since w e s, C C,, forall n 2 0 and r, e Ilciro, we have

Q@,,xd < Q(w,xd, yn > O.

(4.16)

(4.17)
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Since ro --+ i we get that

6\;xd = llrl -z(i,/q) t llroll'?

= ,tl;g{ll",ll - z{r",,Iro) t llroll'?}

= [Yyf@*rd=o@'xo\.

Hence *, -r ! = [le60.

ln the case of/ = 0 and g = 0 in Theorem 4.3, we have the following corollary.

Corollary 4.4 Let E be a real uniformly smoo* and strictly convea Banach space with rte
Kadec-Klee property, dnd let C be a nonempty, bounded, closed and conve, subset of E,

Let (Si : C --+ CB(C)1f;, be a family ol closed and unilormly quasi-Q-asymptotically non-

eupdnsive multival.ted mappings with a sequence (l"l c [], @), ,, --+ l. Suppose that for
each i 21, 51 k uniformly Lslipschitz continuous and f / O. Let lxnl be a sequence in C
generated by

rs€C, Cs=C'
wn = l..t (a,,slxs + lTton lzn,i), zn,i e E ra,
C,4 = {v e C": $(v,w,) S a,,od(v,ro) + (l - u,,s)g(v,*,) + l,l,
.111*1 = fl6,*rx9, zZ0,

(4.1e)

where lu"l C l0,ll, and q, = sup,.e1s(h - \0@,x). A\mn-*q, = O, rten lxnl coflverges

strongly as n --+ @ b naxq whele 9:= F(S) n MEPI| ,q,K).

lfSi = S, for all i > 1, then the following corollary follows from Theorem 4.3.

Corollary 4.5 L* E be a real unifurmly smooth and strktly convex Banach space with the
Kadec-Klee property, and let C be a nonempty, bounded, closed and convex subset ofE. Let

f be a bilunction/rom C x C toR satkfying (All-(A41, qnd let g be a lower semicontinuous

and convesfunctionftom C to 8,. Let S I C --+ CB(CI be a closed and uniformQ L-Lipschitz
continuous quasi-0-oslmptoticall! nonexpansive multivalued mapping with a sequence

[/,] c [1, oo), l" ..+ I with F(S) n MEPI| ,9,C1 / 0. Let lx,l be a sequence in C generated

by

*seC, Cs=Q,
w, = l-LlaJxs + (l - q)lz,l, z, e Snx^,

udeC such that

/(u,,yl + e@l + l0 - u,,tu, - Iw") 2e@), yyeC,
C nq = {v e C, : QQ, u,) S o".od(v,ro) + (1 - a 

^,gSQ, 
x,) + l,l,

x,11= llg,*rtca, n/0,

(4.20)

where for each lr,l?o C la,a) for some q > O, (o,) C [0,11, and <n = s\pueFr;)Un -
\Qfu,x,\ U limr-(,ar = O, then lr,,l converges strongly as n --+ 6 to naxo, where
{z:= F(SlaMEPV,p,Kl.

D
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In the case ofl = 0 and g = 0 in Corollary 4.4, we can omit the boundedness of C
(necessary for the existence of a mapping I,), so we have the following corollary.

Corollary 4.6 [2], Theorem 3.ll Let E be a real uniformly smooth and strictly convex

Bqnqchspacewith the Kadec-Klee property,let C be a nonempty, closed and convex subset

of E, and let S : C --+ CB(C) be a closed and undormly L-Lipschitz continuous quasi-O-

asymptotically nonexpansive multivalued mapping with nonnegative real tequerces Unl c
ll,q) and l, --+ | with F(S) behg a norcmpt! bounded subset. Let ld,l be a sequence in
(O,ll. Let {*,1 be the sequence generoted b

(4.21,\

where l, = (1, - l\suppuro$@,x,\. Uqn "-+ O, then {rnl converges strongly tu n^sxo.

5 Application
!7e utilize Theorem 4.3 to study a modified Halpern iterative algorithm for a system of
mixed equilibrium problems.

Theorem 5.1 Let E be a real uniformly smooth and strictly conver Banach space with the
Kadec-Klee propert\, and let C be e nonempty, bounded, closed and convet subset of E. Let

l : C x C --+ lR, i = 1,2,... , be a countable family of bifunctions satisfying conditiots (Al)-
(A4), and l*q: C --+ N., i = 1,2,... ,bea countablelamily oJlower *micontinuous and con-
vexfunctions satishingcoflditions (i\-(ii) as in Lemma 3-S with I = n=) MEp(ft,gt,q / A.

Let {xnl be q sequence in C generated by

*s€C, Cs=C,
unieC such thq.t

71u,n) + 91Q) + lly-u,t,i,luni -lrni) 2s@^;\, yy e C,r > 0,i /r,
y" = l-t(a^elxs +lir",Ju,),
C"4 = fu e C, : g(v, y,) < c,.e@(a.tq) + (1 - q,p\fO, t,\ + f ,l,
xaay = llg,.rxs, n/O,

l*oeC, Co=C,

I n = I-tIoJ*o * 0 - q)lz,), z,eSnxn,

I 
C*y = 1v e C,: glv,y^l 3o,glv,xsl + (l - c,rl67,xr) + ldl,

Ir,*1 = [I6",,rs, 220,

(5.1)

where ld,l c lo,t), and q, = s'p".p1s(h - \Qfu,x^\ Illim,-* ao = g,1ftsn lxol converges
strongly as n --+ @ to flrxo, which k a common solution ofthe qstem of mircd equilibrium
problems.

Proof F or any i = l, 2,..., we defi ne a ma pping 7,,1e) : E ---> C as follows:

Irl
T,;(zl = 

lx 
e C : f,lx, y) + g,(y) + I lt - *, t* _ t"l 2 s1(x),vy e C 

l.

From Lemma 3.5, we get that unj = TLix,t and F(T,j) = MEp(fi,gi,C) for all i = 1,2,... ,
and 7,; is a countable family of closed quasi-d-nonexpansive mappings. Thus, (5.1) can
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be written as follows:

xseC, Ce=C,
y, = ft(q,plxo + L7=, q.,ilT,;x,|,

Cn,1 = lv e Cn: QQ,|,) . c,,od(v,ro) + (t - o",olfQ,x,l + l,l,
rn,1= l16o,rxg, n ZO.

Therefore, the result can be obtained from Corollary 4.4.

6 Conclusion
In this paper, we establish the existence of a solution of the mixed equilibrium problem

MEP(f,p,Cl by using the KKM mapping in a Banach space setting, when./ is relaxed

f-monotone. Then, by virtue of this result, we introduce a hybrid iterative scheme and

prove that our proposed iterative scheme converges strongly to a common element ofthe
set of solutions of MEP(f, 9, C) and the set of common fixed points of a countable family
of quasi-d-asfmptotically nonerpansive multivalued mappings.
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