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O Fixed PointTheory and Applications
. spnIqerop.n lo.rn.l

Viscosity a pproxi mation methods for
nonexpansive semigroups in CAT(O) spaces
Rabian Wangkeereer2' and Pakkapon Preechasilpr

Abnr.cl
ln this paper, we study the strong convergence of Mouda6's viscosity approximation
methods for approximating a common 6xed point of a one-parameter continuou5
semigroup of nonexpansive mappings in CAT(0) spaces. We prove that the proposed
iterative scheme converges strongly to a common fixed point ofa one-parameter
continuous semigroup of nonexpansive mappings which is also a unique solution of
the variational inequality. The resuhs presented in this paper extend and enrich the
existing literature.

Keywords: viscosity approximation method; nonexpansive semiqroup; variational
inequality; CAT(o) space; common frxed point

I lntrcductlon
Let (X,d) be a metric space. A geod.esic path ioining r €X to/ € X (or, more briefly,

ageodesicfuomxto 7) is a map c ftom a closed interval [0,/l C R to X such that c(0) = r,
c(l) = y, and d(c(t),c(/)) = lt - ll tor all t,f e I0,l). In particular, c is an isometry and

d(x, y) = l.The image a ofc is called a geo desic (or mettic) segmezt foining r and y. rifhen it
is unique, this geodesic segment is denoted by [r, y] . The spac e (X , d) is said, tobe a geodesic

spaca iI eyer'/ two points ofX are joined by a geodesic, and X is said to be uniquely geodesic

ifthere is exactly one geodesic joining r and.7 for each r,y e X. A subset f g X is said to

be convex if Y includes every geodesic segment joining any two of its points. A geodesic

triangle A(*1,r2,x3) in a geodesic metric space (X, d) consists of three points .rr, .r2, 13

in X (the vertices of A) and a geodesic segment between each pair ofvertices (the edges

of A). A comparison triangle for the geodesic triangle A(x1,.r2,*3) in (X, d) is a triantle
I(*1,r2,*3) := A(i1,iz,is) in the Euclidean plane IE2 such that ds, @1,i7) = d(xi,x) for all
i, j e (r,2,31.

A geodesic space is said to be a CAT(O) space if all geodesic triangles of appropriate size

satisfy the following comparison axiom.

CAT(O): Let A be a geodesic triangle in X and let A be a comparison triangle for A.

Then A is said to satisfy the CAT(o) ize4ualitl if fot all x,! e A and all comparison points

x,y e L,

d(x,yl<drz(i,.
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lf ,c, yr, y2 are points in a CAf(0) space and iflg is the midpoint of the segment br,/21,
then the CAT(0) inequality implies

. 1^ I ^ r
d'(*,yd 

= )dt(x,y) 
+ d'l*,yr\ - od'(tr,rr). (l.l)

This is the (CN)-inequalit), ofBruhat and Tits [f]. In fact (y' [2], p.163), a geodesic space

is a CAI(0) space ifand only if it satisfies the (CN)-inequality.

It is well known that any complete, simplyconnected Riemannian manifold having non-
positive sectional curvature is aCAT(O) space. Otherexamples include pre-Hilbert spaces,

)R-trees (see [2]), Euclidean buitdings (see [3]), the complex Hilbert ball with a hyperbolic
metric (see [4]), and many others. Complete CAT(0) spaces are often called Hadamard
sPaces,

It is proved in [2] that a normed linear space satisnes the (CN)-inequality ifand only ifit
satisfies the parallelogram identity, i.e., is a pre-Hilbert space; hence it is not so unusual to
have an inner product-like notion in Hadamard spaces. Berg and Nikolaev [5] introduced
the concept of quasilinearization as follows.

Let us formally den ote a pair (a,b) e X x X by 7b and call it a vector. Ther- quasilin-
earizatiol is defined. as a map (.,.) : (X x X) x (X x X) --+ R defined by

do,&t -- 
f,1a' 6, ay + * @, c) - d2 (a, c) - d2 (b, dt) (o, b, c, d e x).

(1.3)

(1.21

--) + --, --+
It is easily seen that (ab,cdl = lcd,dbl, \ab,cd) = -lba,cdl and \7x,cd) + (rcb,ca\ = bb,ca)
for all a,b,c,d,,r e X. We say that X satisfies the Cauchy-Schwarz inequality if

(ab,cdl < d(a, b)dlc,d\

tor all a, b,c,d e X.lt is known [5, Corollary 3] that a geodesically connected metric space

is a CAT(0) space ifand only ifit satisfies the Cauchy-Schwarz inequaliry
In 2010, Kakavandi and Amini [6] introduced the concept of a dual space for CAT(O)

spaces as follows. Consider the map O : lR x X x X --+ C(X) defined by

@(t,a,b[tc) = 4;b,?xl, (1.4)

where C(X) is the space of all continuous real-valued functions on X. Then the Cauchy-

Schwarz inequality implies that @(t,a,b) is a LipschiE function with a Lipschitz semi-

rcrm L(@(t, a, bl) = ltld(a, b\ for dl t e R and a, , € X, where

L(f) = *elf?;#l : x, y e x, x / yl

is the Lipschitz semi-norm of the function/: X --+ JR. Now, define the pseudometric D on
JRxXxXby

D ((t, a, b), (s, c, d\) = L(@(t, 4, bl - o(s, c, dl).

Lemma l.l [6,Lemma2.1] D((t,a,b),(s,c,d)) = O il and only if tlib,iyl = sktd,?yl for ott
rJeX.
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For a complete CAT(0) space (X, d), the pseudometric space (R x X x X,D) can be con-
sidered as a subspace ofthe pseudometric space (Lip(X, R), Z) of all real-valued Lipschitz
functions. Also, D deflnes an equivalence relation on lR x X x X, where the equivalence

class of ib := (t , a, bl is

t74= lt't6t,?y) =s&,?y)v:c,ye xl.

fne set X- := {[t7] | G,a,b) €R x X x x] is a metric space with metric D, which is called
the dual metric space ot (X,d).

Recently, Dehghan and Rooin [7] introduced the duality mapping in CAT(O) spaces and

studied its relation with subdifferential, by using the concept of quasi.linearization. Then
they presented a characterization of metric proiection in CAT(0) spaces as follows.

Theorem 1.2 [7, Theorem 2.4] Let C be 4 rcrcmpty conve$ subset of a complete CXf (Ol

spacc X, x e X and u e C. Then

u = Pcx if and only tI jLni >_ O for all y e C .

From now on, let N be the set of positive integers, let R be the set ofreal numbers, and

let lR* be the set of nonnegative real numbers. Let C be a nonempty, closed and convex

subset ofa complete CAI(0) space X. A family 5 := [?(f) : t e R*] ofself-mappings of C is

called a one-parameter continuous semigroup ofnonexpansive mappings ifthe fotlowing
conditions hold:

(i) foreachreJR.', I(tr) is a nonexpansive mapping on C, ie.,

d(rth,r(t)y) 3 d,(x,y\, Yx,y e c;

(ii) I(s + r) = I(r) o T(s) for all t,s e R.;
(iii) for each r e X, the mapping I(.)r from R+ into C is continuous.

A family S:= {f(r) : , € R'} of mappings is called a one-parameter strongly continu-
ous semigroup of nonexpansive mappings ifconditions (i), (ii) and (iii) and the following
condition are satisfi ed:

(iv) I(0)r = r for all r e C.

We shall denote by F the common fixed point s€t of 6, that is,

f :=f(5) = {*e C: 7(r)*=r,r e R-} = n
,€R+

r(r(r)).

One classical way to study nonexpansive mappings is to use contractions to approximate
Donexpansive mappings. Moreprecisely, take t € (0,1) and de6ne a contraction T1 : C --+ C
by

L=tu+(l-t)Tx, YneC,

where r € C is an arbitrary fixed element. Banach's contraction mapping principle guar-

antees that I, has a unique fixed point ,, in C. It is unclear, in general, what the behavior

ofr, is as , --r 0, even if T has a fixed point. However, in the case of 7 having a fixed point,
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Browder [8] proved that r; converges strongly to a fixed point of T that is nearest to ,l in
the framework ofHilbert spaces. Reich [9] extended Browder's result to the setting ofBa-
nach spaces and proved, in a uniformly smooth Banach space, that ,, converges strongly

toa fixed point ofI and the limitdefines the (unique) sunny nonexpansive retraction from
C onto F(7).

Halpern [10] introduced the following explicit iterative scheme (1.5) for a nonexpansive

mapping 7 on a subset C of a Hilbert space bytaking any points z,11 e C and defined the

iterative sequence {,rn} by

rn*r = qnu + (1- d,)Txn.

He proved that the sequence {r,} genemted by (1.5) converges to a fixed point af f.
It is an interesting problemto extend the above (Browder! [8] and Halpern's [10]) resutts

tothe nonexpansive semigroup case.ln [11], Shiojiand Takahashi introduced the following
implicit iteration in a Hilbert space:

(1.5)

0.6)

where C is a nonempty closed convex subset of a real Hilbert space H, u e C, (o,) is

a sequence in (0,1), {t} is a sequence of positive real numbers divergent to oo. Under
suitable conditions, they proved strong convergence of (rn) to a member of F.

Later, Suzuki [I2] was the first to introduce in a Hilbert space the following iteration

Process:

,cn = dnu + (r- q)T(t)4n Yn > l, (r.7)

where [T(t) : f 2 0] is a strongly continuous semigroup of nonexpansive mappings on C
such that F / / and (o,) and (t,) are appropriate sequences of real numbers. He proved

that (.rn) generated by (1.7) converges strongly to the element of "F nearest to ll. Using

Moudafi's viscosity approximation methods, Song and Xu [13] introduced the following
iteration process:

x, = onf@"|+ 0 - a")T(t")4, Yn>1, 0.8)

and

x"i = a4f @^l + (l - a,)T(t")x,, Yn >-1. (1.e)

They proved that {*, } converges to the same point of .F in a reflexive strictly Banach space

with a uniformly GAteaux differentiable norm.

In the similar way, Dhompongsa e! al [14] extended Browder's iteration to a stongly
continuous semigroup of nonexpansive mappings {I(r) : f > 0} in a complete CAT(0)
space X as follows:

rn = d,rco @ T(t)x,, Yn :_l,
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where C is a nonempty closed convex subset of a complete CAT(0) space X, & € C,

{d,} and {r,} are sequences of real numbers satisfying 0 < o, < 1, tn > 0, and lim,*oo ,, =
limn-o.qnlt, = 0. The proved that F / 0 and (x,l converges to the element of .F nearest

to a. For other related results, see [15,16].
In 2012, Shi and Chen [17], studied the convergence theorems ofthe following Moudafi!

viscosity iterations for a nonexpansive mapping f: for a contractionjf on C and , € (0,1),

let 11 e C be a unique fixed point of the contraction r F+ tf(xl @(1- t)Tx; i.e.,

,q=tf(x)@(t-t)Txo

and rs e C is arbitrarily chosen and

x*r = qrf (x,) @ (1 - a)Txn, Yn >_O, (1.x)

where (c,) C (0,1). They proved (rr| defined by (1.I0) converges stuongly as , --+ O to
i e F(I) such that i = PF@f(i) in the ftamework ofCAI(0) space satisfying property P,
i.e., f for x,u,yL,y2 € X,

d(x, P1,rSu)d(x, y) < d(x, P1,.r1u)d(x, y) + d(x, u)dha, y).

Furthermore, they also obtained that {r,} defined by (1.1I) converges strongly as z --+ oo

to i e F(I) under certain appropriate conditions imposed on (oo).

By using the concept of quasilinearization, Wangkeeree and Preechasilp [18] improved
Shi and Chen's results.In fact, they proved the strong convergence theorems for two giyen

iterative schemes (1.10) and (1.U) in a complete CAT(o) space without the property P.
Motivated and inspired by Song and Xu [13], Dhompongsa er al [14], and Wangkeeree

and Preechasilp [18], in this paper we aim to stud], the strong convergence tleorems of
Moudafit viscosity approximation methods for a one-parameter continuous semigroup of
nonexpansiye mappings 6 := (T(/) : r e IR') in CAT(0) spaces. Let C be a nonempty, closed

and convex subset of a CAT(0) space X. Eor a given contraction/ on C and c, e (0,1), tet
*, e C be a unique fixed point of the contraction.r F) oif (.{) e (l - a )T (t )E i. e.,

r, = anf@,) @(1-a"\T(t,)r", n>o,

and

x*1= q,f(x,l @ (l - o")T(t,lrn, n >O.

We prove that the iterative schemes {.r,} defned by (1.12) and {a,} defined by (1.13) con-
verge strongly to the same point i such that i = Pr/(i), which is the unique solution of
the variational inequality

lifV,frl > 0, re?,

where 'F is the common fixed point set ofS, that is,

n
t€R'

(1.10)

(1.12)

(r.r3)

.F:= F(S) = {r e C: U(r)* = *,s g fl.} = F(r0)).
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2 Prellmlnarles
In this paper, we write (1 - ,)r @ t/ for the unique point z in tlle geodesic segment ioining
from , to / such that

d(z,x) = 1415,y1 and d(z,yl=(t-t)d(x,y).

We also denote by [*,/] the geodesic segmentioining from, to, that is, [r,/] = {(1- tk@
t/:r€[0,1]).AsubsetCofaCAI(o)spaceisconvexif[x,y] g C for all r,y e C.

The following lemmas play an important role in our paper,

Lemma 2.1 [2, Proposition 2.2] LetX be a CNI(O) space,p,q,r,s eX qnd LelO,Ll.Then

d()'p @(L- Ilq,Ir @ (1- I)s) s rd(/,r) + (7-tld(q,s).

Lenrma 2.2 [19, Lemmaz.4) Let X beaCN(O) space,x,y,z eX andXe[O,tl.Then

d(bc @ (r - \r,z) 
= 

)d(x,zl + (t - L)d(y,z).

Lemmr 2.3 [19, Lemma 2.5] Let X be a CNI(Q) space, x,y,z eX and ], e lO,tl. Then

* (Lx @ (1- 
^ly,z) 

< L* Qc, z) + (t - 
^)d2 

O, z') - ).(L - )"1d2(r,r).

The concept qf A-convergence introduced by Lim [20] in f976 was shown by Kirk and
Panyanak [21] in CAT(0) spaces to be very similar to the weak convergence in Banach space

setting. Next, we give the concept of A-convergence and collect some basic properties.
Let {.r,} be a bounded sequence in a CAI(O) space X. For, € X, we set

r(r, {r,)) = lim supd(d, rr).

The asymptotic radius r({r"}) of {r"} is given by

r(r,)) = inl{7(r, 1r,}), r e x},

and the asymptotic center A({*,}) of [r,] is the set

A(lr,)) = lx e x : r(x,{,,}) = ((",}) }.

It is known from Proposition 7 of [22] that in a complete CAT(o) space, A({et }) consists
of exactly one point. A sequence {r"} C X is said to A-converge to * e X if A({r,*}) =
{*} for every subsequence {r,.} of {r,}. The uniqueness of an asymptotic center implies
that a CAT(o) space X satisfies Opial! property, i.e., for given {*,} C X such that {r,}A-
converges to, and giyen ! e X with ! / *,

lim supd(*,,*) < lim supd(xn,/).

Since it is not possible to formulate the concept ofdemiclosedness ina CAT(0) setting, as

stated in linear spaces,let us formally say that '1- 7 is demiclosed at zero'ifthe conditions
{r,} ! C A-convergesto s and dbcn,Ttc,) -+ 0 implyx e F(I).
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Lemm. 2,4 [21] Every bounded sequence in a complete CN(O) spq,ce alwdys has q L-
co n v e rge fl t s u b seq uence.

Lemme 2.5 [23] If C is a closed anve* subset of a completc CN(OI space and if lx,l isa
bounded sequence in C, then the asymptotic center of l$,) is in C.

Lemmr 2.6 I23l IIC k q closed convet subset ofx ald T:C --+ X is e noae*pansive
mapping, then the conditions (xnl L-converges to r qnd d(x,,Tx^) --+ O imply x e C and
Tx=r.

Having the notion of quasilinearization, Kakavandi and Amini [6] introduced the fol-
lowing notion of convergence.

A sequence (*,) in the complete CAT(0) space (X,d) w-converges to .r € X if

,r1gt*,a,Bt =0,

i. e., lim, - *(4 (x,, xl - & (x 
", 

y) + 4 (r, y)) = 0 for atl y e X.
It is obvious that convergence in the metric implies z-convergence, and it is easy to

check that w-convergence implies A-convergence [6, Proposition 2.5], but it is showed
in [24, Example 4.7] that the converse is not valid. Howevec the following temrna shows
another characterization of A-convergence as well as, more explicitly, a relation between
w-convergence and A-conyergence.

Lemmr2.7 \2L,'fheorem 2.51 Let X be a complete Clil(O) space, lx,l be a sequence in X
and x e X. Then lx,l A-converges to x if and only if limsup,-_ (**1,$1 1;Ofora yeX.

Lemmr 2.8 [25, Lemma2Jl Let la,l bea sequencz ofnon-negativereal numbers satisfying
the propert!

ani 
= 

(l - q)dn +d"fi,, n>_O,

where la,l c (0 ,1) and lP,| c N, such that
(i) f[oo, = m;
(ii) lim sup,*- p" < O orliola^p,l < a.

Then larl unverges to zero qs n --, @.

3 Vlscoslty approxlmatlon methods
In this sectioo we present the strong conyergence tleorems of Moudafi,s viscosity approx-
imation methods for a one-pammeter continuous semigroup of nonexpansive mappings
.S:= (I(t) : r e R') in CAT(O) spaces. Before proving main results, we need t}le following
two vital lemmas,

Lemma 3.1 Let X be a completo CN(O) space. Then, for all u,r,y e X, the following in_
equality holls:

l1x,u1<8g,uy + z@,it1.
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ProoJf Using (I.2), we have that

d20,u) - d2(t,u) -2@,&) = a'U,"\ - a'@,u) - z1i,itl - z(&,14

= *U,u) - *(x,ul - z@lt,fity +u21r,u7

= *9,u1+ azg, u) _ z@i,ity

> d21y,u\ + d2(x,u) -2dbt,uld(x,u)

= (d2(y,u) _ t@,u))z > o.

Therefore we obtain that

dz(x,u1 < dztg,uT +z@,il4,

which is the desired result.

Lemme 3.2 Let X be a Cfi(O) spact. For any t < IO,LI and u, v e X, let q = tu 69 (t - r)v.
Then,for all x,y e X,

O @i,itl 
= 

t \A, &+rl + (t - t) ex,nil ;

Proo/ (i) It follows from (CN)-inequality (1.1) that

2 (ni, ur'-+yl = d2 (u o 1) + d2 (r, u,l - d2 (r, y)

< td2(u,y) + (L- t)* (v,y) - t(t- tld2(u,v) + &@,u) - &@,i

= t*@,y) + t*(x,u,) - td2(u,u,) - tdzlr,y)

+ (r - t t O, i + O - t)i (,t, u.) - (L - tld2 (v, u tl - O - t) d2 (x, !)
+ tl2 (u, ur) + (t - tldz(v,u) - t(t - tld2(u,v)

= tl&fu,t) + d2(x,u,l - d2(u,u1) - t@,)f
+ (t - t\ld2(v,) + d2(r, u,) - dz(v,u,) - dz(r,y)f

+ t(L - t)2 B(u,v) + (t - t)P dz@,v) - t(t - t)dz(u,v)

= t (u't*, n,rl + 0 - t) @, u,--!1.

(ii) The proof is similar to (i). tr

For any a,l € (0,1), ,, e [0, m) and a contraction./ with coeftcient o e (0,1), define the
mepping G": C--+ Cby

G,(r) = o,f(r) @ (1- q)T(trltc, Yr e C. (3.1)

It is not hard to see that Gn is a contraction on C. Indeed, for r,y e C, we have

d(G,kl,c^td) = d(dik) @ (t - o,rlr(t,)r,anfu) e 0 _ o,)r&ly)
3 d(a,f(x) @ (t - a^)T(t,)x,o,ft| @ 0 _ a,)T(t,)r)
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+ d(aJrg @ (r - a,)T(t)r,aaf (y) @ (t - q)r(l-b)

= 
q"dV@,1(t)) + (r - a,)d(rG)*,T(t")y)

< q,qd(x,y) + (l - a")d(r,!)

= (r - c,(r - u))d(*'tl-

Therefore we have that Gt is a contraction mapping. Let *, € C be the unique fixed point
of G,; that is,

x, = qtf @,) @ (L-a,\T(t,)x, for alln>_0. (3.2)

Now we are in a position to state and prove our main results.

Tlreorem 3,3 Let C be a closed conv* subset ofa completec$(o) space X, and let (T(t)l
be 4 one-parameter contiluous semigroup oJ none*pansive mappings on C sqtis|yifig I / O

and undormly asymptoticdll! regular (in short, u.a.r.) on C, that is,for all h Z O and any
bounded subset B of C,

,tlgsuga(r(l)(rtt),), z(r),) = 0.

Letl be a coturaction on C with coeficient O < d < l. Suppose that t^ e lO,@), qd e (O,l)
such thot lim"-- t" = co, lirnn+co o, = 0 and let lr,l be given b7 (3.2). Then (rnl converges

strongly as n --+ a a i such thqti = P rl(x), which b equivalent to thelollowing variational
inequality:

Wi,rrl > O, Ys e F. (3.3)

Prool We first show that (.r,) is bounded. For anyp € .F, we have that

d (r * pl = d (o nf @ 
") 

@ (t - a ) r (t r\ * d, p) < a d (f @,), p) + (r - a 
") 

d (r e,)r ̂
, 
p)

3 ad(f(x"),pl + (r - q,)d(x*p).

Then

d(*^,d sdV@),p) 
= 

d(f(x,),1(p)) + dr@\,p) < ad(x,,p) + aV@),p).

This implies that

I
a@,,il= 

r - dv(pl,p).

Hence {ro} is bounded, so are {T(r,)*,} and {/(r,)}. We get that

cl(r,,r(t,)x") = d(e,f (r) @(t - u,)T(t,h,,r\^)r,)
< a"d(f(x,l,T(t,l*,) + (r - a,)d(T(t,h",r\")r,)

= 
qdfk),T(l-lr,) --+ 0 as z --+ oo.
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Since (I(r)) is u.a.r. and lim,-- r, = oo, then for all ,, > O,

)yyd(r<h(r 12,1*,), z(,,),J s,rrjg 
::g 

d('r@(r(t,h),'r$,)rl = o,

where I is any bounded subset of C containing {r, } . Hence

d (x,, r @) r ") = 
d (x,, r (t "h,) + d (r G ) x 

", 
r ft) (r (t,) r "))

+ d (r (h) ('r (t,) x,), r (hb 
")

s2d(r,,rg)x") + d(T(t,h",T(h)(T{t,)x,)) --+ 0 as z --+ m. (3.4)

We will show that {.r,l} contains a subsequence converghg strongly to i such that; =
Pp17yf(i), which is equivalent to the follolving variational inequalit,,:

(i;fi,x*l > O, xeF.

Since [r,] is bounded, by Lemma 2.4, there exists a subsequence {r,r} of {r,} which
A-converges to a point i, denoted by {q}. We claim that i e "F. Since every CAI(0) space

has Opialt property, for any lr 2 0, if 7([)i /i, we have

limsup d(xi, T (hfi) < tim sup{d(r,, I(r,) xi]l + d(rhr,',j, rtfi)l
./-m i-@

< tlmsvpld(rl,T(hhj) + d(*1,i)l
t+e

= lim supd(*i,i)
i-c.

< lim supd(r;, I([)i).
,4@

This is a contradiction, and hence i e -F. So we have the claim. It follows from l*mma 3.2(i)
that

d'(*i,i) = (;i,fr)

(3.s)

= V@ivEl'ril ' Vli)*,*jil

= 
dV@),f(i))d(xi,i) - VA--*,;7

= "1{Jt* 
j)--i, 

"j-'*1 
,1t - u)d(T(t1)x1,i)d(*i,i)

= "iVt )-)*,iil , tt - a,)d2(x,,i).

It follows that

d'z(xi,i) s Vdi,xi-'i)

= "a'61,a;1 
* f@,fi),
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and thus

dz(Ei,al<*Vr'*t,;a

Since {r, A-converyes to i, by Lemma 2.7, we have

(3.6)

rirn'up61fi,,]1= o.

It follows from (3.6) that (r, converges strongly to i. Next, we show that i solves the
v"ariational inequality (3.3). Applying Lemma 2.3, for any 4 e .F,

dz(xi,d = *(a,f(*) @ (L - a)T(t)x1,q)

3a1d2(f (x), q) + (r -u)d2(T(t)x1,q) - a1O- q)clz V @i), T (t j)x i\
3 

"1a2 
(f (x), t) + e - u)dz (x1,fl - a1{t - uj)dzT@j),7(tj)xi\.

It implies that

d2(xi,q) <d2V@),q) - (t - at)d2V@),T(tj\r).

Taking the limit through I --+ m, we can get that

d, (i, d < d, v @),s) _ d, (l (n, i).

Hence

o 
= il'P <t, n, a' V G), q) - d2 (i, q) - d2 V (o, i)l = @d),'- l, v q e r.

That is, ; solyes the inequality (3.3). Finally, we show that the sequence {.r,} converges to
i. Assume that.r,, --+ i, where i --+ oo, By the same argument, we get that i e .F and sotves

the variational inequality (3.3), i.e.,

tii,*t 
=o,

and

\ifi,ri;l 
=o.

(3.8)

Adding up (3.7) and (3.8), we get that

o21ffi,*1-@dt,it1

= f*--t,izl , tttivdt *t - r*,*r - Fd),*)
.l -+^ ,::::-::l -,= \xx,xx) - V \xU lx),xal

(3.7)

,_ @,*y - a (y @t, t G)) d (i, i)
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(*u,ril l-O, xeF.

Page l2 of I6

> dz (i, i) - d d(i, *)d(i, i)
> d2(i,r) - dd2@,i)

> (t - q\d2(r,i).

Since 0 < o < 1, we have that d(i,i) = 0, and so i = *. Hence tie sequence .r, converges

strongly to i, which is the unique solution to the yariational inequalit,, (3.3). This com-
pletes the proof.

If/ = n, then the following result can be obtained directly from Theorem 3.3.

Corollary 3.4 Let C be a closed convex subsa of a complete CN(O) space X, and let lT (t)l
be a one-porameter cofiinuous semvoup of none.xpaasive mappings on C satisfying F / b
and, uniformly asymptotically rcgular (in short, u.a.r.) on C, that k, for aU h ZO and any

bounded subset B oJ C ,

lim supd(u (r)(r(r)r), r(r)r) = o.
I_6 rea

Let u be dny elemett in C. Suppose t, € [0,oo), a" e (O,l) such that lim,-@tn = @ and
limn-* a" = Q anl lst lr"l be given by

nn=anu@(l-o,)T(tnhn.

Then lx,l converges strongly as n --, @ to i such that i = Pri, which is equivalent to the

lo I I ow ing var i a tio ne I ineq ua I ity :

(3.e)

Theorem 3.5 Let C be a closed convex subset ofa complete CNI(O) space X, and l* lT(t)l
be a one-parameter continuous semigroup of nonexpansive mappings on C satklying t / ,1

and uniform\ asymptotically regular (in short, u.a.r.) ot C, that is,for all h7_O and atry
bounded subset B of C,

lim sup d(I(kXI(l)*), r(r)r) = O.l-- r€,

Letf be a co raction on C with coefrcientO <d <1. Suppose thar r, € [0,oo), o, € (0,1),
qo e C , atd {rdl is given by

ra = cJ@) @ 0 - a)T(hlx* Yn >- o, (3.10)

where lo"l C l0,l) sotkjes thefolbwing conditions;
(i) lim,-* o, = o;

(ii) li=oa,=6qn/
(iii) lim,-- r, = oo.

Then {x,l converges strofigly qs n --t 6 to , sach that * = Pfi(i), which is equivalent to
the variational inequality (3.3).
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(3.11)

Proo/ We first show that the sequence (r,| is bounded. For anyy' e .F, we heve that

d(x*1,p1 = d(a^f(*,) @(t- a,lr(t"h,,p)

= 
s d V @ ), p) + (r - q 

")d(r 
(t,h", p)

se,(af@"),f(p)) + d(l(p),p\) + (r -a,V(r(t,)*,,p)

=,"*{rt ,.rr.fr d1@t,p)l

By induction, we have

ae,, pt 
=,,',lat.', O, *oVVt, oll

for all z e N. Hence {rn} is bounded, so are (f(rtr}ru } and (/(r,)}. Using the assumption
that lirn"-- ai = 0, we get that

d(x,4,r\"h,) < ad(f(x"),r(hb,) --+ 0 as z -+ oo.

Since {I(r)} is u.a.r. and lirn"-* t, = oo, then for all i 2 0,

)!ya(r 11r11r rt,rr,), r (t")x,) s,lim sup d(7(,r)(rG)x), r(tr)x) = o,

where I is any bounded subset of C containing (r,). Hmce

d@"sT(hlx",1)

< d (x *v r lt 
"l 

r,) + d (r (t 
")x,, 

r (D (r lt r\ r,))

+ d (r (h) (r (t,h 
"), 

r (U r,,)
< 2d(x".1,r(t,lr,) + d(r(t,h,,T(h)(r(t,k)) --r o as n --, oo.

Let (2.) be a sequence in C such that

2^ = q^f(z^l @(l - o.)T(t^)z^.

It follows from Theorem 3.3 that {zu } converges strongly as m -+ oo to a ftxed pointi € "F,
which solves the variational inequality (3.3). Now we claim that

rimsupf1fi,,,]) 5 o.

It follows from lrmma 3.2(i) that

cl'lz ,xnn) = {z-x"it,z-x"i)

sa-Vk.)x,,r,z.x*-j+l-a)lT(t-)z^x,-1,2.i11)

="^Vt,^Via,z;ti,)*r-lJa-'*,2-ii,l*,-ti-,2;*;il
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+ a ^t ;ritj;il * 0 - 
" ^ll71)"JGjir,V*i,

,tt-q^l\iGjn"*,,2e*l
s o 

^sd(z^,i)d(z-, 
*,t l, "^f&, r*il + q^d(i, zn)d(z,r, x,,r)

+ a^dz (z^, x^,1) + (l - a 
^)d2 

(z^, r,*)
+ (r - q 

^)d(T(t*\x,,1, 
x*)d(z^, x,.)

1; a^ad,(z^,i)M + a^VA'*i,Z*31 , 
"^d(1,2^)M 

+ a^8@^,r,,7)

+ (1- u^)d2(z-,*,*1) + O -q^ld(T(t^)x",r,r*)M

= 
B(z-,xn,) + a^ad(z^,ilM + q^d(i, z^)M + d(T(t^)rn-r, x*iM

r"-Fdi,"*,i!,

where M : sup..,r{d(z,n,rn)}. This implies that

yA-'*,*A| 
= 

tt , a)d(z^,i)M +

= lf<n')i,z;dl + a(f 6,,1,1)d(z^,i).

d(T (t -)x",t, x"t) - -M.

Taking the upper limit as /, -r m 6rst, and then nr --+ m, inequality (3.12) yietds that

rim sup lim supf[fi ,,i*l 
= 

o.

Since

Va--;,iJiA=f a-)*,-;ai,l.l|c.r-**,;;l

Thus, by taking the upper limit as r --r m first, and then m ---r oo the last inequalit,,, it
follows from z- -- i and (3.13) that

rim'opfftfi,ffi)=0.

,"r,nl] r-* *at r, --r i as z --+ co. For any n € N, we s * y, = q,i @ o - a,)T(t,hn.
It follows from Lemma 3.1 and Lemma 3.2(i), (ii) that

d2 (,c,,1, i) . a2 O,, *), z ll;il,iiit
< (o,d(i, i) + (r - o ")d(r\)x",i))'z

. z[", V t Ai., *,-*) + ( r - q, )( rdt;. x;;)]

= 
(r - a")'d'(x-i\ + 2lu,a 

^lf 
(*,)i, x^.1i1 + u,lr - u,l(f(x,)T(t,li,,x",r'i]t

= 
(r - a,)'d'(x 

", 
i\ + 2la"a"lflr,)i, x,,1il + a,lr - q )V@,lT (t,rtr,',, x, ai\

(3.12)

(3.13)

+ (r - o,)u,lVcjii,rft*| * 1r - r,y, a(r (h)E * r (tn)xr)d(xr+fi\l



= (t - u,)zd2(x,,i) + 2lailfk"ln,x,-f;l + a,1t - a,l(fk)i,x*ft1)

= (t - o,)2dz(x,,i) + 2r"V@i-)i,;i4

= (t - a"l'd'(x,,i) + 2a,lf(x,lf(i),r*il + 2a,lf(i\i, x,ail

= 
{L - a,)zd2(r,,r\ r ?s,ad(xn,ft)d(x,,r,i) +2q,lt@-t ,x*L-+i)

s O - d,)2 d2 (,c,,i) + s,q(d2(x,,il + *(x,t,a1) + Zu,lS@,*Z;|,

which implies that

=,:ff a,e,,o,fr 
;V<rt--*,iiry,,,,u.

where r14 2 supn,o{l(*,,i)}. It t}ren follows that

dz(r,i,A) < (t - qi)d2(x,,i) +dip:,

where

, 2(L - o)o, (l - oo")o, L--:+ 
->.c;= t_qq^ atld P;= -2o;;M * 

11_,rVF)i,x,ai).

Appllng Lemma 2.8, we can conclude that rn --+ i. This completes the prooi tr

If/ = a, then the following corollary can be obtained directly from Theorem 3.5.

Corollary 3.6 Let C be a closed cpnvex subset of a complete CN(o) space X, and let {T(t)l
be a one-parameter continuous semigroup oJ nonexpansive mappings on C satislying t / 0
and un{ormly asymptotically regular (in short, u.a.r.) on C, that is,lor all h 2 O and any
bounded subset B of C,

/llsuBd(I(,,Xu(r)*), u(r),) = o.

Suppose that ta € [0, oo), d" € (0, 1), xs < C and lx,l is given by

xi+r = qnu @ (l - qn)T(t)xb Yn> 0,

where loral C (O,L) satisfies theJol.lowing conditionst
(i) lim,-- q, = 0;
(ii) L:oq"=@and
(iii) lim,r- r" = oo.

Then (xol converges strongly as t --+ a to i such thqt * = P7i, which k equivalett to the
varhtional ine4uality (3.91.
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8 @*r, it 
= 

t 3#A * e,, et, fi,V@,. *,--tl

(3.14)
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