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Abstract

In this paper, we study the strong convergence of Moudafi's viscosity approximation
methods for approximating a common fixed point of a one-parameter continuous
semigroup of nonexpansive mappings in CAT(0) spaces. We prove that the proposed
iterative scheme converges strongly to a common fixed point of a one-parameter
continuous semigroup of nonexpansive mappings which is also a unigue solution of
the variational inequality. The results presented in this paper extend and enrich the
existing literature.

Keywords: viscosity approximation method; nonexpansive semigroup; variational
inequality; CAT(0) space; common fixed point
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1 Introduction
Let (X,d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly,
a geodesic from x to y) is a map ¢ from a closed interval [0,/] C R to X such that ¢(0) = x,
c(l) =y, and d(c(¢),c(t')) = |t — ¢'| for all ¢,¢' € [0,]. In particular, ¢ is an isometry and
d(x,y) = I. The image « of ¢ is called a geodesic (or metric) segment joining x and y. When it
is unique, this geodesic segment is denoted by [x, y]. The space (X, ) is said to be a geodesic
space if every two points of X are joined by a geodesic, and X is said to be uniquely geodesic
if there is exactly one geodesic joining x and y for each x,y € X. A subset Y C X is said to
be convex if ¥ includes every geodesic segment joining any two of its points. A geodesic
triangle A(x),x,x3) in a geodesic metric space (X,d) consists of three points x;, a3, 3
in X (the vertices of A) and a geodesic segment between each pair of vertices (the edges
of A). A comparison triangle for the geodesic triangle A(x,x;,%3) in (X, d) is a triangle
A(x1,%2,%3) 1= A(%, %2, %3) in the Euclidean plane E? such that dg, (%, %) = d(x;,x;) for all
i,j €{1,2,3).

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appropriate size
satisfy the following comparison axiom.

CAT(0): Let A be a geodesic triangle in X and let A be a comparison triangle for A.
Then A is said to satisfy the CAT(0) inequality if for all x, ¥ € A and all comparison points
X,YE A,

d(xly) =< dEiE (i’j’)

© 2013 Wangkeeree and Preechasilp; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http/creativecommons org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.
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If x, y1, ¥, are points in a CAT(0) space and if y, is the midpoint of the segment [y, ],
then the CAT(0) inequality implies

| B | 1
d*(x,0) < Edz(x.yl) + Edz{x,yg) - Edz(yl.yz). (1.1)

This is the (CN)-inequality of Bruhat and Tits [1]. In fact (cf. [2], p.163), a geodesic space
is a CAT(0) space if and only if it satisfies the (CN)-inequality.

It is well known that any complete, simply connected Riemannian manifold having non-
positive sectional curvature is a CAT(0) space. Other examples include pre-Hilbert spaces,
R-trees (see [2]), Euclidean buildings (see [3]), the complex Hilbert ball with a hyperbolic
metric (see [4]), and many others. Complete CAT(0) spaces are often called Hadamard
spaces.

It is proved in [2] that a normed linear space satisfies the (CN)-inequality if and only if it
satisfies the parallelogram identity, i.e., is a pre-Hilbert space; hence it is not so unusual to
have an inner product-like notion in Hadamard spaces. Berg and Nikolaev [5] introduced
the concept of quasilinearization as follows.

Let us formally denote a pair (2,5) € X x X by ab and call it a vector. Then quasilin-
earization is defined as a map (-,-) : (X x X) x (X x X) — R defined by

—

(ab,cd) = ~(d*(a,d) + d(b,c) - d*(a,c) - d*(b,d)) (a,b,c.d € X). (12)

N -

It is easily seen that (ZZ.?&) = (&.EE}, <EE,Z2) = —(lj:z.gi) and {a_?c.?d) + (;E,ZE) = (EE,EE)
foralla,b,c,d,x € X. We say that X satisfies the Cauchy-Schwarz inequality if

(@b, cd) < d(a, b)d(c,d) (1.3)

foralla,b,c,d € X. Itis known [5, Corollary 3] that a geodesically connected metric space
is a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality.

In 2010, Kakavandi and Amini [6] introduced the concept of a dual space for CAT(0)
spaces as follows. Consider the map ® : R x X x X — C(X) defined by

O(t,a,b)(x) = t{ab, a%), (1.4)

where C(X) is the space of all continuous real-valued functions on X. Then the Cauchy-
Schwarz inequality implies that ©(t,a,b) is a Lipschitz function with a Lipschitz semi-
norm L(©(¢,a, b)) = |t|d(a,b) for all t € R and a, b € X, where

f&) -f0)

L(f) = sup 2E7)

:x.yEX,x;!y}

is the Lipschitz semi-norm of the function f : X — R. Now, define the pseudometric D on
R x X x X by

D((t,a,b),(s,c,d)) = L(O(t,a,b) - O(s, c,d)).

- _, —

Lemma 1.1 [6, Lemma 2.1] D((t,a,b),(s.c,d)) = 0 if and only if t(ab,x¥) = s(cd,x¥) for all
x,y€X.
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For a complete CAT(0) space (X, d), the pseudometric space (R x X x X, D) can be con-
sidered as a subspace of the pseudometric space (Lip(X, R), L) of all real-valued Lipschitz
functions. Also, D defines an equivalence relation on R x X x X, where the equivalence
class of m—Z :=(t,a,b) is

[ta_l;] - {sa : t(;B,ESI) = s(a,?y) vx,y € X}.

The set X* := {[ta_E'] :(t,a,b) € R x X x X} is a metric space with metric D, which is called
the dual metric space of (X, d).

Recently, Dehghan and Rooin [7] introduced the duality mapping in CAT(0) spaces and
studied its relation with subdifferential, by using the concept of quasilinearization. Then
they presented a characterization of metric projection in CAT(0) spaces as follows.

Theorem 1.2 [7, Theorem 2.4] Let C be a nonempty convex subset of a complete CAT(0)
space X, x € X and u € C. Then

u=Pcx ifandonlyif (yu,ux)>0 forallyeC.

From now on, let N be the set of positive integers, let R be the set of real numbers, and
let R* be the set of nonnegative real numbers. Let C be a nonempty, closed and convex
subset of a complete CAT(0) space X. A family S := {T(¢) : t € R*} of self-mappings of C is
called a one-parameter continuous semigroup of nonexpansive mappings if the following
conditions hold:

(i) foreacht e R*, T(t) is a nonexpansive mapping on C, i.e.,
d(T(t)x, T(t)y) <d(x.y), VYxyeC;

(i) T(s+2)=T(t)o T(s) forall t,s e R*;

(iii) for each x € X, the mapping T'(-)x from R* into C is continuous.

A family S := {T'(¢t) : t € R"} of mappings is called a one-parameter strongly continu-
ous semigroup of nonexpansive mappings if conditions (i), (ii) and (iii) and the following
condition are satisfied:

(iv) T0)x=xforallx e C.

We shall denote by F the common fixed point set of S, that is,

F:=F©S)={xeC:T(t)x=xteR"}= () F(T(®).

teR*

One classical way to study nonexpansive mappings is to use contractions to approximate
nonexpansive mappings. More precisely, take ¢ € (0,1) and define a contraction T, : C — C
by

Tt=tu+(1-t)Tx, VxE Cr
where 4 € C is an arbitrary fixed element. Banach's contraction mapping principle guar-

antees that 7; has a unique fixed point x, in C. It is unclear, in general, what the behavior
of x; isas t — 0, even if T has a fixed point. However, in the case of T having a fixed point,
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Browder [8] proved that x; converges strongly to a fixed point of T that is nearest to u in
the framework of Hilbert spaces. Reich [9] extended Browder’s result to the setting of Ba-
nach spaces and proved, in a uniformly smooth Banach space, that x; converges strongly
to a fixed point of T and the limit defines the (unique) sunny nonexpansive retraction from
C onto F(T).

Halpern [10] introduced the following explicit iterative scheme (1.5) for a nonexpansive
mapping T on a subset C of a Hilbert space by taking any points «, x; € C and defined the
iterative sequence {x,} by

Xyp1 = utd + (1 — o) Ty (1:5)

He proved that the sequence {x,} generated by (1.5) converges to a fixed point of 7.

Itis an interesting problem to extend the above (Browder’s [8] and Halpern’s [10]) results
to the nonexpansive semigroup case. In [11], Shioji and Takahashi introduced the following
implicit iteration in a Hilbert space:

i 1]
Xy =cpu+ (1-a,) : [ T(s)x, ds, (1.6)
0

"

where C is a nonempty closed convex subset of a real Hilbert space H, u € C, {a,} is
a sequence in (0,1), {¢,} is a sequence of positive real numbers divergent to co. Under
suitable conditions, they proved strong convergence of {x,} to a member of F.

Later, Suzuki [12] was the first to introduce in a Hilbert space the following iteration
process:

Xp=uti + (1 —ay)T(ty)x,, VYn=>1, (1.7)

where {T'(¢) : £ > 0} is a strongly continuous semigroup of nonexpansive mappings on C
such that F # @ and {«,} and {t,} are appropriate sequences of real numbers. He proved
that {x,} generated by (1.7) converges strongly to the element of F nearest to «. Using
Moudafi’s viscosity approximation methods, Song and Xu [13] introduced the following
iteration process:

Xn = anf(xn) + (]- - QH)T(tn)xm Vn = 1; (18)
and
X1 = Upf (%) + (1 — ) T(t)x,, YR >1. (1.9)
They proved that {x,} converges to the same point of F in a reflexive strictly Banach space
with a uniformly Géteaux differentiable norm.
In the similar way, Dhompongsa et al. [14] extended Browder’s iteration to a strongly
continuous semigroup of nonexpansive mappings {T'(¢) : ¢ = 0} in a complete CAT(0)

space X as follows:

%n = o ® T(tw)xn, Yn=>1,
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where C is a nonempty closed convex subset of a complete CAT(0) space X, xp € C,
{a,} and {t,} are sequences of real numbers satisfying 0 <a, <1, t, >0, and lim,, oo t,, =
lim,,_, o @/t = 0. The proved that F # @ and {x,} converges to the element of F nearest
to u. For other related results, see [15, 16].

In 2012, Shi and Chen [17], studied the convergence theorems of the following Moudafi’s
viscosity iterations for a nonexpansive mapping T for a contraction f on C and ¢ € (0,1),
let x; € C be a unique fixed point of the contraction x — tf(x) & (1 - ) Tx; i.e.,

xe=tf (%) @ (1-8)Txe, (1.10)
and xg € C is arbitrarily chosen and
X1 = f (%) B (1 — ) Ty, Yn >0, (1.11)

where {a,} C (0,1). They proved {x,} defined by (1.10) converges strongly as ¢t — 0 to
% € F(T) such that ¥ = Pr7f (%) in the framework of CAT(0) space satisfying property P,
i.e., if for x,u,y1,y2 € X,

d(x, Py u)d(x, 1) < d(x, Py u)d(x,y2) + d(x, u)d(y1, y2).

Furthermore, they also obtained that {x,} defined by (1.11) converges strongly as n — oo
to X € F(T) under certain appropriate conditions imposed on {a,]}.

By using the concept of quasilinearization, Wangkeeree and Preechasilp [18] improved
Shiand Chen’s results. In fact, they proved the strong convergence theorems for two given
iterative schemes (1.10) and (1.11) in a complete CAT(0) space without the property P.

Motivated and inspired by Song and Xu [13], Dhompongsa et al. [14], and Wangkeeree
and Preechasilp [18], in this paper we aim to study the strong convergence theorems of
Moudafi’s viscosity approximation methods for a one-parameter continuous semigroup of
nonexpansive mappings S := {T(¢) : t € R*} in CAT(0) spaces. Let C be a nonempty, closed
and convex subset of a CAT(0) space X. For a given contraction f on C and &, € (0,1), let
%, € C be a unique fixed point of the contraction x > @,f(x) @ (1 - a,) T(t,)x; i.e.,

X = Upf (%) ® 1= ) T(tn)x, 1 >0, (1.12)
and

Zna1 = Upf (%) © (1 =) T(t4)x, n>0. (1.13)
We prove that the iterative schemes {x,} defined by (1.12) and {,} defined by (1.13) con-
verge strongly to the same point % such that X = Pxf (%), which is the unique solution of
the variational inequality

—_— =

(#fx,xx) =0, xelF,

where F is the common fixed point set of S, that is,

F:=F(S)={xeC:T(t)x=xteR'} =[] F(T().

teR*



Wangkeeree and Preechasilp Fixed Point Theory and Applications 2013, 2013:160 Page 6 of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/160

2 Preliminaries
In this paper, we write (1 - t)x & ty for the unique point z in the geodesic segment joining
from x to y such that

d(z,x)=td(x,y) and d(z,y) = (1-8)d(x,y).

We also denote by [, y] the geodesic segment joining from x to ¥, that is, [x,7] = {(1- )x &
ty:t € [0,1]}. A subset C of a CAT(0) space is convex if [x,5] € C forall x,y € C.
The following lemmas play an important role in our paper.

Lemma 2.1 [2, Proposition 2.2] Let X be a CAT(0) space, p,q.r,s € X and A € [0,1]. Then
d(p® Q- rr @ (1-21)s) <Ard(p,r) + (1-2)d(q,s).

Lemma 2.2 [19, Lemma 2.4] Let X be a CAT(0) space, x,y,z € X and A € [0,1]. Then
d(Ax @ (1- 1)y, z) < rd(x,2) + (1-2)d(y,2).

Lemma 2.3 [19, Lemma 2.5] Let X be a CAT(0) space, x,y,z € X and » € [0,1]. Then
d(Ax @ (1-1)y,2) < Ad(%,2) + (1 - Md*(y,2) - A(1 - M)d*(x,y).

The concept of A-convergence introduced by Lim [20] in 1976 was shown by Kirk and
Panyanak [21] in CAT(0) spaces to be very similar to the weak convergence in Banach space
setting. Next, we give the concept of A-convergence and collect some basic properties.

Let {x,} be a bounded sequence in a CAT(0) space X. For x € X, we set

% txd) = li’rtn sol;pd(x, Xn).

The asymptotic radius r({x,}) of {x,} is given by
r({x}) = inf{r(x, {x,}) : x € X},

and the asymptotic center A({x,}) of {x,]} is the set

A(fxa)) = [x € X1 r(x (%) = r({xa})}-

It is known from Proposition 7 of [22] that in a complete CAT(0) space, A({x,]) consists
of exactly one point. A sequence {x,} C X is said to A-converge to x € X if A({x,,}) =
{x} for every subsequence {x,,} of {x,}. The uniqueness of an asymptotic center implies
that a CAT(0) space X satisfies Opial’s property, i.e., for given {x,) C X such that {x,}A-
converges to x and given y € X with y #x,

lim sup d(x,, %) < limsup d(x,, y).
R—>00 n—oo
Since it is not possible to formulate the concept of demiclosedness in a CAT(0) setting, as
stated in linear spaces, let us formally say that ‘7 — T is demiclosed at zero’ if the conditions
{xn) € C A-converges to x and d(x,, Tx,) — 0 imply x € F(T).
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Lemma 2.4 [21] Every bounded sequence in a complete CAT(0) space always has a A-
convergent subsequence.

Lemma 2.5 [23] If C is a closed convex subset of a complete CAT(0) space and if {x,,} is a
bounded sequence in C, then the asymptotic center of {x,,} is in C.

Lemma 2.6 (23] If C is a closed convex subset of X and T : C — X is a nonexpansive
mapping, then the conditions {x,} A-converges to x and d(x,, Tx,) — 0 imply x € C and
=%

Having the notion of quasilinearization, Kakavandi and Amini [6] introduced the fol-
lowing notion of convergence.
A sequence {x,} in the complete CAT(0) space (X, d) w-converges to x € X if

lim (%%,,%3) = 0,
h=+00
i.e., iy oo (@2 (%y, %) = d*(%n,¥) + d*(x,7)) = 0 for all y € X.

It is obvious that convergence in the metric implies w-convergence, and it is easy to
check that w-convergence implies A-convergence [6, Proposition 2.5], but it is showed
in [24, Example 4.7] that the converse is not valid. However, the following lemma shows
another characterization of A-convergence as well as, more explicitly, a relation between
w-convergence and A-convergence.

Lemma 2.7 24, Theorem 2.6] Let X be a complete CAT(0) space, {x,} be a sequence in X
and x € X. Then {x,} A-converges to x if and only iflimsup,_, . (¥%,, %) <0 forall y € X.

Lemma 2.8 (25, Lemma 2.1] Let {a,} be a sequence of non-negative real numbers satisfying
the property

ayn <(l-ay)ay, +auf,, n=>0,

where {a,) C (0,1) and {B,} C R such that

(i) Z::io o, =00;

(i) limsup, B <0 or Y oog lanfBul < 00.
Then {a,} converges to zero as n — o0.

3 Viscosity approximation methods

In this section, we present the strong convergence theorems of Moudafi’s viscosity approx-
imation methods for a one-parameter continuous semigroup of nonexpansive mappings
§:={T(t): t € R*} in CAT(0) spaces. Before proving main results, we need the following
two vital lemmas.

Lemma 3.1 Let X be a complete CAT(0) space. Then, for all u,x,y € X, the Sfollowing in-
equality holds:

d(x, u) < dz(y, u) + 2(55/.3:’1’2).
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Proof Using (1.2), we have that

d*(y,u) — d*(x,u) - 27, 30) = d*(y,u) — d*(x, u) — 2 (i, 1) — 2(ia%, %)
= d*(y,u) — d*(x,u) - 2 (7, 5h) + 2d*(x, u)
= d*(y, u) + d*(x, u) — 2 (yii, xk)
> d*(y, u) + d*(x, u) — 2d(y, u)d(x, u)
= ((,u) - d*(x,w)’ > 0.

Therefore we obtain that
d*(x,u) < d*(y,u) + 2(:?)!,:7;’;),
which is the desired result. O

Lemma 3.2 Let X be a CAT(0) space. For any t € [0,1] and u,v € X, let u, = tu @ (1 - t)v.
Then, for all x,y € X,

() (ifx, try) < t(%, wuey) + (L — ) (V&, itcy);

(ii) (W%, @5) < t(u%, Wy) + (1 — 1) (v, Wy) and (kW) < L@z, ) + (1 - ) 7%, 7).

Proof (i) It follows from (CN)-inequality (1.1) that

2tk uy) = d*(ug,y) + d*(x, ue) - d(x,)

< td*(u,y) + 1 - O)d*(v,y) - t(1 - t)d*(u, v) + d*(x, ;) — d*(x,7)

= td*(u,y) + td* (x, u,) - td® (u, u;) - td*(x,)
+(1=0d*(v,y) + (1 - ) (%, ue) — (1 - )d* (v, ) — (1 - Od?(x,y)
+td* (u, 1) + (1 - O)d* (v, up) - t(1 - £)d?(u, v)

= t[d*(u,y) + d*(x, u;) - d*(u, uy) - d*(x,)]
+ (1= )[d*(v,y) + d*(x, up) — d*(v,u;) — dP(x, 7]
+ (1= )% d*(u,v) + (1 - £)2d*(u,v) - t(1 - O)d*(u, v)

= 1%, wy) + (1 - ) (V& i3).
(ii) The proof is similar to (i). O

For any @, € (0,1), £, € [0,00) and a contraction f with coefficient « € (0, 1), define the
mapping G, : C — C by

Gulx) = f(x) ® (1 -a,)T(t,)x, VYxeC. (3.1)
It is not hard to see that G, is a contraction on C. Indeed, for x, y € C, we have

d(Gu(x), Ga(9) = d(anf (*) & (1 - @) T(ta)%, 00 () B (1 — ) T(2,.)y)
< d(onf () @ (1= ) T(tn)%, 0ef () (1 - @) T(2,)%)
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+ d(anf () ® (1 - o) T ()%, @nf () & (1 - @) T(24)y)
< aud(f(*),f ) + (1 = a)d (T (t)x, T(tn)y)
< aued(x,y) + (1 -a,)d(x,y)

= (1-ax(1 - a))d(x,y).

Therefore we have that G, is a contraction mapping. Let x,, € C be the unique fixed point
of G,; that is,

X =0y f (%) B (1 - a,)T(t,)x, foralln>0. (3.2)
Now we are in a position to state and prove our main results.
Theorem 3.3 Let C be a closed convex subset of a complete CAT(0) space X, and let {T(t)}
be a one-parameter continuous semigroup of nonexpansive mappings on C satisfying F #

and uniformly asymptotically regular (in short, u.a.r.) on C, that is, for all h > 0 and any
bounded subset B of C,

lim supd (T (h)(T(¢)x), T(t)x) = 0.
=00 4cB

Let f be a contraction on C with coefficient 0 < & < 1. Suppose that t, € [0,00), o, € (0,1)
such that limy_, oo t,; = 00, limy . o @, = 0 and let {x,) be given by (3.2). Then {x,} converges
strongly as n — oo to % such that x = Pxf(X), which is equivalent to the following variational
inequality:

=r =

(xfx,xx) >0, VxeF. (3.3)
Proof We first show that {x,} is bounded. For any p € F, we have that

d(xnp) = d(anf(xn) (- an)T(tn)me) = and(f(xn):p) +(1- fxu)d(T(tn)me)
< @d(f(x4),p) + (1 - cx)d(x,, p).

Then
d(xp) < d(f(x).p) < d(f(x0).fP) +d(f(2), 1) < ad(x,,p) +d(f (0). p).
This implies that
1
d(x,p) < T-_ad(f (). p).
Hence {x,} is bounded, so are {T'(¢,)x,} and {f(x,)}. We get that

d (%, T(t,,)x,,) = d(a,[f(x,.) & (1 — ) T(tn)xn, T(t,)x)
= a,d(f(x,.), T(tn)xn) +(1- Q’n)d(T(rn)xm T(rn)xn)

< and(f(xy), T(tn)x4) = 0 as n— oo.
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Since {T'(t)} is u.a.r. and lim,_. ¢, = 00, then for all 4 > 0,
,,“'Eo d(T(h)(T(t,,)x,,), T(t,,)x,,) < lim supd(T(h)(T(t,,)x), T(t,,)x) =0,
= n—+0 ;ep
where B is any bounded subset of C containing {x,}. Hence

d(%n, T(1)%n) < d(%, T(tn)%n) + d(T(tn)%n, TOR)(T (1))
+d(T(h)(T(t)xn), T(h)x,)
< 2d(%n, T(tn)%n) + d(T(6)%n, TH)(T(8)%4)) > 0 asn— 00. (3.4)

We will show that {x,} contains a subsequence converging strongly to X such that ¥ =
Pr(r)f (%), which is equivalent to the following variational inequality:

i) >0, xeF. (3.5)

Since {x,} is bounded, by Lemma 2.4, there exists a subsequence {xn;} of {x,)} which
A-converges to a point %, denoted by {x;}. We claim that % € F. Since every CAT(0) space
has Opial’s property, for any h > 0, if T(h)x # %, we have

limsupd(x;, T(h)%) < limsup{d(x;, T(h)x;) + d(T(k)x;, T(h)%) }

j—o0 J—+o0

< limsup{d(x;, T(h)x;) + d(x;, %)}

j—oo

= limsupd(x;, x)
j—oo

< limsupd|(x;, T(h)%).

J=0o0

This is a contradiction, and hence ¥ € . So we have the claim. It follows from Lemma 3.2(i)
that
(5, %) = (e, %)
P A Pl S =
< aj{f (%)%, ;%) + (1 - o))(T(t))x;%, %X)
— - i
< aj{f (%)%, x%) + (1 - o))d (T(t))x;, %)d(x;, %)
Y g 2 -~
ot cx,-(f (%)%, x,-x) + (1 - aj)d"(x;,%).

It follows that

(3, %) < (F)%, 3
= (Fe)f @) %) + (F. %)
< d(f (). f@)d(x. %) + (@5 53)

< ad’(x5,%) + [f @)%, %),
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and thus

@ (x;,%) < ﬁ(}(‘ﬁi?fx) (3.6)
Since {x;} A-converges to %, by Lemma 2.7, we have

Ii;nsup{fﬁi, x_;i) <0.

It follows from (3.6) that {x;} converges strongly to . Next, we show that % solves the
variational inequality (3.3). Applying Lemma 2.3, for any g € F,

d*(x,q) = d*(af (x)) & (1 - &) T(t))%;, )
< g’ (f (%)), q) + (1 - a)d® (T ()%, 4) — (1 - o) (f (1), T(t)))
< od* (f (%), q) + (1 - @))d*(x;,q) — o;(1 — 0)d®(F (%), T(t;)x;).

It implies that
@ (% q) < & (f(x),q) - (1 - ad® (), T(t)x;)-
Taking the limit through j — o0, we can get that
d’(%,q) < d*(f(%).q) - d*(f (%), %).
Hence
0< %[dz(i,i) +d*(f(3),q) - d*G.q) - d*(F (), %)) = (TR q%), Vg e F.
That is, ¥ solves the inequality (3.3). Finally, we show that the sequence {x,} converges to

x. Assume that x,,, — %, where i — oc. By the same argument, we get that % € F and solves
the variational inequality (3.3), i.e.,

(3f%,5%) <0, (3.7)
and

— =

(#f%,3%) < 0. (3.8)

Adding up (3.7) and (3.8), we get that

— = —_— >
0 > (@, 5) - (@, )

- (@) + [fGY®, 2) - G55 - ([F o),
e e T ———
= (xx,%%) — (f(R) (%), &%)

= =

> (%%, %) - d(f(2).f(%))d(% %)

Page 11 of 16
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> d*(%,%) — ad(®,7)d(%, )
> d*(%,%) - ad (%, %)

> (1 -a)d?(%,3).

Since 0 < a < 1, we have that d(%,%) = 0, and so ¥ = %. Hence the sequence x, converges
strongly to &, which is the unique solution to the variational inequality (3.3). This com-
pletes the proof. O

If f = u, then the following result can be obtained directly from Theorem 3.3.

Corollary 3.4 Let C be a closed convex subset of a complete CAT(0) space X, and let {T(t))
be a one-parameter continuous semigroup of nonexpansive mappings on C satisfying F #
and uniformly asymptotically regular (in short, u.a.r.) on C, that is, for all h > 0 and any
bounded subset B of C,

lim supd (T (h)(T(£)x), T(¢)x) = 0.
=00 yeB

Let u be any element in C. Suppose t, € [0,00), a, € (0,1) such that lim,_, o t, = 00 and
limy,_,oc @y = 0 and let {x,,} be given by

Xn =tk @ (1 = &) T ()%,

Then {x,} converges strongly as n — 00 to % such that x = Prx, which is equivalent to the
Sfollowing variational inequality:

Gu,x%) >0, xeF. 3.9)

Theorem 3.5 Let C be a closed convex subset of a complete CAT(0) space X, and let | T(t)}
be a one-parameter continuous semigroup of nonexpansive mappings on C satisfying F # @
and uniformly asymptotically regular (in short, u.a.r) on C, that is, for all h > 0 and any
bounded subset B of C,

lim supd(T(h)(T(¢)x), T(t)x) = 0.
=0 yeB

Let f be a contraction on C with coefficient 0 < a < 1. Suppose that t, € [0,00), a, € (0,1),
xo € C, and {x,} is given by

a1 = pf (%) B (1 — ) T(ty)x, VYn=>0, (3.10)

where {a,} C (0,1) satisfies the following conditions:
(i) limyoo @, =0;
(ii) Yoo @n =00 and
(ifi) Ty ooty =00.
Then {x,} converges strongly as n — o0 to x such that % = Pxf (%), which is equivalent to
the variational inequality (3.3).
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Proof We first show that the sequence {x,} is bounded. For any p € F, we have that

dxn1,p) = d(anf(xn) e@1- an)T(tn)me)
= and(f(xn)vp) +{1- an)d(T(tn)xmp)
< au(d(f(xn).f @) +d(f(R).p)) + (1~ @n)d (T ()%, p)

< max{d(xn.p). l—j;d(f ).p) }

By induction, we have

d(np) < max[ d(wa,p). ——d(f(p).p) ]

for all n € N. Hence {x,} is bounded, so are {T(t,)x,} and {f(x,)}. Using the assumption
that lim,,_, o @, = 0, we get that

(%1, T(tn)%n) < 0tud(f (%), T(t)%s) = 0 as n — o0.
Since {T(t)} is u.a.r. and lim,_, o, £, = 00, then for all # > 0,

Iin;l.'o d(T(h)(T(tn)%n), T(tn)xn) < lirgo supd (T (h)(T (tn)x), T(t4)x) = 0,
e n— rep
where B is any bounded subset of C containing {x,). Hence

d(xpe1, T(H)xy01)
< d(%ns1s T(t)%n) + A(T ()%, T(h)(T(tn)%))
+d(T()(T(tn)%), T(h)%ps1)
< 2d(%n1, T(tn)%n) + d(T(tn)%ns T(h) (T (tn)%s)) = 0 as n— oo. (3.11)

Let {z,,} be a sequence in C such that
Zm = a’mf(zm) & (1- am)T{tm)zm-

It follows from Theorem 3.3 that {z,,} converges strongly as m — o0 to a fixed point ¥ € F,
which solves the variational inequality (3.3). Now, we claim that

vl ——"
lim sup(f (%)%, x,41%) < 0.
n—0oo

It follows from Lemma 3.2(i) that

ey
dz(zm: Xne1) = (Zn&ns1s ZmHns1)
= Q'm(f(zm)xnﬂs zman) +(1- am)(T(tm)zmxml,zmxnﬂ)

T iy T A (= R A
= am{f(zmlf(x)s zmxnfl) + am‘f(x)xa zmxrnl) + @ X2y Zm&n11)
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+ e Fneorrts Zornt) + (U= O T E)om T (oY ms, Zriims)
+ (1= o) T 15 )

< 0 d(Zyp, X)A(Zyy K1) + am(fﬁ;'c, m) + U (X, 21y )A(Zps Xi41)
+ U (Zos K1) + (1 = Q) * (Zy K1)
+ (1= ) (T (Em) X1 %141 ) A Zoms Xar)

< (2, DM + (%, Zss) + U, Zy)M + iy (2 1)
+ (1= ) (2 Xna1) + (L= ) (T (L) Xina1, X1 ) M

< @ (2w Xne1) + U@ (2, DM + @ (%, 2 )M + ATt )01, X001 )M

—
+ alf )%, Zpnr )
where M > sup,, ..., {d(zm, %,)}. This implies that

d(T(tm)xrnh xn+l) M.

Oy

(3.12)

(@)% Zparzm) < (1 + @)d(z, )M +
Taking the upper limit as n — oo first, and then m — oo, inequality (3.12) yields that

lim sup lim sup(f (%), %s12m) < 0. (3.13)
m—0o0 n—oo

Since
(}f(—iﬁ:m) = Uﬁ;‘.xmzm) & U—:&-);?-zrr:_i)
< (F@% Fpmizy) + d(f ), %) d(zmr 7).

Thus, by taking the upper limit as n — oo first, and then m — oo the last inequality, it
follows from z,, — x and (3.13) that

—
lim sup(f ()%, %,.11%) < 0.
n—00

Finally, we prove that x,, = ¥ as n — o0. For any n € N, we set y, = ¢, ® (1 — a,,) T (£,1) %,
It follows from Lemma 3.1 and Lemma 3.2(i), (ii) that

dz(xnﬂni) = dl(ym %) + 2(Xnn ;mm)
< (0ad(@ %) + (1 - 2)d(T(t)%, %))
+ Z[QHU(xn)ynnm) +(1- an)(T(tn)xnymm)]

<@1- an)zdz(xm %)+ 2[“nan(f(xn)iv m) +a,(l- an)‘f(xn)r(tn)xmm)

—_—i . > >
+11= a’n)“n(T(tn)xni-xmli) +(1—ay)(1- an)(T(tn)an(tn)xmxml-%)]
< (1= ) (5, %) + 2[ 0l e, Frr13) + (1 = ) FCon) T Eo) s Tmrr)

+ (1= )0t T(Ea) s Ba13) + (L= )2 (T (6, T () 1]
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= (1= n)d (0, ) + 2[02{Fn%, Fre1 %) + cn(L = 000 ()% B 1))
= (1= 0)d (5, 3) + 200 ), Fva13)
= (1= )5 %) + 20,{Fon ) ), 5rn13) + 20 {f %, Trr1)

—_
=(@1- an)zdz(xm;‘) + 20, 0d(x,, X)d (%41, %) + 2an{f(-i')~%= xn+1i)

< (1 002 d (50, 5) + 0y (@20, F) + @2 (11, 9)) + 20 {F %, Bro1 ),

which implies that

e 2 3 2 ot —%
el LR I
1- aay, 1- (040 9

dz(xvnl:i) =<

1-(2-a)ay,
WY s i

" 2000 o —>
v d(x,,, %) + T o:a,, (fE)%, xna1%) + a2M,

where M > sup,.,{d*(x,,%)}. It then follows that

d* (%1, %) < (1 -0 )d* (%, F) + ) B,

where
2(1 - a)ay, . (-aay)ay 1 — —
e = M ( , "
" 1-aa, il 2(1 - «a) * (1-a) &= x,,+1x)
Applying Lemma 2.8, we can conclude that x, — %. This completes the proof. O

If f = u, then the following corollary can be obtained directly from Theorem 3.5.

Corollary 3.6 Let C be a closed convex subset of a complete CAT(0) space X, and let {T(t))
be a one-parameter continuous semigroup of nonexpansive mappings on C satisfying F #
and uniformly asymptotically regular (in short, u.a.r.) on C, that is, for all h > 0 and any
bounded subset B of C,

lim supd(T (h)(T(¢)x), T(t)x) = 0.
=00 4cp
Suppose that t,, € [0,00), ay € (0,1), xp € C and {x,) is given by
Xpe1 = Utk D (1 — ) T(ty)xn, Yn =0, (3.14)

where {a,} C (0,1) satisfies the following conditions:
(i) lim,_, e, =0;
(i) X pop@n =00 and
(iii) limy_ oo t, = 00.
Then {x) converges strongly as n — 00 to X such that % = PxX, which is equivalent to the
variational inequality (3.9).
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