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l lntroduction
Let (X,d) be a metric space. A geodesic path )oitring r € X tor/ € X (or, more briefly, a
geodesic fuom r to y) is a map c from a closed interval [0,/] c R to X such that c(0) = *,
c(/) = y, and d(c(t),c(/)\ = lt - ll for atl ,,/ € [0,4. In particular, c is an isometry and
d(a/) = /. The image c of c is called a geodesic (or metric) segmez, ioining.r and /. When
it is unique, this geodesic segment is denoted by [*,y]. The space (X, d) is said to be a
geodesic space iI every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic ifthere is exactly one geodesic joining * and y for each r,/ € X. A subset f g X
is said to be convex if Y includes every geodesic segment ioining any two of its points.
A geodesic triangle L(\,2e2,h) in a geodesic metric space (X, d) consists of three points
xr, dz, x3 in X (the vertices of A) and a geodesic segment between each pair of vertices

g 2013 Wangkeeree and P.eech.lilp; licensee Springer.'Tllis ir.n Open Accerr arlicte disribured under the terms ofthe Creative
commo.s Artribut on License (hnp//cEarive(ommon5orgr,licenseyby/2.0), wh ch pemilr unrerlrrcred use, disributio.r, and e-
prodlcnon in any medrum, provided lhe origindlwork E proper ly cited

Abstract
The purpose ofthis paper is to study the strong convergence theorems ofMoudafi!
viscosity approximation methods for a nonexpansive mapping I in CAT(O) spaces
withoutthepropertyP.ForacontractionfonCandt€(0,1),letx,eCbetheunique
fixed point ofthe contraction x F) tf (x) @ (1 - tJTx; i.e.,

xr=tfk)@(l - t)Ixr

and

xn*1 = sJg) @ (1 -an)rxn, n >0,

where xo € C is arbitrarily chosen and {c,} C (0, j) etisfres certain conditions. We
prove that the iterative schemes {x.} and {r,} converge strongly to the same point i
such thati = Pnnffi), which is the unique solution ofthe variational inequality (Vlp)

lxfi,xil > 0, xeF(n.

By using the concept ofquasilinearization, we remark that the proof is different from
that of 5hi and Chen in J. Appl. Math. 2012:421050, 2012. tn facr, srrong convergence
theorems for two given iterative schemes are established in CAT(o) spaces without
the propeny P.

Keywords! viscosity approximation method; nonexpansive mapping; variational
inequality;cAT(o) space; common fixed point
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(the edges of A). A comparison triangle for the geodesic triangle A(.r1,*2,*3) in (X, d) is a
triangle E(*r, 12, 13) := A(ir,iz,is) in the Euclidean plane lB2 s uchthat dEr(ii,i) = d@i,*1)
fot all i,j e (1,2,31.

A geodesic space is said to be a CAT(0) space ifall geodesic triangles ofan appropriate
size satisft the following comparison axiom.

CAT(0): Let A be a geodesic triangle in X and let A- be a comparison triangle for A.
Then A is said to satisf), the CAT(o) ize4& a,lity if for all x,y e L and all comparison points
x,y e a,

d(x,yl 3 dplx,y).

Ifr, h, /2 are points in a CAT(O) space and ifTe is the midpoint ofthe segment br,/2],
then the CAT(O) inequality implies

d" (,, yd 
= )a' @, y,1, 

)a' @, y,) -'io' rrr, rr).

This is the (CN)-inequality ofBruhat and Tits [U. In fact (cl [2], p.163), a geodesic space
is a CAT(o) space ifand only if it satisfies the (CN)-inequality.

It is well known that anycomplete, simplyconnected Riemannian manifold having non-
positive sectional curvature is a CAT(0) space. Other examples include pre-Hilbert spaces,

iR-trees (see [2]), Euclidean buildings (see [3]), the complex Hilbert ball with a hyperbolic
metric (see [4]), and many others. Complete CAT(O) spaces are often called Hadamard
spaces.

It is proved in [2] that a normed linear space satisfies the (CN)-inequality ifand only ifit
satisfies the parallelogram identity, i.e., is a pre-Hilbert space; hence it is not so unusual to
have an inner productlike notion in Hadamard spaces. Berg and Nikolaev [5] introduced
the concept of quasilinearization as follows:

Let us formally denote a pair (c, b) e X x X by iO and call it a vector. 'lhel quasilin-
earizatiot is defined as a map (.,.) : (X x X) x (X x X) --+ JR defined by

ldb,cdl =r1la'k,o, a'to,r\ - d2(a,c) -d2(b,o) la,u,c,aexy. (1)

(ab,cdl < d(a, b\d(c. d\

tor all a,b,c,d e X.lt is known [5, Corollary 3] that a geodesically connected metric space
is a CAT(0) space ifand only if it satisfies the Cauchy-Schwarz inequality.

In 2010, Kakavandi and Amini [6] introduced the concept of a dual space for CAT(0)
spaces as follows. Consider the map O : lR x X x X --+ C(X) defined by

@(t,a,b)(x\ = 4;b,7x),

where C(X) is the space of all continuous real-valued functions on X. Then the Cauchy-
Schwarz inequalit), impties that O(r,4, r) is a Lipschitz funcuon with the Lipschitz semi-

(cN)

Itiseasilyseenthat(7o,7al=k-a,lA,do,ial=-tio,ial,^rad*,?alrtit,7al=tit,?al
for all a,b,c,d,x e X. !,fe say that X satsfies the Cauchy-schwarz inequa.tity if

(2)

(3)
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notm L(@(t,a,b)) = ltld(a,b\ for all t eR and q,b € X, whete

L(r', = *lW : t, v e x,r / vl

is the Lipschitz semi-norm of the function;f : X --+ R . Now define the pseudometric D on
JRxXxXby

D ((t, a, b), (s, c, d)) = L(@(t, a, b) - @(s, c, d)|.

Lemma l'l [6, Lemma 2.I] D((t,d,b),(s,c,d)) = O if and only if tqib,fil = sdd,iyt lor att
r,y e X.

For a complete CAT(0) space (X, d), the pseudometric space (JR x X x X,D) can be con-
sidered as a subspace ofthe pseudometric space (Lip(X,lR),I) ofatt real-valued Lipschitz
functions Also, D defines an equivalence relation on lR x X x X, where the equivalence

class of tab:= (t,d,b\ is

Itabl = lscit t1ab,$l = s\c;1,F1vLy € Xl.

ThesetX':= {V;A:G,a,b\ eB,xX x X} is a metric space with a metric D, which is called
the dual metric space of (X,d).

Recendy, Dehghan and Rooin [7] introduced the duality mapping in CAT(0) spaces and
studied its relation with subdifferential by using the concept of quasilinearization. Then
they presented a characterization ofa metric proiection in CAT(O) spaces as follows.

Theorern 1.2 [7, Theorem 2.4] Let C be a nonempty convex subset ofa complete CAT(O)

spoce X, x e X ond u e C. Then

u=Pcx if qndonly rJ @,n*l zo totottyeC.

Let C be a nonempt), subset of a complete CAT(o) space X. Then the mapping I of
C into itself is called aonexpansive ift d(Tx,Ty) 3 d(x,y) for all r,7 e C. A point , € C is
called a fixed point of I ifx = 7.r. We denote by F(I) the set ofall fixed points of I. Kirk
[8] showed that the fired point set of a nonexpansive mapping I is closed and convex.
A mapping/ of C into itself is called contra.ction with coefrcient c e (0,1) ifr d(fx,ly) <
ad(r,) for all r,y e C. Banach's contraction principle [9] guarantees that/ has a unique
fixed point when C is a nonempty closed convex subset ofa complete metric space. The
existence offixed points and convergence theorems for several mappings in CAT(0) spaces

have been investigated b), many authors (see also [10-16]).
In 2010, Saejung [15] studied the convergence theorems ofthe following Halpern's iter-

ations for a nonexpansive mapping I: Let r be fixed and.r, e C be the unique fixed point
of the contraction r i tu @ (l - t)Txt i.e.,

r.=tu@(l-tlT+, (4)
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where f € [0,1] and.ro,s € C are arbitrarily chosen and

xh+r = dnu@ (l - qn)Tx", n> O,

where (o,) C (0,1). It is proved in [15] that {r.} converges strongly as r --+ 0 to i e F(I)
which is nearest to & (7 = PTgu), a,,.d,lx,) converges strongly as z --+ oo to i e F(I) which
is nearest to u under certain appropriate conditions on [q,], where pc, is a metric pro-

.iection from X onto C.

In 2012, Shi and Chen [16] studied the convergence theorems ofthe following Moudafi,s
viscosity iterations for a nonexpansive mapping I: For a contraction/ on C and , € (O,l),
let rr € C be the unique fixed point ofthe contraction.t F+ OF(x) @ (1 - tlTx: i.e.,

x,=6f(x)g(t-t)Tx,,

and *s e C is arbitrarily chosen and

*",r = q,r/(x,) (E (l - a)T*n, n >O,

where (c,) C (0,1). They proved that {rr} defined by (6) converges strongly as , --+ 0 to
; € F(D such thati = Prrzl(i) in the framework ofa CAT(o) space satisfying the property
P, i.e., if lor r,u,y1,y2eX,

d(x, P1,r,1u)dQ, y) 3 d(r, P1*.6u)d(r,y) + d(r, uld\r, y).

Furthermore, they also obtained that {.r, } defined by (7) converges strongly as --} oa to
i €.F(I) under certain appropriate conditions imposed on {q,}.

All ofthe above bring us the following coniectures.

Question 1.3 Could we obtain the strong conyergence of both {4} and {*n} defined by
(6) and (7) respectively, in the framework ofa CAT(0) space without the property p?

The purpose ofthis paper is to study the strong conyergence theorems of the iterative
schemes (5) and (7) in CAT(0) spaces without the propert), P. 'We prove that the iterative
schemes (6) and (7) converge strongly to i such that i = Prtnl(i), which is the unique
solution ofthe yariational inequality (VIP)

lifi,xi) >_O, x e F(T).

By using the concept of quasilinearization, \Me remark that the proof given below is dif-
ferent from that of Shi and Chen [16] . ln fact, strong convergence theorems for two given
iterative schemes are established in CAT(0) spaces without the propefi p.

2 Prelimlnaties
In this paper, we write (1 - ,), @ tJ, for the unique point z in the geodesic segment ioining
ftom r to r/ such that

d(z,r) = 741a,9 and d(z,y) = (t - t)d(r,y).

(s)

(6)

(7)

(8)
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Ve also denote by [*,y] the geodesic segment ioining from.r to 7, that is, [*,7] = {(1- f)r {E

f7:te [0,1]]. A subset C of a CAT(o) space is convex if [r,7] S C for olls,y e C.

The following lemmas play an important role in our paper.

Lemma2.1 [2, Proposition 2.2] LetX be a CAT\O) space,p,q,r,seX and )" e I0,l). Then

d().p @ (t - 1\)q, ),r @ (1 - )")s) < rd@,r) r (1- ),)d(q, s).

Lemmtz.2 [11, Lemma 2.4] Let X be q CAT(O) spoce, x,y,z . X ald X el0,tl. Then

d()-r @ (r - )")y,z) < xd(x, z) + (r - ),ld(y, z\.

Lemmr 2.3 [11, Lemma 2.5] Let X be a CAT\0) space, t,y,z e X snd ). e lD,tl. Then

d2 (^"x @ (t - I) y, z) < xdz (x, z) + (r - ),) * e, zl - r(L - Ll d2 (x, ).

The concept of A-convergence introduced by Lim [17] in 1976 was shown by Kirk and

Panyanak [18] in CAT(0) spaces to be very similar to weak convergence in the Banach

space setting. Next, we give the concept of A - convergence and collect some basic proper-

ties.

Let {r"} be a bounded sequence in a CAT(o) space X. For , € X, we set

r(c {r,}) = lim sup d(x,r").

The asymptotic radius r({*,}) of [r,] is given by

r({*,}) = inffr(x, 1*,]), r e x],

and the asymptotic center A({r"}) of [*, I is the set

A(tr")) = (* e x: rft,1*,)) = r({r,})}.

It is known from Proposition 7 of [14] that in a CAT(0) space, A({r,l}) consists ofexactly
onepoint.Asequence{r,}CXissaidtoA-convergetor€XifA({r,^})={r}forevery
subsequence {x,* } of (x, }. The uniqueness of an asymptotic center impties that the CAT(0)
space X satisfies Opialb propertf, i.e., for given (r,) C X such that {r,r} A-converges to,
andgivenyeXwithy/*,

limsupd(r",r) < lim supd(x-l).

Since it is notpossibleto formulate the concept ofdemiclosedness ina CAT(O) setting, as

stated in linear spaces,let us formally say that'1- ? is demiclosed at zero'ifthe conditions

{*,} ! C A-converges to r and d(r,, Lr,) -r 0 imply.r e F(T).

L€mma 2.4 llSl Every bounded sequence in a complete CAT\O) space always has a A,-

co fi ve rge nt sub s equ e nc e.
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Lelrmr 2,5 [l3] If C is a closed convex subset of a complete CAT\O) space and if (*,1 is a
bounded sequence in C, thefl the oqmptotic centir of lxnl as in C.

Lemma 2.6 ll3l IJC is e closed conveq swbset of X andT:C--+ X is a nonespansive

mapping then the conditiofls l*"1 L-converges to x and d(x,,Tx,l --+ O imply x e C and
Tr=x.

Having the notion of quasilinearization, Kakavandi and Amini [6] introduced the fol-
lowing notion of convergence.

A sequence (r,) in the comptete CAT(O) space (X,d) r"-converges to .r € X if
lim,--(*r'",8) =O, i.e.,li'Il--,-(&@r,x) - &(r,,y) + 8(x, )) = 0 for atl y e X.

It is obvious that convergence in the metric implies w-convergence, and it is easy to
check that w-convergence implies A-convergence [6, Proposition 2.5], but it is showed in
([f9, Example 4.7]) that the conyerse is not valid. However, the following lemma shows

another characterization of A-convergence as well as, more expliciuy, a relation between

nr-convergence and A-convergence.

Lemma 2.7 [19, The orem2.5l Let X be a completz CA7\0) space, (rnl be a sequence ia X,
and x e X. Then lx,l A-anverges to x if and onty iflinsup,** (d,B) 

= 
O for alt y e X.

Lemme 2,8 [20, Lemma2.ll Let lanl bea sequenccofnon-negativereal numbers satisfuing

the propert,

ani 
=(l-anlan+a"fr", 

n >-0,

where {o'nl < (O,l) afld l0"l 9R such that
1. f,floc, = oo;

2. limsup,-- f, < 0 or lfio lo"f"l < m.
Then larl converges to zem qs n -, @.

The following two lemmas can be obtained from el€mentary computation. For conve-
nience of the readers, we include the details.

Lemma 2.9 L* X be a compleu CAI\O) space. Then for all u,x,y e X, the follow@ in-
equality holdst

* 1x, uY < a2 11r, u1 + z @,il4.

Prool

d2',u) - d2(r,u) -25x,*4 = a2\,d - a2@,ul -z1l,il) -zld,fit)
= dz(y, u) - d2(x, u) - zg+u,lty +zd2(x,u\

= dz(y,u) + d2@,u) - 20lt,il4

>_ dztXt,ul + d21x,ul - Mty, u)d(*, u)

= (ct(1,u) - d(x,u))z > O.
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Hence

a26,u1 < d2g,u7 +z@,iiy. tr

Lel[ma 2.10 L* X be q CAT\OI space. For any u, v e X and t e lO, tl, let q = tuo (l - r)y.
Then,/or all x,y e X,

O @i,,u"-'yt 
= fl*,,fiy +t-\@xdt):

(ii)(u,+x,iitl<t(?x,tyl+(t-tldx,lt\and@i,l\34&,iyt+O-Oer,fll.

Prool (i) It follows from the (CN)-inequality that

z(ix, u"'-ll = d2(ut,1l + dz(*,ut) - dz(ur,u,) - d2(r,y)

< td2 (u,y) + (t - t)dz(v,tl - t(t - O*@,v) + d2(x,u)

- d2(ur,u,) - *(x,y)

= tdz(u,t) + td2(r,u) - t8fu,ur) - td2(*,7)

+ (r - t)d2 (v, y) + (1 - t) dz (x, u) - (r - t)d2 (v, u ) - (r - t)d2 (x, 1)

+ td2(u,u) + (t - t)d2 (v, u) - t(t - t)dzlu,v)

= tldz(u,y) + d2(x,u,) - {fu,u,) - dz\,ylf

+ (t - t)fd2 (v, yl + d2 (x, ur) - d2 (v, u,l - dz (*, y))

+ t(t - t)2 d2(u,v) r (L - t)P d2k1,v') - t(t - t)d|(u,v)

= t lu'-s, iil + 0 - d en dy\.

(ii) The proofis similar to (i). tr

3 Varlatlonal lnequ.lltles in CAT(o) splce5
In t}lis section, we present strong convergence theorems of Moudafi,s viscosity methods
in CAT(0) spaces. Our first result is t}re continuous version of Theorem 2.2 of Shi and
Chen [16]. By using the concept of quasilinearization, we note that the proof given below
is different from that ofShi and Chen.

For any , € (0, lj and a contraction.,f with coeftcient o e (0,1), define the mapping 51 :

C--+Cby

ci = f@l@ (t - t)Tx, v*eC. (9)

It is not hard to s€e thrt G, is a contraction on C. lndeed, for *,7 e C, we have

d(cj(r),c/y)\

= d(sf(xl @(t -t)r*,f(i@$ - ilry)

=d(tf(r) 
@(t - t)Tt,f\) @O- t)rn)

+ d(tf (y) @ (r - t)Tt,f (r) @ (r - t)Ttt)

= 
td(f (x),f 0) + lr - t)d(Tx, Ty)
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< tad(x, y) + (l - t)d(x, 1)

= (1- r0 -a))d(r,/).

This implies that G. is a contraction mapping. Then there exists a unique u € C such that

u=a,@)=f(u)@(t-tlru.

I.€t 4 e C be the unique 6xed point of G1. Thus

x1 = tf (x) @ (t - t)74.

Tlreorem 3.1 Let C be a closed conve* subset ol a complete CAT(O) spate X, and let
T : C --+ C be a nonerpansive mapping w ith F(T) / A. Let f be a contractiofl on C w ith
coeficient O < a <1. For each t e (0,11, let {x,l be given by

q = tf (x) @ (t - t)74.

Then lrtl convetges strongly as t --+ O to i such thot i = PF(71f(i) which k equivelent ta the

fo Aow ing v ar iat io nal inequel i ty :

Fl6),;cilzo, xe F(n.

Proo/ We first show that {*1} is bounded. For anyp e F(I), we have that

d(x,, p) = d(tl: @.1 @ (t - t)Tx,, p)

= 
td(f (r ), r) + 0 - idE*, t)

s tdV @ ), p\ + (r - t)d(xt, p).

Then

d(xi d 
= 

dv@),p) 
= 

d(l@)l@)) + dv@), p)

=ad(x,,p) 
+ dV@),p).

This implies that

Ia@'d=ia(f@),p).

Hence (rJ is bounded, so are {Irr} and tf(*r)}. We get ttrat

!\d(+, rx ) = l,4d (,f A I e <r - t)r4, rx1)

= l,ryldT@),r2c,) + (t - t)d(Tx,,Tx))

(10)

(lr)

(t2)

sti\td(f(r),rxt) =0.
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Assumethat{r,}C(0,1)issuchthatr,--+Oa5z--+oo,P|ut,,n:=rG.Wewillshowthat
{*,} contains a subsequence converging strondy to i such that i = P51l(i) which is
equivalent to the following variational inequality:

(i7A),*) zo, '€F(4.
Since (*,1 is bounde d, by Lemma 2.4,2.6, we may assume ttrat {r,} A-converges to a point
i and i e F(I). It follows from Lemma 2.10 (i) that

- -)+d'(r",i\ = (x"i, r"i\

= ",{J<*i*,}t1 
t 1r - u^)d(rr^,l\d{x.,i)

s ",(rr*,i,*). o - o.ld2(x,,-x\.

It follows that

a'6",1'y3y1a1-...-t,]a,1

and thus

d2(,c,,i)=*@r,;rl

Since [*"] A-converges to i, by Lemma 2.7, we have

tim sup(161i, r,i) < o.

It follows from (13) that (r,l converyes strongly to i.
Next, we show that i solves the v'ariational inequality (f2). Applying L€mma 2.3, for any

q e F(TI,

d2 (*,, q1 = I (f @) @ (t - drr b q)

= 
tdz (f(x),q) + (t - t)d2(Tx.,q\ - t(t - t)ctz (f (*), T*)

= 
t* (f @), a) + 0 - t)d2(s.,q) - t(L - t)d2 ([(*),k,1.

It implies that

t(*, q) 
= 

8 V@),q) - (r - t)d2 V@t),r,,).

Taking the limit through ! = tn --+ 0, we can get that

=va,v6t,i.l.@*,itl

=dv?c,),f 
(i))d(r,,*l+vcn-'i,;il

= 
ddz@,,i) + V(a':)i,iil,

03)

(14)

d'?(i, q\ 
= 

d2 (f (rl, q) - d'z V@,rJ).
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Hence

(15)

(16)

and

o=;ld'1c,,i)td27(rt,q)-A(i,ql-dzVo,l.i|1=p11,"'-;y,'--l,yq€F(r).

That is, i solves the inequality (12).

Finally, we show that the entire net {rr} converges to i, assume x", -+ i, where s, --+ 0.
By the same argument, we get that i € F(I) and solves the variational inequality (12), r'.e.,

lird\.;i,\ < o.

F7i6,B=0.

Adding up (15) and (16), we get that

o>F7d),4-F7d),a

= (;rr,'r,*) . fGyiir,*t - t*,*r - t F'r,*t
= &,*t-V<ardt,*l
-_ di,iit - aV<el,l7))d(i,i)

> d2(r,i) - dd(i,i)d(i,i)

= d2(*,i\ -a&G,i)
> (r - a)d2@,i).

Since0<q<l,wehavethatd(i,i)=0,andsoi=i.Hencethenet*.convergesstrongly
to i which is the unique solution to the variational inequality (12). This completes the
proof.

Remark 3.2 We give the different proof of [16, Theorem 2-21. ln fact, the property p
imposed on a CAT(0) space X is removed.

If/ = r, then the following result can be obtained directly from Theorem 3.1.

Corollary3.3 [f5, Lemma 2.2] Let C bee closed convee Eubset o/a complete CA7\O) space
X, and let T : C --+ C be a nonerpansive mapping with F(T) / 0. For each t e (O,ll, let u
be fixed and lx,l be given by

q=tu@(l-t)Tq.

Then {*rl converges strongb os t --+ O to i e F(T) which is nearest to u which is equivalent
to the following variational inequaliryl

Page 10 of l5

(r7)

{iu,d) > O, ,c e F(T). (18)
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Theorem 3.4 Let C be a closed convex subset of a complete CAT(QI space X, qld. let
T tC --,> C be a nonerpansive mapping with F(T) / 0. Letf be d contra.ction on C with
coefrcient O <q <1. For the afiitrary tuitial point ro e C,let lx,\ be generdted. by

tc,n = dJbd @ 0 - an\Tx,, Yn ._O,

where lo',l c (O,l) satisjes thefollowing anditions:
(i) lim,-- c, = 0;
(ii) fflo c' = ss;
(in) eirter lislo,.r -q,l < oo or lim,-oo(a,*r/on) = 1.

Then lxal converges sttongly as fl --> 6 to i such that i = Pr@f(*) which is equivdlent to

the variational ircqualit! (121.

Proojf We 6rst show that the sequence {r,} is bounded. For any ;l € F(f), we have that

d(r*1, fl = d(a,,f (*,) @ (t - a 
"\Tx,, 

p\)

=qdV@),p) 
+ (r - a,)d(Tx*pl

= 
a"(ct(f (r,),1@l) + dV@),p)) + lr - q,htJrx,,p)

=,"^lov,, ot, !dV@. p)1.

By induction, we have

a@,, pt 
= ^*ld".., a, *rVOt, Al,

for all n e N. Hence (*,) is bounded, so are (Tr,) and {/(r,)}. Next, we claim that
lim"-- d(,ro*1,ro) = 0. To this end, we obserye that

cl(rn,yx) = d(q,.f (x,l @ (t - a,)Tr-o,-tf @,-) @ (1 - ao)Txo-y)

< d(a,f(x,) @ (r - a)Tr,,aof@^l @ (L - a^)Tr^-)

+ d(aof@,) @(r - a,)Tx,t,arf(*,-i @ (l -aJrr,-r)
+ d(q,if@"-i @ O - u,)Tx,-l,c^af @^-) @ (l -c*r)T*,-r)

< (t _ u")d([x*Txo) + adv@),f (r,_))

+ la, - a"_rldV@,),Tx,_)

< (t - a,)d(x,, x,_) + sdr@,1,f(t*)) + lo,, - o,tldV@,_r),T,,,_)

< (l - q")d(x,,xoi + a,ad(xn,xn_) + lao- a"1ld(f (r"),Tr*)

= (t - ",(t -o))a(r,,t,_l + lan - a,jd(!(r*tl,Tx,_).

By the conditions (ii) and (iii) and Lemma 2.8, we have

lim d(x,,r,x,) = 0.

(1e)

(20)
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It follows from (20) and condition (i) that

d(x",Tx") < d(x",r".) + d(x,a,Tx"')

= d(x,,*,*) + d(o,f(r,l @ (t - a,lTr*Tx")

< d(r**i + qdf@n),T*,) ..+ g as ,t ..+ oo.

Let {rr} be a net in C such that

q, = tf (x) @ (t - t)74.

By Theorem 3.1, we have that {*1} converges strongly as , -+ 0 to a fixed point; € F(I),
which solves the variational inequality (12). Now, we claim that

rmsu(1;F,,*)so.

It follor,vs from Lemma 2.10 (i) that

dz(xt,r,\ = 6d,ie\

(21)

< tf (alx,,iF) + (t - igr$,,ii,)
= tVG Udl z&\ + tfffi , x&) + t fi,, e&l + t t*&,a&t

+ tl- tl?xtTi",ii,l + 0 -olTxi,ia)
< tad(rei)d(r,,x,) + tV@l''i,ii,l + ufr,r,)d(x,,x,) + tdz(x,,rn)

+ (l - t)d2 (x,, xo) + (l - t)d(Tr,, rn\d(*,, r,)
< tad(d,,i)tvl + t{f(i1-*i,il,l + td(i,xt)M + td2(r,,x,)

+ (l - t)d2(xr,x,) + (l - t)d(T*,,x,)M

3 d2(*,,*o) + tad(r,,i)M + td(i,x,)M + dQr,,r,)M + tlf(i1-)i,i&1,

where M 2 sup-,,,1{/(r,, *,) }. This implies that

lJ@,t3,| s tr t o)d1x,,*)v 149:!!l 7a.

Taking the limit as r --+ oo frrst and then r --' 0, the inequalit), (22) yields

limsup lim supf(fi,r,?,) s O.

Since rr --+ i as , --+ 0 and by the continuity of a metric distance d, we have, for any fixed
,1>0,

Ilsfi;E,,;1

(22',t

= ytr)la' tf tet, *1 t d2 (i, tc,) - d2 V @), x,) - dz 1*, x,))
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= !la' V ra. *), a' G. x,) - d2 V G), x,) - * @, i))

=(ra-**,i*l

It implies that, for any e > 0, there exists a d > 0 such that

y 6-*r,*4 . y w'*e, #,) r s, vr € (0, 6).

Thus, by the upper limit as z --+ m first ard then , --r 0, the inequality in (23), we get that

tim sup(/(i)i, r"i) s e.

,t"" rllronr"*,t follows that

-. ,::=:l ____)-,

lrm supu (x)r,r,x) 
= 

0,

,"*rI **" *at r, --r i as r --+ m. For any r € nl, we set /i = ozi @ (1 - qi)ft,. It
follows from Lemma 2.9 and Lemma 2.10 (i), (ii) that

(23)

d2(x,-.t,i\.a2g,,2'7*z1x*ry--,,x*\'tl

which implies that

where M 2 sup,,o{l(n,,i)}. It then follows that

d2(t,i,r) < (t - di)d2(s,,i) + q:,pi,

< (ad(i,i) + (r - a,ld!r,,i))2

< lt - q,)z dt (x 
", 

i) + 2la,a"lf (x,)i, x,.yil + a,lt - a,)(f(x,)Ti,, x*171

+ (r - q,)q,(dr;,x*\+t) + (r-o,)(t - a,)gxfr,,riill
s 0 - q,)'d'(x,, x) + zla,a,lf(x^)i.r,ail + q"lt - a,lfl ri",x,.lil

+ (t - q,)q,\rri,iirl + (t - a,\2 d(T,c,,.rrl)d(,c,,fi)f

= 11- a,l'd'(x,,i) + 2luif G,17,x,.ft1+ q,tt - d,)V@,i7,x,;J,]7]

= (r - an)zd2(x,,*) +u,(7t*t-.-2,.*r'...-t1

= (t - u)'dz(x,,i) + 2o,V@.V(i),r*il + zu,(Jlt)1,r,,i1

< (l - q)2*@,,i1 + 2o,qd(xn,i)d(x,,r,il * 2""(1d,fitl
< (t - a,)2 d2 (xn,i) + u,a(d2(x,,i) + d2 (rn",*)) + Z",Vdt,iill,

8 (lc,,t. i') 
= 

t 
\*4 d2 (x,, i) r fl;tf a=-,. *,-'a

= 
\fff a' o,, at * fi ;v uo--*, * *,'-zl *,1 u,
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where

, 2(l -a)q" (l -co")o, - - I ,:::2 
-+-,q,= 

l_dd, ano' F;= z{t_o1 n* (:;iV lx)*' **r*1.

Applying kmma 2.8, we can conclude that.a, -+ i. This completes the proof. tr

Rema* 3.5 We give the different proof of [16, Theorem 2.3]. In fact, the property P
imposed on a CAT(0) space X is removed.

If/ = r, then the following corollary can be obtained direcdy from Theorem 3.4.

Corollary 3.5 [15, Theorem 2.31 Let C be a closed conves subset ofa complete CAT\O')

space X, and. let T:C --> C be a non*pansive mdpping with F(T) /O. Let u,xo eC be

erbitrarily chosen and {x,l be generated b7

x,*1= q,u @ (l -o,lTr,, Yn>O,

where lq) c (O,l) satisfies the lollowing conditions,

(i) lim,--cr, = 0;

(ii) f[oc, = m;
(Iiil either liola,+r -a,l < m or lim,--(a,*r/q,) = l.

Then lr,l converg* strongly os t --, 6 ta i e F(T) which is rcarest to u which is equivalent
to the following variational inequality (L8\ .
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