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Abstract

In this paper, we introduce the modified general iterative methods for finding a
common fixed point of asymptotically nonexpansive semigroups, which is a unique
solution of some variational inequality. We prove the strong convergence theorems
of such iterative scheme in a real Banach space which has a uniformly Gateaux
differentiable norm and admits the duality mapping j, and uniform normal structure.
The main result extends various results existing in the current literature.

1 Introduction

Let E be a normed linear space, K be a nonempty, closed and convex subset of E. Let T
be a self-mapping on K. Then T is said to be asymptotically nonexpansive if there exists a
sequence {k,} C [1,00) with lim,_. k, = 1 such that

|| T"x - T”y" <kullx-y|, forallx,yeKandn>1.

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk [1] as
an important generalization of the class of nonexpansive maps (i.e., mapping T : K — K
such that || Tx - Ty|| < |lx -y, Vx,y € K).

A mapping T is said to be uniformly L-Lipschitzian, if there exists a constant L > 0 such
that

|7"x-T"y| <Lix-yl, forallx,y€Kandn>1.

It is clear that every asymptotically nonexpansive is uniformly L-Lipschitzian with a con-
stant L = sup,., k, > 1. We use F(T) to denote the set of fixed points of T, that is,
F(TY={xeK:Tx=x).

A self-mapping f : K — K is a contraction on K if there exists a constant « € (0,1) such
that

Ifx) -fo)| <alix-yl, forallx,yek. (11)
We use ITx to denote the collection of all contractions on K. That is,

Mg = {f :f is a contraction on K}.

© 2013 Wangkeeree and Preechasilp; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.
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A family S = {T'(s) : 0 < 5 < oo} of mappings of K into itself is called an asymptotically
nonexpansive semigroup on K if it satisfies the following conditions:
(i) T(O)x=xforallx € K;
(ii) T(s+t)=T(s)T(¢) foralls,t > 0;
(iii) there exists a sequence {k,} C [1, o¢) with lim,_, k, = 1 such that for all x,y € K
IT"()x = T"(E)yll < kullx—yll. VE>0,Vn > 1;
(iv) for all x € K, the mapping ¢ > T(£)x is continuous.
An asymptotically nonexpansive semigroup & is called nonexpansive semigroup if k,, = 1
for all n > 1. We denote by F(S) the set of all common fixed points of S, that s,

F(S):= {x e K: T()x =0 <t <oo} =[ | F(T().

t=0

A gauge function ¢ is a continuous strictly increasing function ¢ : [0, 00) — [0, 00) such
that ¢(0) = 0 and ¢(¢) — oo as ¢ — oo. Let E* be the dual space of E. The duality mapping
Jo : E — 2F associated to a gauge function g is defined by

Jo) = {f* € E*: (x.f*) = Ixlle(lxll). [f* | = o(l=l)}. VxeE.
In particular, the duality mapping with the gauge function ¢(¢) = ¢, denoted by /, is referred

to as the normalized duality mapping. Clearly, there holds the relation J,,(x) = %ﬂl] (x) for
all x # 0 (see [2]). Set

®(t) = fotw(r)dr, vVt >0,
then

Jo(x) = 0®(lIxll), Vx€E,
where @ denotes the subdifferential in the sense of convex analysis. Furthermore, ® is a
continuous convex and strictly increasing function on [0, 00) (see [3]).

In a Banach space E having duality mapping /, with a gauge function g, an operator A
is said to be strongly positive (4] if there exists a constant y > 0 with the property

(Ax.Jp (%) = 7 llxllo(lxll) (1.2)
and
llat - BA|| = sup |((@f - A J,x))|, «€[0,1],8 €[-11], (1.3)
Ixl =<1

where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (1.2)

reduces to

(Ax,x) > 7|Ix|* forallx € H. (1.4)
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Let u € C. Then, for each ¢ € (0,1) and for a nonexpansive map T, there exists a unique
point x; € C satisfying the following condition:

Xy = (1 - t)Tx; +iu,

since the mapping G,(x) = (1-¢)Tx + tu is a contraction. When H is a Hilbert space and T is
a self-map, Browder [5] showed that {x;} converges strongly to an element of F(T), which
is nearest to # as ¢t — 0. This result was extended to various more general Banach space
by Morales and Jung [6], Takahashi and Ueda [7], Reich [8] and a host of other authors.
Many authors (see, e.g. [9, 10]) have also shown convergence of the path

Xp=(1—an)T"x, + 0tplé

in Banach spaces for asymptotically nonexpansive mapping self-map T under some condi-
tions on &,,. In 2009, motivated and inspired by Moudafi [11], Shahzad and Udomene [12]
introduced and studied the iterative procedures for the approximation of common fixed
points of asymptotically nonexpansive mappings in a real Banach space with uniformly
Gateaux differentiable norm and uniform normal structure.

Let S be a nonexpasive semigroup on K. In 2002, Suzuki [13] introduced, in Hilbert
space, the implicit iteration

ty=1—a,)T(t)ty +ayu, uck,n>1, (1.5)

where {a,} is a sequence in (0,1), {t,} is a sequence of positive real numbers. Under certain
restrictions to the sequence {«,} and {t,}, Suzuki proved strong convergence of (1.5) to a
member of F(S) nearest to u. In 2005, Xu [14] extended Suzuki [13]'s result from Hilbert
space to a uniformly convex Banach space having a weakly continuous duality map Jo with
gauge function ¢. In 2009, Chang et al. (15] introduced the following implicit and explicit
schemes for an asymptotically nonexpansive semigroup:

In=1-a)T"(t)yn + gy, uek,n>1, (1.6)
and
Fne1 = (1- .Bn)Tn(tn)xu +Putt, uek,n >0, (1.7)

where @, 8, € (0,1) and ¢, € R* in a real Banach space with uniformly Gateaux differ-
entiable norm and uniform normal structure. Suppose, in addition, that lim,_, « ||*, —
T(£)x|l = 0 and limp_.o ||y, — T(£)yu] = 0 uniformly in ¢ € [0, 00). Then the {x,) and {7}
converge strongly to a point of F(S).

Very recently, motivated and inspired by Moudafi [11], Cholumjiak and Suantai [16]
studied the following implicit and explicit viscosity methods:

Yn=nf ) + A=) T(ty)y,, n>1, (1.8)
and

Xnsl = anf(xﬂ) + (1 = an)T(tn)xm n> 0. (19)
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They obtained the strong convergence theorems in the frame work of a real reflexive
strictly convex Banach space which has a uniformly Géteaux differentiable norm and ad-
mits the duality mapping j,. For more related results, see [17-19].

A typical problem is to minimize a quadratic function over the set of the fixed points of
a nonexpansive mapping on a real Hilbert space H:

-
E‘élél 3 (Ax,x) — (x,b), (1.10)

where C is the fixed point set of a nonexpansive mapping T on H and b is a given point
in H.In 2009, motivated and inspired by Marino and Xu [20], Li et al. [21] introduced the
following general iterative procedures for the approximation of common fixed points of
a nonexpansive semigroup {7'(s) : s > 0} on a nonempty, closed and convex subset K in a
Hilbert space:

[
Su=0nrfOn) + U-cn)- [ TOpds, nz1, )
n Jo
and
1 tn
Xne1 = ¥ f(xy) + (1 = ur,.A)t— f T(s)x,ds, n=>0, (1.12)
n Jo

where {a,} and {t,} are sequences in [0,1] and (0, 00), respectively, A is a strongly pos-
itive bounded linear operator on C and f is a contraction on C. And their convergence
theorems can be proved under some appropriate control conditions on parameter {a,}
and {t,}. Furthermore, by using these results, they obtained two mean ergodic theorems
for nonexpansive mappings in a Hilbert space. Many authors extended the Li et al. [21]'s
results in direction of algorithms and spaces (see [22-27]).

In this paper, inspired and motivated by Chang et al. [15], Cholamjiak and Suantai [16],
Li, Li and Su [21], Wangkeeree and Wangkeeree [24] and Wangkeeree et al. [4], we in-
troduce the following iterative approximation methods (1.13) and (1.14) for the class of
strongly continuous semigroup of asymptotically nonexpansive mappings S = {T(s): 0 <

s < o0k

In =¥ On) + I = pA)T"(tn)y, n>1, (1.13)
and

¥nel = Bu¥f (%) + (I = BuA)T"(t4)%0, 1> 0, (1.14)

where A is a strongly positive bounded linear operator on K and f is a contraction on K.
The strong convergence theorems of the iterative approximation methods (1.13) and (1.14)
in a real Banach space which has a uniformly Gateaux differentiable norm and admits the
duality mapping j, are studied. Moreover, we study the strong convergence results of the
following two iterative approximation methods (1.15) and (1.16):

Wi = ﬂn)’f(T”(tn)Wn) + (I-,B,,A)T"(t,,)w,,, n>0, (1_15)
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and
Zuat = T"() (Buyf (zn) + (I = BuA)T"(tn)2s), 12 0. (116)

2 Preliminaries

Throughout this paper, let E be a real Banach space and E* be its dual space. We write x,, —
x (respectively x,, —* x ) to indicate that the sequence {x,} weakly (respectively weak®)
converges to x; as usual x, — x will symbolize strong convergence. A Banach space E is
said to uniformly convex if, for any € € (0,2], there exists § > 0 such that, for any x,y € U,
lx = yll = € implies || 5%|| <1 - 4. It is known that a uniformly convex Banach space is
reflexive and strictly convex (see also [28]). Let U = {x € E : ||x|| = 1}. A Banach space E is
said to be smooth if the limit

.l + eyl = =l
lim ————
t—=0 t

exists for all x,y € U. In this case, the norm of E is said to be Géteaux differentiable. The
space L is said to have a uniformly Gateaux differentiable if for each y € U, the limit at-
tained uniformly for x € U. The space E is said to have a Fréchet differentiable if for each
¥ € U, the limit attained uniformly for y € U and uniformly Fréchet differentiable if, the
limit attained uniformly for x,y € U. It is well known that (uniformly) Gateaux differen-
tiable of the norm of E implies (uniformly) Fréchet differentiable.

The following Lemma can be found in [16].

Lemma 2.1 [16, Lemma 2.6] Let E be a Banach space which has a uniformly Giteaux
differentiable norm and admits the duality mapping J,, then |, is uniformly continuous
Jfrom the norm topology of E to the weak* topology of E* on each bounded subset of E.

The next lemma is an immediate consequence of the subdifferential inequality can be
found in [3].

Lemma 2.2 (3] Assume that a Banach space E which admits a duality mapping ], with
gauge ¢. For all x,y € E, the following inequality holds:

Ol +y1) < S(I%l) + (1jex +3)),  Jolx+3) € Jo(x +y).

Let K be a nonempty, bounded, closed and convex subset of a Banach space E. The
diameter of K be defined by d(K) := sup{||lx—y| : %,y € K}. For each x € K, denote r(x,K) =
sup{|lx — || : x,y € K} and denote by r(K) := inf{r(x,K) : x € K } the chebyshev radius of K
relative to itself. The normal structure coefficient N(E) of E is defined by

. JdK)
N(E) := inf { m : K is a bounded, closed and convex of E with d(K) > OJ.

A Banach space E is said to have uniform normal structure if N (E) > 1. It is known that
every Banach space with a uniform normal structure is reflexive. Every uniformly convex
and uniformly smooth Banach spaces have uniform normal structure.

The following existence theorem of an asymptotically nonexpansive mapping is useful
tools for our proof.
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Theorem 2.3 [9, Theorem 1] Suppose E is a Banach space with uniformly normal struc-
ture, K is a nonempty bounded subset of E, and T : K — K is a uniformly k-Lipschitzian
mapping with k < N(X)"2. Suppose also there exists a nonempty, bounded, closed and con-
vex subset K* of K with the following property (P):

xe€K* implies w,(x)CK",
where w,,(x) is the weak w-limit set if T at x, i.e., the set

[y € E:y=weak - lim T"x for some nj — oo .

j=oo
Then T has a fixed point in K*.

In order to prove our main result, we need the following lemmas and definitions.

Let /® be the Banach space of all bounded real-valued sequences. Let LIM be a contin-
uous linear functional on /* satisfying ||[LIM|| = 1 = LIM(1). Then we know that LIM is
mean on N if and only if

inf{a, : n € N} < LIM(a) < sup{a, : n € N}

for every a = (ay,ay,...) € I°. Occasionally, we shall use LIM,(a,) instead of LIM(a).
A mean LIM on N is called a Banach limit if

LIM,(a,) = LIM,(ay.1)
for every a = (aj,a3,...) € . Using the Hahn-Banach theorem, or the Tychonoft fixed-
point theorem, we can prove the existence of a Banach limit. We know that if 4 is a Banach

limit, then

liminfa, < LIM,(a,) <lim supa,
s n—oo

for every a = (a1, a3,...) € I*®.
Subsequently, the following result was showed in [16].

Proposition 2.4 [16, Proposition 3.2] Let K be a nonempty, closed and convex subset of

a real Banach space E which has a uniformly Gateaux differentiable norm and admits

the duality mapping Jo- Suppose that {x,) is a bounded sequence of K and let LIM,, be a
Banach limit and z € E. Then

LIM, ® (Il ~ 21)) = inf LIM, & (|, - 1),
ifand only if
LIM,(y - z,j, (x, - 2))<0, VyeKk.

The next valuable lemma is proved for applying our main results.
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Lemma 2.5 (4, Lemma 3.1] Assume that a Banach space E which admits a duality map-
ping ], with gauge ¢. Let A be a strong positive linear bounded operator on E with coefficient
7>0and0<p <e)|A|™. Then |l - pA|l < (1)(1 - py).

In the following, we also need the following lemma that can be found in the existing
literature [29].

Lemma 2.6 [29, Lemma 2.1] Let {a,} be a sequence of nonnegative real number satisfying
the property

Ans1 < (L= Yn)@n + YuPn» n=0,

where {y.} € (0,1) and {B,) C R such that ) .., ¥« = 00 and limsup,_, ., B < 0. Then {a,}
converges to zero, as n — o0.

Lemma 2.7 [3] Let C be a nonempty, closed and convex subset of a reflexive Banach space E
andf : C — (—o0, o0] a proper lower semicontinuous convex function such that f (x,,) — oo
as ||x,|| = oo. Then there exists xg € D(f) such that f(xq) = infyec f(x).

3 Main theorem

Theorem 3.1 Let E be a real Banach space with uniform normal structure which has a uni-
formly Gateaux differentiable norm and admits the duality mapping ], K be a nonempty,
bounded, closed and convex subset of E such that K £+ K C K. Let S = {T(s) :5s > 0) be an
asymptotically nonexpansive semigroup on K with a sequence {k,} C [1,+00), limy_.o0 k;; =
1 and sup,,,, k, < N(E)"? such that F(S) # 9. Let f € N with coefficient a € (0,1), A a
strongly positive bounded linear operator on K with coefficient 7 >0 and 0 <y < %ﬁ and
let {a,} and {t,} be sequences of real numbers such that 0 < a, <1, t, > 0. Then the following
hold:

(i) If 55;—1 <@(l)y — ya, Vn = 1, then there exists a sequence {y,} C E defined by

In = an¥f(ya) + (I - a A)T"(tn)yn, n=1 (3.1)
(i) Suppose, in addition, limy—. o |¥x — T(£)y,ll = O uniformly in t € [0, 00) and the real
sequence {ay,} satisfies lim,_, o oty = 0 and lim,_, % =0.
Then {y,} converges strongly as n — oo to a common fixed point X in F(S) which solves the
variational inequality:

((A - v)x T (% - Z)) <0, VzeF(S). (3.2)

Proof We first show that the uniqueness of a solution of the variational inequality (3.2).
Suppose both € F(S) and x* € F(S) are solutions to (3.2), then

(A-yhHzJp(x-2")) <0 (3.3)
and

(A-vNx*Jp (" - 7)) <0. 34)
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Adding (3.3) and (3.4), we obtain
((A-yN7E - (A -y ], (3 -x)) < 0. (3.5)
Noticing that for any x,y € K,

((A=yix= (A -y yTx-y)
= (A =9 Jox = 9)) = v {[f®) = F 0. Jp(x ~ )
2 7lx=yle(lx-yll) - ¥ [fx) -FO)| |- 2|
2 7O(llx - yl) - yad(llx -yl
= (7 - ya)®(llx-yl)
> (7o) - ya)®(lx-yl) = 0. (3:6)
Therefore, X = x* and the uniqueness is proved. Below, we use i to denote the unique

solution of (3.2). Since lim,_. @, = 0, we may assume, without loss of generality, that
oy < @(1)|A]|™". For each integer n > 1, define a mapping G, : K — K by

Gu(¥) = anyf () + (I - anA)T"(t)y, Vye€K.
We shall show that G, is a contraction mapping. For any x,y € K,

1Ga®) = Gu)|| = [lenrf®) + (I = uA)T" (tu)x — ctu¥f ) = (I — 2w A) T" (£, )y dis|
< Jawr (F®) -F O + (7 - ul)(T7(80)x - T"(20)) |
< apyellx -yl + 9(1)(1 - anp)kallx - yli
= (anye + (1)1 - @y ¥)ky) 1% -yl
< (kn —anya + p(anyky) % - ¥
< (kn — an(@@)7ky - ya)) 12 = yl.

Since 0 < '—‘g;—' <@(1)y - ya, we have

k,—1

n

0<

<)y —ya <p()ik, - ya.
It then follows that 0 < (k, — «,(¢(1)7k, — ya)) < 1. We have G, is a contraction map with
coefficient (k, — a,(¢(1)7k, — ya)). Then, for each n > 1, there exists a unique ¥, € K such

that G, (y,) = y, that is,

Yn =0y f(va) + (I_anA)T"(tn)ym n=>1.

Hence, (i) is proved.
(ii) Define u : K — R by

1) =LIM,®(lly. - yll), y€K,

Page 8 of 19



Wangkeeree and Preechasilp Journal of Inequalities and Applications 2013, 2013:223 Page 9 of 19
http://www.journalofinequalitiesandapplications.com/content/2013/1/223

where LIM,, is a Banach limit on [*. Since u is continuous and convex and g(z) — oo as
|z]l = oo, and E is reflexive, by Lemma 2.7, g attains its infimum over E. Let & € K be such
that

LIM,,(I)("}‘,, = u”) = }EELIan)("J’n _y")- (3.7)
Let
K*:= {ze E:ul2) =j£l{£u(y)}.

We have that K* is a nonempty, bounded, closed and convex subset of K and also has
the property (P), indeed, if x € K* and w € w,(x), i.e. w = weak — limj_.oc T"x as j — o0.
Notice that, lim,_.o [|¥x — T(£)yx|| = 0 uniformly in ¢ € [0, 00), by induction we can prove
that for all m > 1

lim |y, — T"(¢)yx| =0  uniformly in ¢ € [0, c0). (3.8)
n—
From (3.8) and weakly lower semicontinuous of i, and for each /& > 0, we have that

u(w) < liminf u(T™ (h)x) < limsup u(T™ (h)x)
o0 m—+oc
= limsup LIM,, ®(||y,, — 7™ (h)x|)
< lim sup[LIM, @ |y, — T" (R} | + | T™ (h)y, - T"(H)x||)]
m—00
= limsup LIM,, ® (| 7™ (h)y,, - T™(h)x|)
< lim sup LIM,, ® (Ky: |y, — x]|)

= LIM, ®(Jly, - #Il)
= p(x) = inf u(y),
yek
which implies that K* satisfies the property (P). By Theorem 2.3, there exists a element
z € K such that z € F(S) N K™*.
Since K + K C K, we have z + yf(z) — Az € K. By Proposition 2.4,
LIM,,(Z + yf(z) -Az - Z-fw(J’n = z)) <0,
it implies that

LIM,(yf(z) - Az,J, (v, - 2)) < 0. (3.9)

In fact, since ®(¢t) = fo' @(r)dr, vt > 0,and ¢ : [0,00) — [0,00) is a gauge function, then
for1> k>0, p(kx) < ¢(x) and

kt t t
O(kt) =-[o ¢(r)dr = k/r; plkx)dx < kf p(x)dx = kd(¢).
0
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It follows from Lemma 2.2 that

O(llyn - 2ll) = (| (I = wA) T"(ta)yn = I - ctyA)z
+an(rfOm) - vf(@) + vf(2) - AZ)|)
< O([| (7 - ) T"(t)yn = U = 2wz + @y (f ) = £(2)) )
+au(yf(2) — Az, Ty (7 - 2))
< (@A - @) | T"(tn)yn — T"(ta)z]| + anyallyn - z))
+ ey (f(2) = (2, Jo (¥ - 2))
< (@)1 - @y ) ki) lyn - 2ll + @nyally, —zl)
+au(yf(2) - Az, Jy(9n - 2))
< O([p()(1 - @ 7)(Kn) + @nye]liyn —zll) + aulyf(2) - Az, Ty (yn - 2)
< [@M)1 - a7 + anye]®(llyn - zll) + au(yf(2) - Az, Sy (3 - 2)).

This implies that

1
) S DAk s ey

O (llyn an(vf(2) - Az, Jy(ya - 2))s

also

1
) = G e~

®(llyn (vf@) - Az ]y n - 2)),

where d,, = 5:;—1 Thus

1
(p()y —ay)-(1-a,7)d,

LIMn¢("J’n = Z") =< LIMn( (}’f(z) —-Az, J,(yn - Z)))

<0,
and hence
(9()7 - ya)LIM, ®(lly. - 2l) < 0.
Since ¢(1)y > ya, LIM,®(|ly, — zl|) = 0, and then there exists a subsequence {y,, } of {7}

such that Yn; —> z as J — 00, we shall denoted by {y;}.
Next, we prove that z solves the variational inequality (3.2). From (3.1), we have

1
(A-yfly. = -a—(I = ayA)I = T"(tn)) Y-
n
On the other hand, note for all x,y € X,

((I - T"(t,,))x— (]— T"(tn))yutw(x_y))
= (%= 3o = y)) = (T"(tw)x - T"(t)y.J (% - 7))
= llx = yllo(llx = y1l) = (T" (€)% = T (En)y, S (x - )
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= O(llx - yll) - kallx = ylle(llx - ¥1l)
> &(llx - yll) - ke ®(lIlx - ¥Il)
=1 -k)®(llx - y1l)-

For p € F(S), we have

(A= 1 e Jooe - ) = —ai((l — auA)T = T" )Ty m )

_ai((z ~ T"(tn))Yn = (I = T"(n))2. S5 0 — )
+HA = T"6)) I Jon — P))
< k’;‘ ! D(llx=yll) + (A1 = T"(t)) Y Jp (v — )

n

ky -1 .
< =0 (lx~y1) + AN |a ~ T"E)ya | M,
"

where M > sup,.., ¢(lly» — pll). Replacing y, with y,, and letting j — oo, note that ||y, —
T™(,)¥.]l = 0 and lim,_, oo fg;—‘ =0, we have that

((A-yNzly(z-p) <0, VpeF(T).

That is, z € F(S) is a solution of (3.2). Then z = x. In summary, we have that each cluster
point of {y,} converges strongly to % as n — o0. This completes the proof. O

If A =1, the identity mapping on K, and y = 1, then Theorem 3.1 reduces to the following
corollary.

Corollary 3.2 Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux differentiable norm and admits the duality mapping J,, K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s > 0} be an asymp-
totically nonexpansive semigroup on K with a sequence {k,} C [1,+00), limy_.o0 ky = 1 and
SUp,,», kx < N(E)'? such that F(S) # 9. Let f € Tk with coefficient a € (0,1) and let {a,)
and (t,} be sequences of real numbers such that 0 < «, <1, t, > 0. Then the  following hold:
G If '—‘g;—‘ <1-a,¥n > 1, then there exists a sequence {y,) C K
defined by

Yn= anf(yn) +(1- an)Tn(tn)ym n>1 (3.10)

(ii) Suppose, in addition, lim,_. [|yx — T()yu |l = O uniformly in t € [0,00) and the real
sequences {a,} satisfies lim,_, oo @, = 0 and lim,_, o 5::—1 =0.
Then {y,} converges strongly as n — 00 to a common fixed point % in F(S) which solves the

variational inequality:
(U-HxJx-2) <0, zeF(S) (3.11)

If f = u, the constant mapping on K, then Corollary 3.2 reduces to the following corol-
lary.
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Corollary 3.3 Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux differentiable norm and admits the duality mapping J,, K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s > 0} be an asymp-
totically nonexpansive semigroup on K with a sequence {k,} C [1,+00), lim,_.oo ky = 1 and
SUp,,, ku < N(E)"? such that F(S) # 0. Let {a,,) and (t,) be sequences of real numbers such
that 0 <oy <1, t, > 0. Then the following hold:

@ If "—‘g;—l <1,VYn > 1, then there exists a sequence {y,} C K defined by

Yo=agd+(1—0,)T" (&)Y, n=>1. (3.12)

(ii) Suppose, in addition, lim, . ||y, — T(t)ya|l = 0 uniformly in t € [0, 00) and the real
sequences {a,} satisfies lim,_.o @, = 0 and lim,_.o fgfl =0.
Then {y,} converges strongly as n — o0 to a common fixed point % in F(S), which solves the

variational inequality:
(F-wJp(x-2) <0, zeF(S). (3.13)
Next, we present the convergence theorem for the explicit scheme.

Theorem 3.4 Let E be a real Banach space with uniform normal structure, which has
a uniformly Gateaux differentiable norm and admits the duality mapping J,, K be a
nonempty, bounded, closed and convex subset of E such that K + K C K. Let S = {T(s) :
s > 0} be an asymptotically nonexpansive semigroup on K with a sequence {k,} C [1,+00),
limy .00 ky = 1 and sup,.., k, < N(E)' such that F(S) # 9. Let f € Nx with coefficient
a € (0,1), A a strongly positive bounded linear operator on K with coefficient ¥ > 0 and
O<y< 4L;)l’- Let {B,) and {t,} be sequences of real numbers such that 0 < 8, <1,t, > 0,

(Cl) hih, e By =0;

(C2) limy oo i1 = 0;

(C3) oo Bn =00
For any xy € K, let the sequences {x,} be defined by

Xnsl = ﬂHYf(xn) + U = .BHA)T"(tn)xn dsa n= 0 (314)

Suppose, in addition, lim,_.oc ||%, — T()x,|| = O uniformly in t € [0, 00). Then {x,) converge
strongly as n — 00 to the same point X in F(S), which solves the variational inequality (3.2).

Proof By Theorem 3.1, there exists a unique solution % in F(S) which solves the variational
inequality (3.2) and y,, — % as m — o0. Next, we prove that

lim sup(yf (%) - A%, J, (x, — %)) < 0. (3.15)
n—oc
Forall m > 1, n > 1, we have

Ym = %n = Q¥ (V) + (I - amA)Tm(tm)ym —Xn
= & (¥ Om) = AYm) + (T™ (byn)Ypm — T™(tye)%)
+ (T™(tm)%n = %n) + W (Aym = AT™ () Ypm).-
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It follows from Lemma 2.2 that

O ([1ym = #ull) = S| (7 = cmA)T™ () Yom — (I = et ),
+ am(vf Orm) - vR) + yf(R) - A% + AX - Ax,) )
< O(||(7 = amA)T™ (tm)%n = (I — tmeA) %y
+ U (F@m) = f®)) + A% = Axu|)) + aulyf®) - AR, T, (0 - 7))
< @(e()(1 - & ?) | T (tn)2n — T" ()| + wyalix, — %)
+ ay (f®) —f @), Jp O - %)
< (@) — ok llxn — Xl + ctuy ez, — )
+ (Y f(R) = AR, o (5, — X))
< O([@(D(1 - n? ks + ctnyea] 5, - F)
+an(vf ) - AR, Jp (30 - 3)
< [@()(1 - e 7Yk + ety ]|l - 7])
+ (V) - AR),J (x - 7))
< [(1 - eMan?) (ke = 1) +1 - an (V)7 - ya) | @ (Il - 71)
+an(yf (%) - AR), ] (xy - X))
< (L= aa(p)y - ya)) (% — %) + (1 - p(Qets7 ) (ke - )M

+ au(Vf(X) - AR), Jy (x, — 7). (3.16)

It follows that

19 = %l (1Y = 2 l)

= (@m (S Om) = Aym) + (T™ En)Ym = T™ (tr)%)
+ (T (tm)%n = 2n) + Com (AYm = AT™ (b)) T O — %))

= (Y Om) = Ams Sy O = %)) + (T™ o )ys = Tt T O — %)
T )% = % Jp O = %)) + Qo A = AT™ (tn )Y g Y — %)

< (VS Om) = ATy O = %)) + | T™ )Y = T )| (190 = %)
+ | T Em)%n = 20 | @ (1Ym = %ull) + o | AVn = AT ton) |0 (190 - 5 ]1)

< (¥ Om) = Ao Sy Om = %)) + K1Y = %10 (e = %)

+ " T (tm)%n — %y ||(P(")’m —Xn ”) + 0y "A (y.m = Tm(tm)ym) "Ep(llym -xn")-
Since K is bounded, so that {x,} and {y,,} are all bounded, and hence

(yf(ym) "Aymo]w(xn _ym))

o T™ (b — %
<= SV (’";)"” = "M+||A(y,,,—T’“(t,,,)y,,,)“M, (3.17)
m m
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where M is a constant satisfying M > sup, ..y @(llx» — ¥ml). By our hypothesis,
lim,,_, o0 ||%, = T(£)x,| = 0, uniformly in ¢ € [0,00). By induction, we can prove that for
allm =1

lim ||x, — T™(£)x,|| =0, uniformly in ¢ € [0, 00).

n—00
Hence for all m > 1, we have

im ||, = T (m)%u | =0, asn— oo. (3.18)

H—00
Therefore, taking upper limit as # — oo in (3.17), we have

lim sup()’f(?m) — Aymrfw(xn _J’m))

n—oo

< limsup k"‘;_ le + lim sup || A (ym — T™ (bu)ym) | M. (3.19)
m n—o00

n—oo

Since K is bounded, it follows from (C1) that
|y = T™ )| = @n | ¥f D) + AT™tn)ym | = 0 a5 m — o0. (3.20)

And then, taking upper limit as 7 — o0 in (3.19), by (C3) and (3.20), we get

lim sup lim sup(y.f (Ym) — AVms J (%n = Ym)) < 0. (3.21)

m—00 n—oQ

On the other hand, since lim,,_. y,x = ¥ due to the fact the duality mapping J, is norm-
to-weak* uniformly continuous on bounded subset of E, it implies that
(vf @) = A% Jo (50 = 2)) = (v Om) = AV Ty (5n = 30))|
- I(yf(i) "Ai:)rtp(xn _i) —Iw(xn —J’m)) 3 (Yf(i) - Yf()’m) +A)’m _Air]w(xn -J’m))l
< |(WfR) - A% Jy (% = %) = Jo (o — 3m)|
+ [/ @ = vfom)| + |AGm - D)@ (150 = ymll) = 0, a5 m — o0
Therefore, for any given ¢ > 0, there exists a positive number N such that for all m > N
(]’f(i) — A, Jp (% - _%)) = (}’f(ym) = Ay, J o (%n —J’m)) te.
It follows from (3.21) that
lim sup(yf (%) - Ax, Jo(xy - X))
n—oc
= limsup lim sup(y f (%) - A%, J,, (x, — %)

m—oc H—+00

< limsup lim sup(y f (Vm) — Ay, J, (% "J’m)) +&

m—»0o0 n—o0

<&,
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Since ¢ is arbitrary, we have

limsup(yf (%) — A%, J, (x, - %)) < 0. (3.22)
=00
Finally, we show that x,, — X as n — oc.

(|lxna = Xll) = S(||(7 = BuA) T" (b ~ (I - BnA)%
+ Bu(vf ) - vf(®) + ¥f(R) - A@) )
< (|7 - BuA) T (t)n — U = Br)% + Buy (Fn) — @) |)
+ Bulvf (%) - AR), ], (7 - 3)
< D(e(W)(1 - Bu?) | T"(tn)%n — T"(ta)%| + Buy el — %))
+ Bay [f @) —f @), J (v - %))
< D(@()(1 = BuVkulln — | + Buyerl|x, - X))
+ Bulvf®) - AG). Ty (s - 7))
< O([@)(1 - Bk + Baya]llx, - %)
+ Balvf (&) - A, T (30 - 7))
< [eM)A - Bk + Buya]® (|l - 7))
+ Bulvf (%) = AR), Ty (x, - 7))
< [ -eMB7) ke = 1) + 1= B,(p(1)7 - ya)]®(llx, - &)
+ Bulvf(R) - A, Sy (30 - 7))
< (1= Bu(e)7 - ya))(llxn - %) + (1 - 9(1)B,7) (ke - )M”
+ Ba(yf ) - AR), S (3, — 7)), (3.23)

where M” > 0 such that sup,,.; ®(llx, - x||) < M”. Put
$u = Bu(0(1)7 - ya)

and

_ (1-eWBay k,.—l) , 1 L B
6"_( ) ( = "oy ._ya)(l’f (&) = AR). S, (%0 - X).

p(1)y - yo Bn
Then (3.23) is reduced to
D (a1 = Fl) < (1= 5,)D (12 - #ll) + 5,0, (3.24)

Applying Lemma 2.6 to (3.24), we conclude that D([l%41 — X[|) = 0 as n — oo; that is,
%u = X as 1 — 00, This completes the proof. O

Using Theorem 3.4, we obtain the following two strong convergence theorems of new
iterative approximation methods for an asymptotically nonexpansive semigroup S.
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Theorem 3.5 Let E be a real Banach space with uniform normal structure, which has
a uniformly Gateaux differentiable norm and admits the duality mapping J,, K be a
nonempty, bounded, closed and convex subset of E such that K + K C K. Let S = {T(s) :
s > 0} be an asymptotically nonexpansive semigroup on K with a sequence {k,} C [1,+00),
limy, oo ky = 1 and sup,., k, < N(E)'? such that F(S) # 0. Let f € Tk with coefficient
a € (0,1), A a strongly positive bounded linear operator on K with coefficient ¥ > 0 and
O<y< @K Let {B,} and {t,} be sequences of real numbers such that 0 < 8, <1, t, > 0,

(C1) limy oo By = 0;

(C2) lim, .o &=L = 0;

(C3) w0 Bu = 0.
For any wy € K, let the sequence {w,} be defined by

Wil = ﬁan(Tn(tn)Wn) + (/- .BnA)Tn(tn)wm n=>0. (3.25)

Then {w,} converges strongly as n — oo to a point  in F(S) which solves the variational
inequality (3.2).

Proof Let {x,) be the sequence given by xy = wp and
Xpel = ﬁnyf(xn) + (I == ﬂnA)Tn(tn)xm Vn >0.

By Theorem 3.4, x,, — . We claim that w,, — %. We calculate the following:

Ins1 = Woerll = By [ Gen) =f (T Ealwn) | + 1 = Bu || T (6} — T"(tr)w

< Byt [xn = T @) Wu | + @A = By7) in) 1% — il

< Buve|xa - T"6)Z| + Buya| T"(6)% - T" (6w,
+ QL = B 7) ki) 1 = W

< Buyallxa — x| + Buy aky % — w, ||
+ QL = B ) ki) 1 = W

< Buyalxy =zl + Buy alwy — x4l + Buyaky % — %, ||
+ @)1 = By P ) k) I — Wil

= @)1 = Bu?) k) 1% = Will + Byy et Wy — 2,
+ Bulye + k)|, - 3|

= (91 = By 7)Kn) + Buy ) 1%, — i
+ Bulya + k)|, — ||

< [(1-9WB7) ke~ 1) +1- B, (0()F - yar) I - wi |
+Balye + k) ||%, — 7|

< (1= Bule7 = ya)) I3 — wall + (1 - (1B, 7) (ks — )M
+ Balya + k) l|x, - x|,
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where M > 0 such that sup,,., ||x, — w, | <M. Put

su = Bu(@(1)7 - ya)

and

o (TARY Bty Gkl

1)y - ya B (p()y —ya)
Then we have that
[|%41 = Wyeaa |l < (1 - Sn)"xn — Wyl + $,0y. (3.26)

It follows from (C3), lim,,_, » ||%, — X|| = 0 and Lemma 2.6 that ||x,, — w,|| — 0 as n — oc;
that is, w, — X as n — o0. a

Theorem 3.6 Let E bea real Banach space with uniform normal structure which has a uni-
formly Gateaux differentiable norm and admits the duality mapping ], K be a nonempty,
bounded, closed and convex subset of E such that K + K C K. Let S = {T(s):5>0} bean
asymptotically nonexpansive semigroup on K with a sequence {k,} C [1, +00), lim,_. o0 ky =
1 and sup,,,, ky < N(E)'? such that F(S) # 0. Let f € Tg with coefficient a € (0,1), A a
strongly positive bounded linear operator on K with coefficient 7 >0 and 0 < y < 2%)1: Let
{Bn} and {t,) be sequences of real numbers such that 0 < 8, <1, t, > 0,

(C1) lim,,, o Bu=0;

(C2) lim,,q &= = 0;

(C3) 3o Bu=c0.

For any zo € K, let the sequence {z,) be defined by

Zns1 = T"(tn)(ﬂnyf(zn) +(I - ﬁnA)zrr)r n>0. (3.27)

Then {z,} converges strongly as n — oo to a point % in F(S) which solves the variational
inequality (3.2).

Proof Define the sequences {w,} and {o,) by

Wn = Bu¥f(2n) + I - BpA)zs and 0, =Py, n>0.
We have that

Wint = Buat Y (@un) + (1 = BuarA)znar = ouyf (T"(t)W,) + (I = 0,4) T"(ty) .
It follows from Theorem 3.5 that {w,} converges strongly to x. Thus, we have

Iz — 2|l < ||z, - Wyll + |lw,, — X|| = B "}’f(zn) - Az, ” + lwy - |

SPuM +|lwy—%]| = 0 asn— oo,

where M > 0 such that M > SUp,.-, ll¥f(z,) — Az,||. Hence, {za) converges strongly to x.
O
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If A = I, the identity mapping on E, and y =1, then Theorem 3.4 reduces to the following

corollary.

Corollary 3.7 Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux differentiable norm and admits the duality mapping J,, K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s > 0} be an asymp-
totically nonexpansive semigroup on K with a sequence {k,} C [1, +00), limp— ook, = 1 and
SUp,s; kn < N(E)'? such that F(S) # 9. Let f € Tk with coefficient a € (0,1). Let {B,) and
{t.} be sequences of real numbers such that 0 < 8, <1,t, > 0,

(C1) limy o0 By = 0;

(C2) limyoo 8= = 0;

(C3) X0 B = 0.
For any x € K, let the sequence {x,)} be defined by

Xnsl = .an(xn) + (1 . ﬂn)T"(tn)xn d&', n= 0. (328)

Suppose, in addition, lim,,_. o ||%,, — T (£)x,|| = O uniformlyint € [0,00). Then {x,) converges
strongly as n — 00 to a point ¥ in F(S), which solves the variational inequality (3.11).

If f = u, then Corollary 3.7 reduces to the following corollary.

Corollary 3.8 Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux differentiable norm and admits the duality mapping Jor K be a
nonempty, bounded, closed and convex subset of E such that K + K C K. Let S = {T(s):
§ = 0} be an asymptotically nonexpansive semigroup on K with a sequence {k,} C [1, +00),
limy o0 ky = 1 and sup,., ky < N(E)" such that F(S) # 0. Let f € Tx with coefficient
« €(0,1). Let {B,)} and (t,) be sequences of real numbers such that 0 < Bi<l, t,>0,

(C1) limy— o0 By = 0;

(C2) lim, o &1 = 0;

(C3) Xono Bu = 0.
For any xy € K, let the sequence {x,) be defined by

Fns1 = Ptk + (1= ) T"(t,)xpds, n>0. (3.29)

Suppose, in addition, lim,,_, ., ||x, - T(t)x, [l = 0 uniformly in t € [0, 00). Then {xx} converges
strongly as n — o0 to a point % in F(S) which solves the variational inequality (3.13).
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