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Abstract
ln this papet we introduce the modified general iterative methods for nnding a

common fixed point of asymptotically nonexpansive semigroups, which is a unique
solution ofsome variational inequality. We prove the strong convergence theorems
of such iterative scheme in a real Banach space which has a uniformly Gateaux
differentiable norm and admits the duality mapping/e and uniform normal structure.
The main result extends various results existing in the current literature.

l lntroduction
Let -E be a normed linear space, K be a nonempty, closed and convex subset of .6. Let U

be a self-mapping on K. Then T is said to be aslmptotically nonexpqnsive if. therc exjsts a

sequence {k,} c [1,m) with lim,--k, = 1 such that

llT'x - T-yll < k)lx - yll for all *,7 e r( and z 2 1.

The class ofasymptotically nonexpansive maps was introduced by Goebel and Kirk [1] as

an important generalization of the class of nonexpansive maps (i.e,, mapping T : K --> K
such that ll?- - ?ll 3llr - yll,Yr,y e K).

A mapping 7 is said tobe uniforml| L-Lipschifziar, ifthere exists a constant, > 0 such

that

llr'x-r'yll<Lllx-yll, for all r,y e K and z 2 l.

It is clear that every asymptotically nonexpansive is uniformly L-Lipschitzian with a con-

stant I = supa>r ka > 1. we use F(I) to denote the set of frxed points of f, that is,

F(T)={xeK:.Tr=xl.
A self-mapping/: K --.> r( is a contraction on ( if there exists a constant q € (0,1) such

that

lvo -f 0ll 
=qllx 

- vll for att x'v e K.

We use fI6 to denote the collection of all contractions on K. That is,

nr = (/:/ is a contraction on r().

O 20t 3 Wingk€e€e and Preecharilpi liceng€e Spdnger Thit is an Open tucett anrcle ditlribuled under the lermt of the Creati\€

Commonr Attribution Liceng€ (htp//cEati\ecommont.org/lkenseyby/2o) which permitt unrertricted ut€. ditlribution, and e-
Fodtrtiorl in nny rnedium, govided ttle origillal work 6 p{ogart dd

(1.1)
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Ahmily.5=(7(s):05s<oolofmappingsofI<intoitselfiscalled,atasymptotically
none$pansive semigrorp on K if it satisfies the following conditions:

(i) I(0)r = 'r for all, € K;
(ii) T(s + r) = T(s)I(r) for all s,e 2 0;

(iii) there exists a sequence {k,} C U, oo) with lim"*oo k,, = I such that for all r,y e K
llrn Qb - rr Oyll 3 k"llr - yll, Yt > o,Yn > t;

(iv) for all.r e r(, the mapping , F, 7(t)* is continuous.

An asymptotically nonexpansive semigroup S is called, nonexpansive semigroup if kr = I
for all z 2 1. We denote by F(.t) the set of all common fixed points of S, that is,

F(S) := [r e I(: T(r), = r,o 
= 

, < oo] = O.(.frl).
l:0

A gauge function g is a continuous strictly increasing function 9: [0,oo) --+ [0,m) such

that p(0) = 0 and 9(r) -r m as , --+ oo. Let -E* be the dual space ofE. The dualit), mapping

Is: E --+ 2* associated tq a gauge function g is defined by

h@) = lf e E :lr,f) = l*lr(lrl), IF ll = e(l,l)I, yr € E.

ln particular, the duality mapping with the gauge function q(t) = f, denoted by,I, is referred

to as the normalized duality mapping. Clearly, there holds the relation /e (r) = ffil{*; fo.
all r /0 (see [2]). Set

ft
o(t) = I ekldr, Yt 20,

Jo

then

/e(r) = ao([rll), vr € E,

where 0 denotes the subdillerential in the sense of convex analysis. Furthermore, tD is a

continuous convex and strictly increasing function on {0, m) (see [3]).

ln a Banach space E having dualit), mapping,I, with a gauge function 9, an operator A

is said to be stronfy positive l4l if there exists a constant , > 0 with the ProPert),

(Ar,,re(r)) > i llrlle(llrlt)

and

llul - pAll=,sup l({or - fe)r,/c(r)}|, c e [0,tl,l e [-1,1], 0.3)

where I is the identity mapping. lf E := H is a real Hilbert sPace, then the inequality (1.2)

reduces to

0.2)

(Ax,xl > illrllz for all r e H. (1.4)
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Let r € C. Then, for each, € (0,1) and for a nonexpansive map U, there exists a unique
pointrr € C satisffing the following condition:

\=(t-t)Tx.+tu,

since the mapping G, (r) - (l -t)Tx +tu isacontraction. When lf is a Hilbert space and I is

a self-map, Browder [5] showed that [*r] converges strongly to an element ofF(7), which
is nearest to r as , --+ 0'. This result was extended to various more general Banach space

by Morales and )ung [6], Takahashi and Ueda [7], Reich [8] and a host of other authors.
Many authors (see, e.g [9, 10]) have also shown convergence of the path

rn = (l -a,lTnx, + a,u

in Banach spaces for asymptotically nonexpansive mapping self-map 7 undersome condi-
tions on ou. In 2009, motivated and inspired by Moudafr U1l, Shahzad and Udomene [12]
introduced and studied the iterative procedures for the approximation ofcommon 6xed
points of asymptotically nonexpansive mappings in a real Banach space with uniformly
Gateaux differentiable norm and uniform normal structure.

Let .9 be a nonexpasive semigroup on K. In 2002, Suzuki [13] introduced, in Hilbert
space, the implicit iteration

where {qr} is a sequence in (0,1), {r,} is a sequence ofpositive real numbers. Under certain
restrictions to the sequence {o,} and (r,}, Suzuki proyed strong convergence of (1.5) to a

member of F(6) nearest to a. In 2005, Xu [14] extended Suzuki [13]'s result from Hilbert
space to a uniformly convex Banach space having a weakly continuous duatity map,L with
gauge function g. In 2009, C\ang et al. [15] introduced the following implicit and expticit
schemes for an asymptotically nonexpansive semigroup:

l" = 0- a)afa( yn+dnu, ueK,n21,

r"i=O- p,)T'(t,lxn + pnu, ue K,n>0,

where an,0o e (0,1) and ,, € R+ in a real Banach space with uniformly Gateaux differ_
entiable norm and uniform normal structure. Suppose, in addition, that lim,__ llr, _
I(r)*,fl = 0 and lim,-*lly, - r\y,ll = o uniformly in, € [0,oo). Then the {*,} and (7,}
converge strongly to a point of F(5).

Very recently, motivated and inspired by Moudafi [11], Cholumjiak and Suantai [i6]
studied the following implicit and explicit viscosit), methods:

r, = a,tfly) + (r - a)T(h)y* n> r,

(1.5)

and

(i.6)

0.7)

(1.8)

and

r,t = onf@) + (l -q)T(trlx* n> O. (i.e)
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They obtained the strong convergence theorems in the frame work of a real reflexive

strictly convex Banach space which has a uniformly Giteaux dilferentiable norm and ad-
mits the duality mappingle. For more related results, see [17-19].

A tfpical problem is to minimize a quadratic function over the set ofthe fixed points of
a nonexpansive mapping on a real Hilbert space H:

I
minl(Ax.xl - lx,b), (1.10)

where C is the fixed point set of a nonexpansive mapping 7 on H and & is a given point
in H. In 2009, motivated and inspired by Marino and Xu [20], Li er6, [2U introduced the
following general iterative procedures for the approximation of common fixed points of
a nonexpansive semigroup (T(s) : s 2 0) on a nonempty, closed and convex subset K in a
Hilbert space:

)r, = a,yfly) + (t - o,a1L 
lo" 

r1gy,ar, n 2r, 0.ll)

and

x*1=o,yf(x,)+(t -o,4! [" r<i",ds, n>-o, O.l2)- t, Jo

where {oo} and (1,} are sequences in [0,1] and (0, oo), respectively, ,4 is a strongly pos-
itive bounded linear operator on C and./ is a contraction on C. And their convergence
tieorems can be proved under some appropriate control conditions on parameter (or)
and (r,). Eurthermore, by using these results, they obtained two mean ergodic theorems
for nonexpansive mappings in a Hilbert space. Many authors extended the Li et a/. I21]!
results in direction ofalgorithms and spaces (see [22-27]).

In this paper inspired and motiyated by Changet al. [15], Cholamjiak and Suantai [16],
Li, Li and Su [21], Vangkeeree and Wangkeeree [24] and Wangkeer ee * al. l4l, we in-
troduce the following iterative approximation methods (1.13) and (1.14) for the class of
stronglf continuous semigroup of asymptotically nonexpansive mappings S = ( T(s) : 0 <
s < oo):

y,=qnyfU)+U - d,A)T'(t,)y,, n>1,

and

x,-1= p,yf(x,) + (I - frrA)Tr(t,)x,, nzo, (1.14)

(1.13)

where A is a strongly positive bounded linear operator on K andjf is a contraction on K.
The strong convergence theorems ofthe iterative approximation methods (1.13) and (1.14)
in a real Banach space which has a uniformly Giteaux difierentiable norm and admits the
duality mapping/, are studied. Moreovei, we study the strong convergence resurts ofthe
following two iterative approximation methods (1.15) and (1.16):

w*1= p,yf(Tr(t,)w,) +(r _ fr,A)7"(t,)w,, n>0, (1.15)
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and

z*t = r"k)(P"yf(d + (r - F"Al:I'(t")z^), n > 0. (1.i6)

2 Prellmlnaries
Throughoutthis paper,let E bea real Banach space and.P be itsdualspace. We write r, -
x (respectively .r, -' .x ) to indicate that the sequence {*n} weakly (respectively weak.)
converges to ,; as usual r, --+ a will symbolize strong convergence. A Banach space E is
saidto uniformly convet if,lor any e e (0,2], there exists 6 > O such tiat, for arry x,y e ll,
ll,," - lll > € implies lllll S 1- 6. It is known tlnt a uniformly convex Banach space is
reflexive and strictly convex (see also 128)). Let U = [x 6 E: llnll = 1]. A Banach space E is
said to be Jnoof, if the limit

.. llr + rrll - ll'tll

exists for all r,/ € U. ln this case, the norm of E is said to be Gd*aux dffirentidble, The
space E is said to have a uriformly Gdteaut diferentiable if for each y e ll, the limit at-
tained uniformly for r € U. The space E is said to have a Frdct et diferentiable if for each
.r € U, the limit aftained uniformly for 7 < ll and uaiformly Frechet diferettiable if, the
limit attained uniformly for r,7 e U. It is well known that (uniformly) Gateaux difieren_
tiable of the norm ofE implies (uniformty) Frdchet difierentiable.

The following Lemma can be found in [16].

Lemma 2,1 [16, Lemma 2.6] Let E be a Banach space which has a uniformly Giteaux
diterentiable norm and admits the duality mapping Is, then Jn is uniformly continuous
Irom the norm topolog! o/ E to the weak topologr of E* on each bounded subset of E.

The next lemma is an immediate consequence of the subdifierential inequality can be
found in [3].

Lemma 2.2 13) Assume thdt a Banach space E which ad.mits a d.uality mapping Je with
gauge g. For all x,y e E, thefollowing inequality holds:

o(;1.r +rll) s o(llrlt) + p,i,1* + t)1, i,@+y)elr(x+y).

Let K be a nonempty, bounded, crosed and convex subset of a Banach space E. Thediameter ofr( be defined by d(() := sup{llx - yll : x,y e Kl.Eor each.r € K, denote r(r,,() =sup(ll* ../ll i r,y e tr() and denote by r(K) = inf{r(.r ,x) : x e Kl the cheisnev radius of Kreldtive to itself. The normal structure coeficient N(E) of Eis defined by'

N(E) ,= irf{#) ,( is a bounded, closed and convex of E with d(K), ol.
I

A Banach space E is said to have azlfo rm normal structure if N(E) > l. It is known thatevery Banach space with a uniform r
and. unirormly smoo.r, n"n..r,,r"."lTll ;:H*."n:Xfffi 

Everv unirormrv convex

The following existence theorem of an asymptotically nonexp"nri"" _"pping i" ,rufrttools for our proof.
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Theorem 2.3 [9, Theorem 1] Suppose E is a Banach space with unilormly normql struc-
ture, K k q. to emg bounded subset oJ E, qnd T : K --+ K k a uniformly k-Lipschitziat
ma.pping with k < N(Xlrt2 . Suppose also there e*is,s a tonemptl, bounded, closed and con-

ver subset K' of K with thefollow@ property (P):

r e K' implies @.(x) c K*,

wh*e to*(x\ k the weak @-limit set if T at x, i.e., the set

ly e E , y = weak - lim 7-,x for some n, --+ ol -l" i-F t

Then T has afixed point in K*.

ln order to prove our main result, we need the following lemmas and definitions.
Let I@ be the Banach space of all bounded real-valued sequences. Let LIM be a contin-

uous linear functional on /6 satisfying llllMll = 1 = LIM(l). Then we know that LtM is
mean on N if and only if

inf(a, :z e N) g LIM(a) 5 sup{a" :n e N}

for every a = (a1,a2,...) e /@. Occasionally, we shall use LIItiI,(a") instead of LIM(a).
A mean LIM on N is called a Banach limit if

LlNl,(a,) = \lltl,(6 * r7

for every a = (at,az,...1€ ,b. Using the Hahn-Banach theorem, or the Tychonofi fixed-
point theorem, we can prove the existence ofa Banach limit, We know that ifp is a Banach
limit, then

lim.infa" 5 LIM,(a,) S lim supa,

fot every a = (aya2,...1 I p.
Subsequentll, the following result was showed in [16].

Proposition 2.4 [16, proposition 3.2f Let K be a nonempty, crosed and conver subset ofa real Banach space E which has a uniftrmry Gd.teaux diferentiabre norm and admits
the duality mapping ln. suppose that lxnl is a bounded sequence or K ald tet LtMn be aBqnach limit and z e E. Then

LtM"o(llx, - zll) = inf LrM,o(llr, _yll),

if and only iJ

Llll,"(y - z, jn@, - z)l . o, yyeK.

The next valuable lemma is proved for applFng our main results.
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Lemma 2.5 [4, Lemma 3.1] Assume that a Banach space E $,hich admiB a duality map-
ping Ie with gauge V . Let A be a strong positive linear boutded operatot on E with coefrcient

| > o and o < p 
= 

s(t)llAll-l. Then lll - pAll < e\)g - pi).

In the following, we also need the following lemma that can be found in the €xisting

literature [29].

Lemma 2,6 [29, Lemmaz.ll Let ld,l be a sequence of nonnegatiye rcal number satislling
the property

ad+t 
=(l- 

y)on + ydp,, naO,

where ly,l c (0,1) and (p,l !W, such that lfloyn = a ard limsup,-* pn 3 O. Then la^l
converges co zero, 4s n --> @,

Lemma 2.7 [3] Let C be o nonempty, cbsed and anvez subset of a refl*ive Banach space E

and f : C --+ (-a, al a proper lower semicontinuous conve* function such that f (x,l --> @

as llr"ll --+ @. Thet there ists xs e D(f) such thatf(ro) = inf,€cl(r).

3 llain theolem
Theorem 3,1 Let E be a real Banach space with uniform normal structure whkh has a uni-

formly Gateaux diferefiiable norm and admits the duality mapping le, K be a nonempry,

bounded, closed and convex subset of E such that K + K C K. Let S = lT (s) | s Z Ol be an
asyrnptotically nonercpansive semigroup on K with a sequence lkn) C [], +oo), lim,-* k" =
I and stp,,rkn < N(E)rtz such thdt F(3) /b. Letf elly with aeficient a e(0,1),A a
strongly positive bounded linear operator on K with aeficient | >Q andO <y .* and
let lanl ond lt,l be se4uencas oJ real numbers such that O < an <1, tn > 0. Then thelollowing
hoA:

$) tf ff < 9$)t - yq,Yn >1, then there e,cists q sequence lJnl c E defned by

1, = s,yf(y") + (I - a,A)Tr(t,ly,, n > L. (3.D

(ii\ Suppose, in addition,lim,-*lly, - T(t)ynll =0 unforml! in t elO,@) andther l
sequence la,l satisjes limn-* q, = O and lim"*- tl = O.

Then lX"l converg* strongly as n --+ a to a common fited point i in F(Sl which solves the
var iatioflol inequauty i

l(,t - vfl;t, tr7, - 
"'tl 

< o, vzeF(s).

Proqif We first show that the uniqueness of a solution of the variational inequatity (3.2).

Suppose both i e F(6) and x' e F(5) are solutions to (3.2), then

(tt-rgz,t,{i-*'11=o

(3.21

(3.3)

and

((A - ynr', r,(t - r;)l s o. (3.4)
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Adding (3.3) end (3.4), we obtlin

l(A-yf)*-(A-/fl"',,rr(i-r'))so. (3.5)

Noticing that for anyaT e I(,

(Q4-yfh-6-yfit,h@-1,l

= v@ - i, r,@ - il - t (f tr) - f tv), t,t* - il
> ,t|* - rtte(ttx - rtt) - vV<.1 -tO\llV',t* - il
> lo(tt* -ytt) - zco(ll* -rll)

=(, -yd)a(llr_il|)
2 (7e61- yc)o(tt*-rtl) > o. (B.o)

Ther€fore, i = ,' and the uniqueness is proved. Below, we use i to denot€ the unique
solution of (3.2). Since lim,,-- c, = 0, we may assume, without loss of generality, that
a, < g(l) llA ll-r. For each integerrr > l, define a mapping G,, : K --+ K by

G,U) = u,ytlyl + Q - a,A)Tr(t"\, Yy e K.

We shall show that G, is a contraction mepping. For any a, € .lC,

llc,(*) - c,(/)ll = lla,yf(x) + (I -c^A)r"G;r-o,vf\)-U-q,A)r\)tdsll

= l""y V@ -f @)ll + 
ll 
(r - c,Axr(s,h - r @il

< a,yallx - yll + s(r)(l - a"i)ft,llr -rll
= (a,va + e$)$ - a,i)k,)lb - lll
< (k" - a^yu + s(r)a,ik,)lk - lll

= 
(k" - a"(,tl)lk, - ya))ll* - tl.

Since 0 < !] < c(l)l - yc, we have

o.b1 . sg17 -yc <vllfk,-ya.

It th€n follows that 0 < (k, - a,(q(l)lk, - yo)) < l. We have Go is a contraction map with
coeftcient (t,' - a"(g$)f k, - ya\-fhen, for each n > l, there exisB r unique y" e K such
that G,Oi) = /,, that is,

,, = a"yf(r,) + (I - a"AlTi(t,ly,, n > t.

Hence, (i) is proved.

(ii)Definep:K-+ Rby

P(r') = L'in"o(llr" - 1l), t e x,
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where LIM, is a Banach limit on I-. Since & is continuous and convex and g(z) --+ oo as

llzll -+ oo, and E is reflexive, by Lemma 2.7,9 attains its infrmum over E. Let 4 € K be such

that

LIM,o(ll/" - ull) = inf LIM,o(ll/, -.yll). (3.7',|

Let

K: := 
lz e t: p(z) = irf p.Qll.

We have that K* is a nonempty, bounded, closed and convex subset of K and also has

the propert), (P), indeed, ifr e lC aad w e o*(xl, i.e. ry = weak- limi-oo fry.r asi --+ oo.

Notice that, lim,-oo lly" -'f(t)y,ll = 0 uniformly in t e [0, m), by induction we can prove

that for all rz 2 I

,tlL lh, - r(r)/,ll =o uniformly in, € [0,m).

From (3.8) and weakly lower semicontinuous ofl, and for each & > 0, we have that

tt(w) < liminf B(T^i(r).r) s limsupr(I-(r)x)
/-co

= tim supLIM"o(llr, - r^ (h)*ll)

< rimsup[LlM,o(lly, - r-T\y"ll +llr@y, - r^@)xll))

= rim sup LIM, o ( 
ll 
r (Dy, - r* (h]Ell)

= 
lim sup LIM,O (*- ll/, -rll)

= LIM"o(ll/, - "ll)
= p(a) = inf p(y),

which implies that K* satisfies the property (P). By Theorem 2.3, there exists a element
z € K such that z € F(S) n K..

Since I( + K C I(, we have z + yJ @) - Az e K. By Proposition 2.4,

LtM,lz + yf(z) - Az - z,le(y, - z)l 
=0,

it implies that

LtM,lyf Q) - Az,l,g,, - z)l 10. (3.e)

(3.8)

In fact, since O(t) = li,p\)dr,V, Z 0, and p: [0,oo) --+ [0,oo) is a gauge function, then
forI:k:0,p(k ) S q(r) and

7h ft rtottt) = ,/, ekl& = k 
lo vkndx 

= 
k 

Jo 
ek)dr = ko(t).
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It follows ftom lemma 2.2 that

o(ll/, - zlr) = o(ll(I - q,$r'G,)y, -(t - o,A)z

t a,(yf(y,) - yf(z) + rf@ - Az\il)

= 
o (ll(I - a,Arr' G,) y n - (I - q,A)z + o n y V 

t$ - f (z)) ll)
+ a,lyl@) - Az,loU, - zl\

= 
o(s(tXl - c"l) flr'(t,D, - t'(t )zll + a,yall1t, - zll)

+ c"yVQ) -!(zl,IoU, - z)l

= 
o(p(1Xr -c,lX,t,)lly" - zll + a"yally" - zll\

+ a,lyf (z) - Az, In@" - z)l

s o([r(lXr - c,l)(,k") + o,yalll, - zll) + a"lyf (zl - Az,lsts, - zll

= lol\$ - u,i)k, + a,va)o(llv" - z1l) + a,lvf (z) - Az'Isrn" - z)1.

This implies that

o(ll/, - zll) = *,.,.hf , 
"*a,lvf(z) 

- Az,In@, - z)1,

also

o (ll/, - z ll) 3 @6- " yi1 - qt4,\r.f Q) - Az, I,ty, - z7l.

whered,=f.fnut

Ln4o(lr/, - zr) 3Ltm,(r *;j- 1t -,,yla,lrl@ - ez,hrc, - 4l)
<0,

end hence

(o0)l - v u)um,o (tt! 
^ 
- zll) 

= 
o.

Since 9(1)t > yc, LIll"O(lD, - zll) = 0, and then there exists a subsequence {7,r} of @,}
such thatyr, --+ z asl --+ m, we shall denoted by {1}.

Next, we prove that z solves the variational inequality (3.2). From (3.1), we have

t(A- yf)y, = --U - a,A)(t - r(t,llr,.

On the other hand, note for all r,/ € K

((r - r' o,t)* - (r - 1(u,J) .h@ - y)l

= lx -th@ - il -(r(t,)* - r(t,)y,J,@-y)l

= lF-rllp(ll* _rlt) _ lrG,\*_r"G)y,In@_il
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> o(ll" -/ll) - k,ll" - ylls(llx - yll)

z o(llr-7ll) -e,o(llr -/ll)
= 0 _ r,)o(ilr _ril).

Forp e F(S), we have

(a - vltv,, hU, - p\ = - f,!, - ""^x, - 
r^ (h\v,' ho, - ill

I ..
= - ;(Q - r"<t"l)n - (t - r 6)p I,u" - dl

+Qc,(r _r,d,,Dy*h', _ptl

= $o(1,-rtt)' IAU - r6l!*h1, - p)l
q,

s $ o(1, - ytt)' ttAttl,, - r 6t,llM,
dd

where M 2 sup,,,9!ll, - pll\. Reptacing yo with y,, and letting I -+ oo, note that ll/, -
I'(h)y)l --+ 0 and lim,-- $ = 0, we have that

((A-yf)2,1,(z-il],<a, Yp e F(r).

That is, z € F(.') is a solution of (3.2). Then z = i. In summary, we have tlat each cluster
point of p,) converges strongly to i as z --+ oo. This completes the proof. tr

IfA = I, the identity mapping on r(, and y = 1, then Theorem 3.1 reduces to the following
corollary.

Corollary 3,2 Let E be a real Banach spece with undorm normal structure which has
a unilormly Gq.te4ux d6erentiable norm and admits the dualitl mdpp@ Je, K be a
nonempty, bounded, closed and conveq subEet of E Zet 5 = {I(5) : s 1-Ol be an asymp-
totically nonexpansive semigroup on K with a sequence lk,l C [1, +m), lim"-- &n = 1 azd
sup,,, &, < N(.E)rn such that E(S) / 0. Let f e nK wik coefrciefi d e (O,t) and tot la,]
and ltol be sequencx of real numbers such that O < q n < l, tn > O. Then the following hotdt

(il Ifff <t - a,W ?-L, then there esis! a sequence gr,l c K
,lefned bl

y, = aJU) + 0 - o,)T"(t^D,, n > t.

(iil Suppose, in addition,Iima-e llyd - T(t)y,ll = O untformly in t e IO, @\ old the real
sequences {qnl satisfes limn-* s, = O and lim,** # = O.

Then [Jnl converges Etrongl! 4s n --+ 6 to a commonf*ed pointi in F(Sl which solves the
v ar i atio na I ircqaal ity,

l(r -ni;h?, -")l 
= 

o, ze F(,5). (3.11)

If/ = rz, the constant mapping on K, then Corollary 3.2 reduces to the following corol-
l"ry.

(3.10)
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Corollary 3,3 Let E be a real Banach space with uniform normal structure which has

a unifurmly Gdteaux diterentiable norm and admits the d.uality mapping Jv, K be a

nonempty, bounded, closed and convet subset oJ E Zet S = {f(i) : s >_ Ol be an asymp-

totically notexpdtsive semigroup on K with d sequence lk,,l C Il, +6),1im,-*k, = I and

sup,,1t, < N(E)ri2 s uch that F(S) / 0. Let !q,l ond lt,l be sequences oJreal numbers such

that O < dn < l, tn > O. Then thefollowing hold:

0 $ ff . t, v n > t, then there exists a sequence $,1 c K defned by

y" = q,u + (r - q)Ta(t"\y", n>1. (3.12\

(ii\ Suppose, in addition,limr-6llyr - T(t)y"ll = 0 ur.formly in t e lO,,a\ and the real

sequences lc,nl sqtisfies lim,-*an = Q and lim,*- tj = O.

Then {1nl converges strongly as n --+ @ to a commonlxed point i in F(Sl, which solves the

variational inequalityl

li - u,le? - z)l =o, z e F(S).

Next, we present the convergence theorem for the explicit scheme.

(3.13)

Theorem 3.4 Let E be a real Banach space with uniform tomal structure, which has

a uniformly Gateaur diferentiable norm and admits the dualiql mapping Je, K be o
nonempty, bounded, closed and convex subset of E such that K + K c K. Let 3 = lT (s\ .

s 2 Ol be an asymptotkdlll tonerpansive semigroup on K with a sequence lk,l c lL, +a),
lim,-*k, = 7 and stpn=rkn < N(E)ttz such that F(S) / 0. Let f e llK with coefrcient
a e (0,1), A a strolgly positive bounded linear operator on K with coefrcient, > O and
0 < y < *. Let { fr ,l a,nd, lt,l b e se quences of real numbers such th6t O < p, < t, t, > O,

(Cl) lim,*- & = o;

(c2) lim,--f =o;
(C3) I[o f, = oo.

For any xs e K, let the sequences {r,l be defined by

x,.1= B"yf(x") + (t - f,A)Ta(t")x,ds, n>0. (3.14)

Suppose, in a.ddition,limn-.a llx r - T(t)xnll = 0 unrformU in t e lO,*\. Then (x,l converge
strongly as n --+ @ to the same point i in F(E\, which solves the variational inequality (3.21.

ProoJ By Theorem3.l, there exists a unique solution i in F(S) which solves the variational
inequality (3.2) and y^ --+ i as m --> m. Next, we prove that

timsr\rf 6) - Ai, Io(r" - i)) s o.

For all nr 2 l, z 2 1, we have

,n - r" = s^yfQ; +Q - a^A)Tn(t-\^ - x,

=q^010) -ey*l + (rn\^)yn-rnc)xr)
+ (T^(t^lr" - r,) + q*(Ar^_ Ar(hb^).

(3.15)
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It follows ftom Lemma 2.2 that

o(ll/- -""11) = o(ll(r-a.A)r'( bn-U - o,nA]g.r

+ c^(vf1^l - vf (i\ + vf (r\ - ei + ei - Ax")ll)

= 
o(ll0-a,'A)r(hh,-(I - a^Ah,

+a^vV@)-J@)) + a7- Ax,ll) +a,(rf@) -A(ri,Ietor-il\

s o(e0x1- o,i)llrGr)"." - r'(t")il +o,yollx, - ill)

+ 
",yV@l -^zl,t,tt" - *)l

5 o(9(1)(l -c,l)k,llr"-*ll + a"yallr, - ill)

+ u,lyf (*) - A(ll,ln@, - i)l

= 
o([c(lXr - c,l)fr, + a,ya)llx, - ill)

+ c,lyf(r;) - A(l),Iq@, - i)l
< [r(l)(1- o,l)k, + o,7c]o([", -ill)

+ c,lyf(i) - A(r),lrk" - i)l

< [(r - qOl",y)t*, - t) + r -a,(r(1)l - ],")]o(11,, _i[)

+ a,lyf(i) - A(1),lr(*, - *)l

= 
(t - a,(e$)i - yc))o(11*, -;tt) + (r - e(uto,t)k, -r)M
+ a,\y!(1) - A(ic), In@, - i;)1. (3.16)

It follows that

lU^ - r,lls(llh - 8,ll)

= l"^(yI(y^) - ty^) + (r-e^)y^ _ re^)x,)
+ (T^(t^)t^ - 4) + an(Ar,r - Ar\n)ril),h(y^ - *,ll

= u^lyf\) - At^,lett. - x,ll + lrG^)t^ - rQ^h* Ioro^ - r,)l
+ lr^(,-ls, - x,,tjU^ - x,)l + u^(Ay^ - Ar^ (t^b^, h0^ - *)l

= 
c^(ylU) - ey^,IyU^ - x^ll + Ar^G)r^ - r^(t^)x,lls(ttr. -*,tt)
+ llrp^\x" - x,fe(t,^ - *s11* 

"^1110* -Ar^(t^)r^le(t0^- x,|)

="^(yf(il -an,fu@. - *,)l + k^lly^-*,lle(t'^ - r,l)
+ lr G ^h " - 

r, lle (ly 
^ - 

r )t) + a 
^lle 0 ̂  - r G ^ttr ̂ )lls 

(tV 
^ - ",1\.

Since K is bounded, so that {*,} and (7,,} are all bounded, and hence

(rfU) - ey^,1n1r" - r^1

= 
k^r- L M' * W*uA, * V0^ - r ey^)llM,dAm (3.17)
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(3.ie)

(3.20)

(3.21)

where M is a constant satisffing M > sup,.,€N9(llri - /^lll. B,l our hypothesis,

Iim"-- llr, - T(t)x"ll = 0, uniforrnly in , € [0, oo). By induction, we can prove that for
allrnzl

,tim llr, - r-(t)r,ll =0, uniformly in, e [0,oo).

Hence for all nr 2 l, we have

pyll*^- rv;,,11 =0, "',--' *. (3.18)

Therefore, taking upper limit as r, --r oo in (3.17), we have

tinu+\tf U) - 4^,hk, - r-ll

s rimrup &J,yz . [mupllA(/- - r'( ilt^)llM.

Since K is bounded, it follows from (C1) that

llt^ - r\;yll = q,llrf ro^) + er^(t^)y^ll --> o as tt .-+ oo.

And then, taking upper limit as m --+ oo in (3.f9), by (C3) and (3.20), we get

timsup lim sun(r/f.) - Ay^,lc@, - y)l 
=0.

On the other hand, since lim,,*6r,- = i due to the fact the duality mapping /e is norm-
to-weak' uniforrnly continuous on bounded subset ofE, it implies that

l(vf 6) - eil,@, - Al - Vfto^) - ey^,h@" - illl
= llyf (il - e*, Ir@, - il - hk, - y 

^tl 
+ lvf G) - yI 0 ) +,I ̂

 - AZ, r,k, - n)ll

= llvl G) - er;, I'@" - il - h@, - illl
, (lvf G, - vl@dl + llA(/,, -;) ll)e(ll*, -/,"tt) --f o, asm --'oo.

Therefore, for any given 6 > O, there exists a positive number N such that for all m 2 N

(yl@) - Ar,I,(t, - i)l 
= 

(yJU^) - tt^,|,@, - y^ll + e.

It follows from (3.21) that

lim sup(z/(i) - Ai,,rp(r" -i))

= tim sup lim sup{},/(*) - Ar,lek, - i;\

5 timsuplimsu(r/U) - Ay^,lr(x, - nll + t

=€.
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Since € is arbitIary, we have

lim sup(y/(i) - a;,/e(*" - i)) 
= 

0.

Finally, we show that r, --+ i as z -> oo.

o(il*".r -;[) = a(ll(r - pa)r,(t,)*-(r - FA)i
+ f,(yf(x,)-vJG) + /(;)-aG))ll)

= 
o|l(r - $"Alr,(t,h, - (r - fi,,A)i t F^y(f (il -l@)l)
+ fl "lyf @l - A(7), I yU" - $l

< o (r(tXt - f,l) ll 
r, Qrhr - r' (trli1[ + p,y a llx, - ill)

+ F,y V @ - | (11, Ietq" - i)l

s o(p(rXt - f,f)ft" llx" - lll + fi,ycllx, - ill)
+ $,lvl@ - A(i),Ie@, - i)l

= 
o([e$Q - F,i)k, + P,yaf1tr, - ill)
+ i,(yf (11 - A(r), l r(x" - 1ll

=lo$$- F,i)k, + P,yc)o(lll,-itt)
+ p,lyf(i) - A(x),In@, -1)l

=[(t-s(t)p,r)(k,-t) 
+t- p,(egti - rc)]o(il,, _i[)

+ fr,lvf G) _ ts.(i),Ir@, _ i)l

= 
(t- p,(egi - yc))o(ltr, -;[) + (r -sI)f,i)k" _\M,
+ p,lyl6) - A(i)J,(rr - i)1,

where M'> 0 such that sup,,r O(llr, -ill) < M,,. put

*=0,(s(rli-yq)

and

(3.22)

(3.23)

". = (##)(T)* . oaL,awo - A(i),r,k. _ i\.

Then (3.23) is reduced to

o(lld,.r - ill) < (1 - s,)o(llx, - ill) + s,o,. (3.24)

Applying Lemma 2.6 to Q.2q, we conclude that O0lr*1 _ ill) _+ 0 as z --+ oo; that is,
xr --+ i as z --+ oo, This completes the proof, D

Using Theorem 3.4, we obtain the following two strong convergence theorems of new
iterative approximation methods for an asymptotically nonexpansive semigroup S.
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Theorem 3.5 Let E be a reql Banach space with uniJorm normal structure, which has

a uniformly Gateaux diferentiable norm and admits the duality mapping lo, K be a
nonempty, bound,ed, closed and conver subset of E such that K + K c K. Ler 5 = {7(s) :

s Z0l be an arymptotically nonexpansive semigroup on K with a sequence lkol C U, +oo),

lim,--k, =1and wp,.rko < N(Eltn such that F(S) /0. Letf e K with coefrcient
a € (0,1), A a strotgly positive bounded linezr operator on K with coefrciefi i >O and,

O < y <@L. Let (F,l and lt,l be sequences ofreal numbers such that O < pr <I, h>0,
(C1) lim,-- p, = o;

(c2) lim,*- %r = o;

(c3) ![o P, = oo.

For any wo e K, let the sequence (w,l be d.efined by

w*1= p,yf(Tr(t,)w,) + (r - p,A)rr(t,)w,, nzo. (3.2s)

Then lw"l converges strongly 4s n --+ @ to a point i in FIS) which solves the va ational
inequality (3 .2) .

Proof Let lx"l be t\e sequence given by fio = wo and

x,4 = B"yf(x,\ + (t - p"A)T'(t,\x,, v,t > 0.

By Theorem 3.4, ,r, --+ i. w'e claim that ryn --+ i. We calculate the following:

l*,-t-w,.{il = p,ylv@) -f (r,fr,t",)ll . |r - pnA|llT\"h, _ r"(t,)w,ll

s P,yqllx, - r'(ilw,ll + eg)e - p,y)(k,)ilx, - w,tl

< ff,yallx, - rr(t"\ill t p,ydll.r,(t,)i _ r,(t,)w,ll

+ eQ)g- p,fl(k)llr, - w)l

< fr"yallr, - ill + B"yak,lli _ w,ll

+ eg)Q - p,l)(k,)llx" _ w)l

< f,yallr, - ill + p,yallw, _ x)l + A,yqk,lli _ x,ll

+ eg)e _ p,l)(k,)llx" _ w)l

= eOXl _ prixk)llx" _ w,ll + p,tqllw, - x,ll

+ fl,(ya + k,)llx, _ ill
= (e@O- P,ilk) + f ,yq)ttx, - w,1

+ 0"0q + k,)llr, _ill

= [(t 
_ e1t1 p,V1 

111. 
_ 1) + t _ f ,(p(r)y _ y a))lx, _ w,tl

+ p,(ya + k,)llr, _ill

= 
(r - p,(e\i - yo))il*, _ l1/,|p + (t_ee)p,t)(k,_r)M
+ p"(ya + k,)llx^ _ ill,
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where M > 0 such that sup,,r ll*, - ly,ll 
= 

14. Put

s,=fi,(s(r)f-va)

and

+ snon. (3.26)

= 0 and Lemma 2.6 that llrn - r7,ll --' 0 as z --' m;
D

".=(##)(T)'.#ffiv"-t1
Then we haye tiat

lls,*r - rr,*r ll < (1- s,)lla, - rs,ll

It follows from (C3), Iim,-- Ih" - ill
that is, wn --+ i as z --+ oo.

Theorem 3.6 Let E be a real Banach space with uniform flormal structure which has a uni-

/orm$ G'iteaur diferentizble norm and admits the d.uality maWW Ie, K be q nonempry,
bounded, closed and convea subset of E such th4t K +K C K- Let S = lTls) ts>_Ol bean
asrmptoticalq noneapansive semigroup on K with a sequence lknl C [], +m), lim,*- k, =
1and supn.,kn < N(E)ttz such that F(81 /b.LetI eflK with coefrcient q e (O,t), A a
stronglypositiveboundedlinearoperatoronKwithcoeficienti>Oand0<y<9!QL.41

lflnl and (trl be sequences ofreal nwmbers such that O < B, <1, t, >O,
(Cr) lim,-- p, = 9;
(c2) lim,** fil = s;
(c3) IXo&=oo.
For anl za e K,letthe sequence [z,l be d,ef,ned by

z,i=r"G)(P"yf(2")+(t-p,A)2,), n>a. e.2z)

Then {zol converges strolgly os n --+ 6 to a point i it F(g\ ulhich solves the variqtional
inequality (3.2).

Proorf Define the sequences {w"} and {o,} by

w, = p"yf(z) +(I - fi^A)2, and oa=flaa, nZ0.

We have that

w,i = P "nyf k,,) r (I - F *rA)z,a = o 
^yy 

(t- e,)w,) + (I _ o 
^A)Tr tt,)w,.

It follows from Theorem 3.S that (pr) converges strongly to i. Thus, we have

llz" - ill < llz, - w,ll + llw, - ill = fi,flrle) _ *,f+ llry, _ ill
< p"M + llw, - ill -+ 0 as z -_+ oo,

where M > 0 such that .&, > sup, tllyJk) - Az,ll. Hence, (z,l converges strong.ly to i.
D

Page l7 of l9
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IfA = 1, the identity mapping onE, and ), = 1, tien Theorem 3.4 reduces to the following
corollary.

Corollery 3.7 Let E be a real Banach space with utiform normql structure which has

a uniformly Gdteaux difrerentiable norm and admits the duality mapping I* K be a
nonempty, bounded, closed ond convex subset of E Ze, S = { ?.(s) , s >Ol be an asymp-

totically nonexpansive semigrcup on K with a sequence {k,l q 
11, +a),lim,-* k, = I and

sup,,,(n < N(E)r/2 sach thot F(E\ /O. Letl e K with coefrcient q e (O,1\. Let {p,l ald
It,l be sequences o/ real numbers such that O < Pd < l, tr Z 0,

(C1) Iim^*& =0;
(c2) Iim,*- 9l = o;
(c3) lfo P, = m.

For qq ro e K, let the sequence (x,l be defined by

x,.1= B,f@,) + (t - p")T'(t")x,ds, nzo. (3.28)

Suppose, in addition, lim,-oo llr, - U(r)r )l = O uniforml! in t e lO, @). Then l*,1 converges

strongly as n --+ @ to d point i in F(S\, whkh solves the va ational irequality (9.11).

If/ = r, then Corollary 3.7 reduces to ttre following corollary.

Corollary 3.8 Let E be q real Banach space with uniform normal structure which has
a undormly Gateaux diferentiable norm and admi* the duality mapping l* K be a
nonempty, bounded, closed and conve* subset of E such that K + K C K. Ler S = {f (s) :

s 2 0l be an asymptotkally nonerpansive semigroup on K with a sequence {k,l C Il, +@) ,

lim"*.o k,, = I dnd s\pn,tk,, < N(E)ttz such that F(E) / 0. Let f e nK with coeffcient
q e (O,l). Let {flnl ard lt,l be sequences oJreal numbers such thAt O < p, <1, t, >0,

(Ct) lim,l*c. p" = 0;
(C2) lim"r- $;! = 0;
(c3) DIof,=m.

For any xs e K, let the sequence lx,l be defined, by

x,,1= p"u + (1- p")7,(t,)x,ds, n >_0. (3.29)

suppose, in addition,ljlll.,-.o llr" -r(ir,ll = 0 uniformt! in t e l0,a). Thea lx,l canverga
strongl! as n --, 6 to a point i in F(E) which solves the variational inequelity e.l3l.
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