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The concept of quasivariational inequality problem on proximally smooth sefs is studied. Some sufficient conditions for solving the
existence of solutions of such a problem are provided; also some interesting cases are discussed, Of course, due to the significance of
proximally smooth sets, the results which are presented in this paper improve and extend many important resuits in the lterature.

1. Intreduction and Preliminaries may be well defined even if the considered set is ROACORVEXS
) (e.g., when the considered set is a closed subset of a finite
Variational inequality theory is a branch of the mathematics  girancionot space or a compact subset of a Hilbert space,

which is important, and it was also the inspiration for et ) However it may be from the practical point of view one
researchers to find new works, both in terms of mathematics may see that the nonconvex problems are more useful than

and applications such as in economics, physical, biological,  (onyex case, Consequently, now many researchets are paying
and engineering science, and other applied sciences. In 1973, attention to many nonconvex cases,
Bensoussan et al. [1] introduced and studied the concept LetT: H — HbeamappingandletC: H — %(H) be

of the quasivariational inequality, which is a generalized aset-valued mapping, where ®(H) is a family of all nonempty
form of the classical variational inequality that introduced closed subsets of H. In this paper, we are interested in the

by Stampacchia [2]. Later, many researchers proposed and following problem: find x* € C(x*) such that
analyzed the concept of the generalized quasivariational

inequality; see, for example [3-18). It is worth mentioning
that the quasivariational inequality problem is of interest
to study, since in many important problems the considered
set also depends upon the solutions explicitly or implicitly,. ~ where Ngfx)(x) is denoted for the proximal normal cone
In fact, the concept of the quasi variational inequality has  of C(x) of x. The problem of type (1) was introduced by
been applied in many fields such as in economics and  Bounkhel et al. [19. In such a paper, they proposed some
transportation equilibrium, control and optimization theory,  iterative algorithms for finding a solution of type (1), when the
mathematical programming, and game theory. considered mapping is a set-valued mapping, while, in this
In the early period of the research, it should be pointed  paper, we will provide sufficient conditions for the existence
out that almost all the results regarding the existence and  of a solution of such a problem (1). To do this, let us start by
iterative schemes for solving those variational inequalities  recalling some basic concepts and useful resuits that will be
problems are being considered in the convexity setting. Thisis  needed in this work, :
because they need the convexity assumption for guaranteeing Let H be a real Hilbert space equipped with norm | - |
the well definedness of the proposed iterative algorithm  and inner product (., ). Let 27 be denoted for the class of all
which depends on the projection mapping. However, in fact, nonempty subsets of H and € (H) denoted for the family of
the convexity assumption may not be required because it  ail nonempty closed subsets of H.

~Tx" & Ng{x.) {(="), (1)
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2. Main Resulls

In this paper, we are interested in the following classes of
mappings.

Definition 8. LetT : H — H be amapping. Then T is called

(a) B-strongly monotone if there exists § > 0 such that
(TG)=T(y).x-y) 2 Blx-yf', VryeH, (12)
(b) E- Lipschitz if there exists £ > 0 such that

[re)-TO) s Ele-sl, veyeH  3)

That is, in other word, we will make the following assumption,

Assumption (60}, LetT:H - Hand C: H — [CKH)], be
mappings,

(1) T is a B-strongly monotone and a £-Lipschitz single-
valued mapping;
(ii) Cis a sc-Lipschitz set-valued mapping;
(iii) there is w € {0, 1) such that

"Pro;‘c{x) (z) ~ Projg, (z)" solx-y|., Vayzel
(14}

Remark 9. Let H = {~00, 00) and K = [a, b [c, d], for some
positive real numbers o, b, ¢, d witha < b < ¢ < d. Ifwe define
C:H — 2”byC{x) = mi{x) + K, where s : H — Fis
a mapping defined by mi(x) = kx for k ¢ R, then we see that
C is a max{d ~ b, ¢ - a}-Lipschitz mapping, and Assumption
(o} (iif) is satisfied with a constant 2{max{d - b, ¢ — a}}. This
means that Assumptions (&) (ii) and (iii) are independent.

The following remark is very useful in order to prove our
results. Before seeing that, for the sake of simplicity, let us
maie a notation: for each r € (0,00) and s € (0,7), we will
write t, = r/(r — s).

Remark 10, Letr, B,&, w, and & be five positive real numbers
such that § € (0,8), 8 € (0, -/ - 81 - (1 - )2)/(1 - w)?)
andw € [0, 1-ErJE2 mﬁ‘?/(fzr-ﬁé))‘ Ifh:[1,¢] — [0,00)

is a function defined by

_re-y NPE-g[E-a-wf o
MO == 2

foralit € [1,¢], where & = E(1 - w)/+/E? — B2, then h is an
increasing continuous function on its domain. Moreover, we
can check that B/£” is an element of the range of h.

Next, for a fixed positive real number x € [0, 1/(2 ¢ ~1)),
we pick a real namber { = (1~ 0x}/r{< ~ 1). Here, we notice
that { € {1, 00). Let us consider now a case when k™ {B/&%) ¢

(L (1 + &x)/x(1 + ()} Then, by the definition of £, and h isan
increasing continuous function, for s = r(1 - x)/(1 + {x) we
have

% NACEDN VBe - le - ““’)2]’ (16)
3 te0 £, &2

that is,

B VB - 2 [ - (1~ w)] e -
& ta 2 ted

Since r(t,. — 1)/t =", this gives

22 _F2 [ (1 )2 .
B P -E[E - (-o)] S )
& £ & 8
This ailows us to take a real number p such that
gmf(ts.)<p<min{££2+f(ts.),%}, (19)

where f(£) = \B2£2 - B[ - (1 - w)| /182,

Now we are in a position to present our main results,

Theorem 1. LetT: H — H be a single-valued mapping and
let C: H — [CI(H)), be a set-valued mapping. Assume that
Assumption (of) holds and the following control conditions are
satisfied:

M8 € (O -0~ (-0l - w)) and w e

{0,1&r 82 — B2/(E% — BB)), where § = sup{ T {x} :
x € H};

(i1) % € [0, 1/(2 & ~1)), where & = E(1 — w}/JE2 - %

(i) K (BIEY € [1,(1 + Lx)jx(l + O)], where h and { are
defined as Remark 10.

If there is xy € H such that d{(x), Clxg)) < 5" ~ piTx,],
where s" = (1 ~ x)/(1 + {x) and p is a real number
corresponding to s* which is chosen as in (19), then the problem
(1) has a solution.

Proof. Firstly, we will define 2 sequence {x,} in H as follows:

constder an element x; in H such that Hxg, Clxg)) < 5* ~
PiTx,l; we see that

d{xq ~ pTxg, C (%)) < d (25, C (x5 )) + p [ Txg] < s*{. |
20
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Write A = r((1 + x)/(1 + {x)). From the previous argument,
we see that the sequence {x,} also has a property that

%= pTx, € [C{x,)],, (30)
foralln e N,
Next, we will show that {x,} is a convergent sequence, and
its limit is nothing but a solution of the problem (1},
Now, by using the Assumption {gf) {iii) and Lemma 4 (if},
we have
“xnﬂ - xn”
= ”Projc(xn} (xn - ,OTJC") - PI’O}'C(Xﬂ_l) (xnmi - pTx —E)"
= "P Tty (%0~ pT2,) ~ Projer (g - PTxn-«x}”
+ ”ijc:(xn) (%t = pTx 1)

mProjC(x,,_,) (xnwi - PTxn-«i)“

<ty fx, - pTx, - Kt + pT%, || + @0 I, - Xt
(3D

Meanwhile, since Tis 2 B-strongly monotone and &-Lipschitz
mapping, we see that

Jn = P, = ey 4 T, P
= In = Xy = piTo, =1, P
=5 = 2ol = 20T, ~ T, 2, 5,
+ 0T, ~ T, P (32)
< e, = %, - 2pBllx, - x,_,|°
+ 9252”’% = K ﬂz
= (1=2p+ P8 x5, .,

Let 8, = max{1 - 208+ p% (1 ~ w)(r - 1) /2r)*}. Observe
that é; € [0, 0o). Moreover, it follows that

A VO 2] 33)
By replacing (33} into (31), we get
”an - an £ fk\@fixn - xn—l” @ Hxn X —1”

= [fi\[ngrw} b ~ %0t

Letp =y, \@ +@. Then, by a choice of p, one can check that
¥ < L. Subsequently, by {34), we have

(39)

“xnﬂ - xn” 5 Yn ”x, - xO” s Vel (35)

Hence, for any m = n, we see that
-1
ﬂxm - xn” % Z ”xfﬂ - xi"
f=n

< fx; - %ol ?lyi

(36)

< Ix - x| i?’i

imH

s (5 )b -l

¥
This implies that {x, } is a Cauchy sequence in H, since p < 1.
S0, by the completeness of H, there exists x* € H such that
X, = %7 agn - 00,

We now finish the proof by showing that x* is a solution
of problem (1). To do this, we will start by asserting that
x" € C(x™). Indeed, since Xp € Clx,}and Cisa #x-Lipschitz
mapping, we have

d(x"C (")) = d (%0, C (x,)) - d{x",C{x"))
s = = x|+ 5 |x -x". 7

Thus, since Xy = x", we see that d(x", Clx*)) = 0, So, by
the closedness of C(x*), it guarantees that x™ € C(x*).
Next we show that Tx* ¢ N (Clx"), x*). Let us observe

that
Xrl € pi‘Ojc{xH) (xn - pTxn) v Vel (38)
is equivalent to
Xniy € Projc(x"} (xm + (xn - xn-H) "" PTxn) . (39)

And this meang

(xn - xn+1) —PTxﬂ € N(C (xn) ’xn-rl)> Ve N. (40)

Thus, by using the continuity of mapping T, from Lemma 7
we see that pTx™ e -N (C(x"), x*). This implies Tx* ¢
~N{C{x"), x*)}, as required. This means that x* is a solution
of the problem (1), and the proof is completed. {

Remark 12. A condition which has been proposed in the
assumptions of Theorem I1 is that “there is Xg € H such that
d(xg, Clog)) < 5% ~ PITxll, where s* = (1 —w)/(1 + Lx)?
Here, in view of Remark 10 together with the following facts,
one may see that our choice 5* = {1~ k}/(1 + {x) should be
sharpest.

(D) s =r(1~x)/(1 + Ky e b, = (1 + ) fx(1 + ).

{ii) The fanction { = (1 + )l + {) is an increasing
function on its domain,

(D) (T (e /e(1+0) = 0 o { = {1~ ox)/x(o— 1}, where
& =81~ w)/ &2 - £
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