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Abstract
The purpose of the paper Was to introduce the notion of a I -primary ideals in I -AG-
groupoids, we studied I'-ideals, I'-primary and quasi I -primary ideals in I -AG-groupoids, Some
characterizations of I' -primaryand quasi I -primary ideals were obtained. Moreover, we investigated
relationships between I -primary and quasi T -primary ideals in I -AG-groupoids. Finally, we abtained
necessary and sufficient conditions of & 1" -primary ideals to be a quasi I -primary ideals in I -AG-

groupoids,
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INTRODUCTION

Abel-Grassmann's groupoid (AG-groupcid) is the ceneralization of semigroup theory with wide
range of usages in theory of flocks (Naseeruddin, 1970). The fundamentals of this non-asscciative
algebraic structure were first discovered by Kazim and Naseeruddin (1972). AG-groupoid is & non-
associative algebraic structure mid way between a groupoid and a commutative semigroup, It is
interesting to note that an AG-groupoid with right identity becomes a commutative monoid {Mushtag
and Yousuf, 1978). This structure is closely related with a commutative semigroup because if an AG-
groupoid contains a right identity, then it becomes a commutative monoid {5]. A left identity in an AG-
groupoid s unique [5]. It is a mid structure between a groupoid and a commutative semigroup with wide
range of applications in theory of flocks [6). Ideals in AG-groupoids have been discussed in [5] and [41. In
1981 the notion of I'-semigroups was introduced by M. K. Sen [8] and [12]. A groupoid §' is called a T"-

AG-groupoid if it satisfies the left invertive law:

{ayb)dc = (cyb)da
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for all a,b,c€S§ and y,0 €l (See [3). This structure is also known as left almost semigroup {LA-
semigroup). In this paper we are going to investigate some interesting properties of newly discovered

classes of namely; I -AG-groupoid S atways satisfies the I” -medial law:

(ayb) B(cbd) = (aye)p(bod)

for all a,b,c,d €S andy, 3,6 €' (See [3]), while a T -AG-groupoid S with left identity e always

satisfies I" -paramedial law:
(arb)p(cdd) = (dyc) p(boa)
for all a,b,c,d € § and 7, 5,6 eI (See[3)).
In this paper we characterize the I -AG-groupoid. We investigate relationships between T -

primary and quasi I -primary ideals in 1" -AG-groupcids.

BASIC RESULTS
in this section we refer to [11, 12] for some elementary aspects and quote few definitions and
examples which ara essential to step up this study. For more detail we refer to the papers in the

references.

Example 2.1.[11] (1). Let § be an arbitrary AG-groupcid and I" any non-empty set. Define a mapping
SxI'xS—S; by avb=ab for all a,beS and yeT'. It is easy to see that § is a I -AG-

groupoid,
(2. Let I'={1,2,3}. Define a mapping I xI'x0 =0 by ayb=b~y—a for all a,b€l and

¥ € I where " is a usual subtraction of integers. Then Ul is a I" -AG-groupoid.

Lemma 2.2.[12] Every T -AG-groupoid isI" -medial.
Proof. Same as [12]. U

Lemma 2.3, [10, 12} Let §' be a " -AG-groupoid with a left identity, then ay(barc) = by(acc)
forall @,b,ceS andy,acT.

Proof. Same as [10, 12]. []

Definition 2.4[11) Let Sbe a I -AG-groupoid. A nonempty subset 4 of S is called a subT -AG-
groupoid of S'if ATAC A.

Definition 2.5, [11] A sub I" -AG-groupoid 4 of § is called a left (right) I" -ideal of S if STAC A and
is called a I'-ideal if it is left as well as right T -ideal.
Lemma 2.6.[11] f a I" -AG-groupoid S has a left identity, then every right " -ideal is a left I" -ideal.

Proof. Same as [111. O
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Lemma 2.7.[11] If 4 is a left I -ideal of a I" -AG-groupcid S with left identity, and i for any ae §,
there exists y €I, then ayA4 is aleft T -ideal of §.

Proof. Same as [11], [

Lemma 2.11.[11] If A is a proper right(left) T -ideal of a I -AG-groupoid S with left identity e, then
eg 4.
Proof, Same as [11], O

I' -IDEALS IN T' -AG-GROUPOIDS

The results of the following lemmas seem to be at the heart of the theory of I -AG-groupoids;

these facts will be used so frequently that normally we shall make no reference to this lemma.

Lemma 3.1. If S is a I -AG-groupoid with left identity, then ayb =afb for all a,beS and

7.Bel
Proof. Let S be a I -AG-groupoid and € be the left identity of S, a,b€.S and let y,Bel’

therefore we have

ay(ef3b)

e;/(aﬂb)

apb.

Hence ayb =afb. O

arb

Lemma 3.2. Let § be a I -AG-groupoid with left identity, and let B be a left I -ideal of §. Then

ATB={ayb:ae A,beB,yaTl}isaleft I'-dealin §,where@ = A S,

Proof. Suppose that § is al -AG-groupoid with left identity. Let B be a left I -ideal of § . Then
ST(AU'B) = AT(STB)c ATB.

By Definition of left I -ideal, we get AI'B is a left I -ideal in §. U

Lemma 3.3. Let S be al -AG-groupoid with left identity and let @€ S . Then a’yS isa I -ideal in
S,whereyel.

Proof. By Lemma 2.7, we have az}/S is a left T -ideal of S-. Now consider

(azyr)as (syr)ad

ad'a(rys)
ay(rys)ea’yS

forall #,5€5 and el Therefore @*¥S isa I"-idealin S. d
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Lemma 3.4. Let § be a I -AG-groupoid with left identity, and let 4 be a left T -ideal of §. Then
(4:7:r) saleft T-idealin S, where(4:y:7)={aeS:ryae 4}.

Proof. Suppose that S is a I -AG-groupoid. Let s€S,a € (A iy :r) .Then rya € A and so that

F;V( saa) = ra( sp/a) = sa( rg/a) esaAdc A
for all el Therefore saae(A:y:r) sothat ST(A:y:r)c(Ad:y:r). Hence (4:y:r) isa
left T-idealin §. L

Remark Let S be a I'-AG-groupoid and let 4 be a left T- ideal of .kt is easy to verify that
Ac(d:y:r).

Lemma 3.5 Let § be a I -AG-groupeid with left identity, and let 4,B be left ideals of §. Then
(A:F:B) is a I'-left ideal in .§, where (A:F:B)={FES:BFFQA}.
Proof. Suppose that S is a '~ AG-groupoid. Let s& § and le’rae’(A:T:B). Then Blac A so

that

Ba(sya)=sa{Bya)< sa(BTA)c saAdc A

for all 7, BeT . Therefore syae(A:1":B) sothat ST'(4:I:B)c{A4:I':B). Hence (4:1': B)
is a left T-ideal in S. 0

Remark Let S be a I'-AG-groupoid and let A, B,C be left I'-ideals of S. It is easy to verify that
(4:T:C)c{A:T:B), where B C.

PROPERTIES OF I' -PRIMARY IDEALS IN IT"-AG-GROUPCIDS
We start with the following theorem that gives a relation between I -primary andquasi I -

primary ideal in T” AG-groupoid. Qur starting points is the following definition:

Definition 4.1. A T"-ideal P is called I'-primary if AT'B < P implies that AC Por B"¢ P for

some positive integer 17, where A, 8 isa I -ideals of §'.

Definition 4.2. A left T -ideal P is calied quasi T -primary f ATBC P implies that A P or

B" < P for some positive integer 7, where 4, B is a left T -ideals of § .

Remarklt is easy to see that every quasi T-primary ideal is T -primary.
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Lemma 4.3. If .S is a I" AG-groupoid with left identity, then a left I -ideal P of S is quasi I -primary
if and only if a;V(Sa'b)gP implies that ae P or " € P for some positive integern, where

v, el and a,b€S.
Proof. Let P be a quasi I -primary left ideal of al” -AG-groupoid S with left identity. Now suppose

that ay(S/8b) < P. Then by Definition of left T -ideal, we get ST'{ay(SBb}} < STPC P that s
ST (ay (Sb)) (S8S)T(ay (S b))

(S8a)T'(Sy(S4b))

(S3a)T((STS) y(S,Bb

(S8a)T((2A

(S8a)T(

(

(
S5a)T'((55S)7(STS))
Séa (bﬁS) 7(S))
Saa)r((SﬁS) yb)
(SSa)T(Syb)

for all eI, Then (Sé'a)F(S}/b) =a}/(Sﬁb)f; P s that ae (a) cPorae <a)" c P, for
some positive integer 71. Conversely, assume that if @y (S ﬁb) C P implies that ae P or b" € P for

some positive integer #, where 7, F€T and a,b € S. Suppose that ATBC P, where 4 and B are
left [-ideals of § such that 4@ P. Then there exists xeA4 such that x& P. Now
Xy (Sﬂy) c AI_'(SFB) c ATBc P, forall ye B. So by hypothesis, ¥" € P forall y € B implies

that B” < P . Hence P is quasi I" -primary ideal in S. O

Lemma 4.4. If § is a I -AG-groupoid with left identity, then a left T -ideal Pof S is quasi I ~primary
if and onty if (S }/a)5 (Sﬁb) < P implies that ae P or b" € P for some positive integer #7, where

7,50l and a,beS.
Proof. Let P he a quasi T -primary ideal of a I"-AG-groupoid S with left identity. Now suppose that

(Sya)8(Spb) < P. Then by Definition of left ideal, we get
(Sea)s(Sb) (SyS)S(apb)
S&(apb)
as(Spb)
that is ace(SBb)=(Sya)d(SPb)< P. 8y Lemma 4.3, we have a€ P or b" € P for some positive

integer 7. Conversely, assume that if (S}/a)ﬁ (Sﬂb)g P, then ae P or " € P for some positive
integer 72, where ¥, 3,0 €I’ and a,heS. Let a5(Sﬂb) < P. Now consider
ad(Spby=(Sya)s(Spb)c P.
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By using given assumption, if ad (Sﬂb)gf’, then g P or §" € P for some positive integer #1.

Then by Lemma 4.3, we have P is a quasi I -primary ideal in §. O

Theorem 4.5 If S is.a I - AG-groupoid with left identity. then a left T -ideal Pof S is quasi I -

orimary if and only if aybe P implies that ae P or &" € P for some positive integer #2, where
yel and a,bes.

Proof. Let P be a left I'-ideal of a [ -AGgroupoid § with left identity. Now suppose that
ayb € P. Then by Definition of teft ideal, we get

(Sca) B(Syb)

(SaS) p(ayb)

SpB(ayd)
STP
P.

IN

in

By Lemma 4.4, we have g P or " € P for some positive integer #.

Conversely, the proof is easy. 0

Theorem 4.6. Let § be al -AG-groupcid, and let A be a quasi T -primary ideal of §. Then
(A:;V:r) is a quasi [ -primary idealin S, wherey €l and re S.

Proof, Assume that A is a quasi I -primary ideal of §. By Lemma 3.3, we have (A: ¥ :r) is a left
ideal in S. Let a[)’be(A:y:r). Suppose that b” QE(A:}/:F), for all positive integer #, Since
apbe(d:y:r) we have ry(apb)ed so that ay(rfb)eA. By Theorem 45, we have
ac Ac{4:y:r) or (rBb)" € A, for some positive integer 7. Therefore @€ (A4:y :r) and hence

(A :j/:r) is a quasi T -primary ideal in §. il

Theorem 4.7. Let § be a I -AG-groupoid with left identity, and let P be a I -primary ideal of S. If
(Syaz)a'(Sﬁbz) C P, then a’ € P or b" € P for some positive integer 7.

Proof. Let P be a I"-primary ideal of a I -AG-groupcid.S with left identity. Suppose that & & P, for
all positive integer #2. Now assuma that (S }faz)a'(S ﬁbz)g P . Then by Definition of left ideal, we

(Sya*)e(Sp0?) = ((sgr’)ra’)as
= ((app?)yS)as
(SyS)a(a’pb’)
a’a((SyS)pb’)

il
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aza((bzyS),_BS)
(bzyS)rx(azﬁS)

that is (bzyS)a(azﬁS)  P. By Lemma 3.2, we have a*fS,byS are T -ideals in S so that

a = adla
= (eya)ia
= (aya)ie
= (aka)pe
= d*feca’fSc P
or b’ = bbb

= (bAb)ye
= byeeb’yScP.

Therefore a* € P. ]

Corollary 4.8. Let § be aI” -AG-groupoid with left identity, and let £ be a I -primary ideal of .S, If
P va* P, then a* € P or b” € P, for some positive integer 72.

Proof. Let P be a primary ideal of an AG-groupoid S with left identity. Suppose that " & P, for all

positive integer #. Now assume that bzyaz & P . Then by Definition of left T -ideal, we get
(a258)a(b7rS) = pa(apS) 7S)

Vo ((SﬁS) yaz)

(SﬁS)a(bz;/az)

Scx(szfaz)

STP

o P

that is (aZﬁS)a(bz;fS) C P . itis easy to see that @’ € P. O

i

IN

Definition 4.9. A " -AG-groupoid S is called T"-AG-3-band if its every element satisfies

ac(apa)=(aca)fa=a.
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Propasition 4.10. Every left identity in a I" -AG-3-band is a right identity.
Proof. Let @ be a left identity and @ be any elementina I -AG-3-band §. Then

aye = (aa (aﬁa)) ve
= (ea(apa)lya
= (aBa)ya
= a
forall ae 8 and 7,2, f T . Hence e is right identity. L

Lemma 4.11 fa T"-AG-3-band § has a left identity, then every left T -ideal is a I" -ideal.
Proof. Let § be a I' -AG-3-band and let 4 be a left I -ideal. Then

ays = ((acea) Ba)ys
(spa)y(aca)
e (STA)T(AT4)
AlA
c 4
forall y,a,fel,ae 4 and s&§ . Hence 4 isa I -ideal. OJ

I

Theorem 4.12. Let § be a I' -AG-3-band with left identity, Then P is a quasi I -primary ideal in § if
andonly if S isa I' -primary idealin S'.
Proof.The proof is easy. [

CONCLUSIONS

Many new classes of I -AG-groupoids have been discovered recently. All this has attracted
researchers of the field to investigate these newly discovared classes in detail. This current article
investigates the I -ideals, I -primary and quasi I'-primary ideals in I -AG-groupoids. Some
characterizations of I ~primary ideal and quasi 1" -primary ideals are obtained. Moreover, we investigate
relationships between I"-primary and guasi I -primary ideals in I"-AG-groupoids. Finally, we obtain
necessary and sufficient conditions of a I”-primary ideals to be a quasi I" -primary ideals in I'-AG-

groupoids.
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