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Equilibriums and Periodic Solutions of Related
Systems of Piecewise Linear Difference
Equations

Wirot Tikjhe, Yongwimon Lenbury, Evelina Giusti Lapierre

Abstract—In this paper we consider thres systems of piecewise
linear difference equations where the initial condition for each
system is an arbitrary point on the real plane. For one system we
show that there exists exactly two prime period-6 solutions, and that
every solution of the system is eventually one of the two prime
period-6 solutions except for equilibrium point. For the remaining
two systems we show that every solution of each system is the
unigue equilibrium solition.

Kepwords—operiodic solution; systems of piecewise linzar
difference equations.

I INTRODUCTION

N recent history there has been a surge of interest in

difference equations. Rationat difference equations are used
in predator-prey moedels [11, [2], [3]), and echo and
reverberation models [4]. Linear difference equations are used
for modeling weather patterns [2], [5], [6] and neural
‘networks [7]. During the last three years we have been
particularly interested in the global behavior of systems of
piecewise linear difference equations. This paper is part of a
general project which involves the following system

X1 = Ixnl+ayn+b
 n=0.1,... (N)
Vost xn+c’ynl+d
‘where the parameters a,b,c,d & {-1,0,1} and initial

. " .
conditions (x> ¥y e R”. There are 81 special cases. The

system’s number N is given by

N=27(a+ D+9B+1)+3(c+ D)+ (@d+ 1)+ 1.
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This family of piecewise linear difference equation are the
prototypes for mere elaborate piecewise difference equation
that, in many cases, exhibit complicated behavior. Interest in
the area began in 1984 when Davaney published his famous
paper introducing the gingerbread man map:

R _
,n=01,..
In+1 *n
with  parameters a,beR  and initial  conditions

2
(x5, ¥p) e R™. See [8], [9].
The gingerbread man map was Devaney’s response to the
1978 generalized Lozi equation:

X < —alxnl+yn +1
, n=01,...
n+l bxy
with  parameters a,beR. ‘and  initial  conditions

2
(xg.¥p) e R™. See [2], [3], [5].
The Lozi equation had been used to cxamine an attractor
that was observed by Lorenz in the Henon map, a non-linear
system of difference equation

2.
= —ax” +y,+1

, r=01,...

Tl

Yn4l by
with  parameters ¢, beR. and iitial conditions -

(x5, ¥9) € Rz that modeled weather patterns. See [10].

For other systems of this form, see {6}, [11], {321, {13],
[14]; [15].

0. ProBLeM FORMULATION

Reconsider this family of system

beXat-]
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X, = lxn|+ayn+b
ca=0,1 (M)
Vol = xn+c|yn|+d
We will first share the results of the special case N =1:
R
, n=01.. (1)
Yoel T xﬂ_b’nl—l '

where the initial conditions (x;.¥y) € Rz. We show that

every solution of System(1) is eventually one of the foliowing
period-6 cycles:

(% =3, yg =-3
x =35 n =-1

*3 =1, 2 =1
xy =-ly =-1
\ %5 =l y3 =-3
7

%o =g, yg =3
oY 13
SR
Ty =3, 0 =‘l_
B = } >
2 _ 19
BT T
3 3
TR TS
1 11
ER R

N

or the unique equilibrium solution (1, -1).
We next consider the special case when K = 20:
lx??l ~yp+l

, n=0,1,...

X =
n+l

20

Yurl T x??_lyn|

where the initial condition (x,, ) € R*. We will show that -

every solufion {(xn, yn)}:zs of System {20) is the

equilibrium solution, (2,1).
Lastly, we consider the special case when N = 21:

1t

x |xnl—-yn+l

, =01,

il

eay

xn—|yn|+lr

i

Yhal

where the initial condition (xy, y5) € Rz. We will show that

[+8]
every solution {(xn, yn)}n=3of System (21) is the

equilibrium solution, (1,1).
1. ResuLT

M. A GLOBAL BEHAVIOR OF SYSTEM (1)

Set :
G=iyrxz0y20}
Q= {(x y):x<0,y>0}
Qs ={(x y:x<0,y<0}
0= {0 yrx>0,y<0}.

' 0
Theorem 1. Let {(An s Yy )}}1:0 be a solution of System (1)
with (xp, ) € R, Then, there exists a non-negative integer

o0
N =0 such that the solution {(xn v Va )}n= N of System (1)
is either the prime period-6 cycle P61 or the prime period-6
cycle P62 except for equilibrium point. '
The proof of Theorem 1 is a direct consequence of the
following lemmas.

Lemma 2. Assume that there is 2 positive integer N such that
xy=yy20. Then the solution of System (1),
@ . . . 1

{(xn s ¥y )} w=N41 1S the prime period-6 cycle, 7.
Proof: Suppose that (x,, ¥7) satisfies the hypothesis, then

S~y Ty Tl

Yy~ iy —i=L
1

Hence (xN+1’yN+i)=(—1’_l) EP6. i
Lemma 3. Assume that there is a positive integer & such that
Xy =-yy —2<0 and < 0. Then the solwtion of System

o0 . . . 1
(1), {(xn »¥n )}n= Nl 1S the prime period-6 cycle, £ .
Proof. Suppose that (x5, ) satisfies the hypothesis, then

Sy = vy 2oyl o=l

YT YN " 2ryy -1=-3

Hence (xN+i’yN+1) = (1, ——3) ePél.
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Lemma 4, LetL::{ x »3) |xeR}. Then every solution

{(xw Yn )}

eventually prime period-6 solution, P6 or P6“.

of System (1) with an initial condition in L is

Proof. Case 1: Suppose (io, yo) el and X2 0.
Then x, =xy+2>0 and 'y, = x5 -4

If ypy=xy-420, then .(x3,y3)=(—1,-1)EP61.

Suppose that yy=xy-4<0, then x= 5 and
Yy =2x5 3.
Case 1.I: Suppose Vo =2x5-320,
: 3
andso —< xy < 41, then Xy ==2% +7 and
2
yé =-2x5+7.

: 3 7
H xy=y3=-2x +720,(andso —Z-S Xy s—ij, then by

@, . . 1
Lemma 2, {(xn, Y )}n=3 is eventually prime period-6, Fg.

Suppose that Xy =y = —2x +7 <0,

7
(also, E <xy <4J .

We will prove, by that for

mathematical induction,

7 .
=5 [—,4] the solufion is eventually prime period-6. For
2

*0
each n20, let P(m) be the following statement: For
Xy € (an, b )
4n+2
T6niq =2 ~9n
2
J)6n+4 = —24n+~x0 +5}’l -2< O.

If o € (ay,, ¢,]. then X6l éO. So, the solution is
eventually prime period-6.
If %y (s ) » then xg, 4 > 0. So,
4n+3

"6n+5" 0—2§n+1>0
Vonts =7

Xgpif = 4n+3 -”5 +3>0
Vopes = 24”+3x0 ~26,-3<0,
on47 =

Vomsr =2 2y =46, -1

If Xy E[bn+1,bn) , then VensT Z 0. So, the solution is
evenfually prime period-6, Pﬁl .

If g & (e by ) then v, 7 <0. S0

X618 = 4”+4 x5+ 45, +5>0

Vi = 24n+4x0 —-48, +3> 0,

5,0 = -2 486, +1

};5},“+9=—.21'm+D +88, +1. .

1 € {c”’ n-H} then  Xg,49 = Yop49 20. So,

© .
{(xn, o )} =0 is eventually prime period-6 solution, Pﬁl .

If 5 € (an 25, +1) then

_pAms, 0+8§ +1<0, where

Y6n+9 = Von+9 =

o _lox2¥™ C19x2% 41
n- 5x24n+l - 5x24n !

19x 242 4 19x 242 1
“n T PR ) 2On = P

We shall show that P{0} is true , For

Xg € {aﬂ,bo) =(—Z—,4) and

X3 =y3 = foO +7 < 0. Thus, we have

e e 15 HOFZ
Tg(yea = Vg = 4% +13
4(0)““21 +6, -2 <0.

7 15
I xe (ao,co:l [7 4} then x4—4x0—15<0 ‘By

Lemma 3, { (xn, Y )}n___ 4 is eventually prime period-6
solution Psl.

15 '
If x, e(co,bo)=[7,4}then 5y = 43y —15> 0. Thus,

we have
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2922403, ) =20, +150

g0y+5 = 8% ~

Yo(0y+5 =
. EPTIP I (O I
l6(0)+6—8},0"27—2 l0—250+3>0

-2y _ 043
y6(0)+6——8.10—33—2 .10_250_3<0,

Xe0)47 =

el 404

Ifxo [b] b } [—6 4} then X6(0)+7 —163»0 -6120, s0

—16x0 +65>0. By Lemma 2,

*6(0)+8 = Y6018 =

{(xn, Yn )}:::9 is prime petiod-6.

15 61
Ky, e (CO bi) [—;— -I—g},then

x6(0) wh 16;\:0 —61< 0. Thus, we have

rsoyg = 16% 65 = =8O a6, 4550

Veqoyss =16% =57 = MO agy+350,
Xs0yed = -3y +121 2O es, 41
Yooy =32 +121 = -24(0)+5x0 +86, +1.

- (15 121
If yq G(C{)’al] [-Z E:] Then

—32x0+12120. So, by Lemma 2

"6(0)+9 = 76(0)+9
(Gl
(xn,yn) n=10 js eventually prime period-6, Pél .

121 61
IfyOE(CZI bl) 3—7 -]-;g ,then

5c0p9 = V(o) = 32y +121< 0.

Hence P(0) is true.
Next, we asseme that P(V) is true for some positive integer

N =1. We shall show that P(N+1) is true. Since P(¥) is true, -

4N+5

-2 Xy + SJN +1<0, where

4N+5_3 19>.<24J7\74-4+1
IN+Y -x,)4N+4

Y6N+9 T Y6N+9 T

e (ayys byar) = [19 -

Sx2
Then

i _ AN+6
T T x6N+10 =27 Txp-l66y -3
_ANH)2
0~ N1
4N+6 ‘
YN+l = Yena10 =72 X +160y +1
4(N +1)+7 5

AN 19x24N+6—11
2 <o
5

Note that
19x 2446 1 10, a* N6 16 15
ON4L = = —=
N s 5 5
It '

(19x2* 5 _3 1952*W¥0
e(“N+1=CN+1J‘ S AN T ANTE

74N+6 19><24N'+6 -1
then x6N+10— 0" —'5— <0

[ee]
By Lemma 3, {(x”, yn)}nzﬁ N410 is eventually prime
period-6, P;.

o o 19201 190y
If ’"OE(CNH’ N+1)" TN N |
5%x2 %2

: 7tILN+6 19x 24N+6 -1

Thus, we have

YGN+)+5 T F6N+HT
=M sy, 4150
Yo(N+)+s = FeN+11=
16(N+1)+6 =XeN+12
4(N+1)+3 _n 5N+1 350
Ye(N+1)+6 = YeN+12
_ 24(N+1)+3 35 =265y -

AN+
_AN+T [19 i

N 3
2 S +13
__.i(._........._..._..._.... <0’
5

Fo(N+1)+7 = Y6N+13 =2
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Yo(N+D)+7 = Y6N+13
AN+

Ly 19x2 e 190t
0 €[ Bvsasbwe) = v S e

If

then
L AND)+4
Yen+13 =2 xg =46y -1
AN+8
3
= 24N+8 g~ ,I.L__j_l =0,
: 5
o AN+ '
Xenald =2 Xy + 48y t+3
aneg  [19x2 M8 Lo
=-2 xO +{ —— | > 0
5 .
4N+
YeN+14 = -2 % +4§N+l +3>0. By Lemma 2,

<0
{(xn s Vn )}n= 6N+14 is eventually prime period-6.
If

5o & (eprprbyan) = (

then

19526 1 104N L)
N T, AN

= 24(N+1}+4x

Y6413 0= 40yy 1

AN+8 19><2'4N'5"8 +1
=2 XO'- —-'—-"-"'"""5—' <{.

Thus, we have

To(N+1+8 T F6N+14

= -24(N+1)+4x0 +48 Vel T 3>0

Ye(N+1)+8 = V6N +14

AN+ :
—2 l0*45N+l+3

19x 248 _19
R e

» AN
To(N4149 = 6N 415 = 2 ¥ + 83y, +1
_ ANHD)ES ,
Ye(N+1)20 = Ven15 = 2 g + 80y 1

If

><24N+6 -1 19x24N+9 _3}

S A
0 N+ N2 5x24N+5 : .5><24N+9

then

*6N+15 T V6N +15

_ SANADAS
——2 J»0+85N+1+1

4N+9
2 -3
= —24N+9 + [}—g-x—-"_”} > 0‘
5

w0

By Lemma 2, {(ln yn)}n=6N +15 is eventually prime

period-6, P61 .
If

. , —(19x24N+9—3 19x24N+8+1)
7 <{ayso: N42)= s AN NS |
. 5x2 5x2 J

then

ToN+15 T V6N+S
_ SAMNEDFS
=2 Xy .85N+1+1

: 4N+9
: -3
=—24"V"“9x0{—————19’“2 : J<0
. 3
Hence, P(V+1) is true. By mathematical induction, P(n) is true
foralln=0. :
Note that [i = 'lim b, = 1 —12

al n—1->mooan_n§—é0 ' = 11 Cn-- .

H—rc0 5

i N %
We alse note that if (J»O,yo): —5—,—3, then

(on)-(-2-3)er2

. 3
Case 1.2: Suppose v, =2x, ~-3<0,[ andso 0 S x, <= |,
PP ) 0 0
: = 2
then Xy = -—4x0 +5 and Y4 =—4_x0 +3.
. 51
If xoe[o,zji, then x4=y4=—4x0+520. So we

o8}
apply Lemma 2 and {(xn, yn)}n: 4 is eventually prime

 period-6, Pél .

53
Suppose that e(—,—). We will prove, for
42 _

53
%) € (—-, —), that the solution is eventually prime period-6
4 2

by mathematical induction. For each 720, let Q(x) be the
following statement: For x; & (dn, en), '

. P
fnts == F07%n
dnt3

— 4 -3 .
}76n+5-.. 2 A'O'O-K'_ 2<0.
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If g € (a’n, fn], then Xgpu5 S 0. So, {(xn, yn)}:zo is

eventually prime period-6, Pé .

if xg € (f,,_,, en) , then X615 > 0. So
dn+d '

X6 146 =2 10—20n+1>0
Yen+o = 3

Xgpal = 24n+4;x -20,+3>0
YenaT = 24n+4x0 -20,~-3<0,
*6n+8 3

Vomeg =2 5 40y - 1.

If Xg € I:en-e—l’ en), then Y6ns8 =0, So the solution is
eventuslly prime period-6, P3. |

If x) € (fn, €n+1) , then Vepig < 0. Thus, we have

Xgpig = —.24”-!-5 Xy +dop, +5> 0
Yenig = 24n+5x0 —4or, +3>0,

_ _odnib_ | g 1
Yenel0 =72 T T T

4n+6
Yyl =-2 _x0+80'n+1.
If %) & (firsdpyy ] then Fpe0 = Ygni10 = 0> and so

the solution is eventually prime period-6 solution, Pﬁl.

17 20 € (4 €1 )> o0 Fgpa10 = Fgpang < 0 Where

7x2"*2 _3 7x24l 4y
n= 5><24”+2 5X24n_—!—1 ’
7x24n+3 -1 7X24n+3 -1
o T

The proof is similar to the previous case. We can conclude
that OQ(n) is true for all 72 0.

~1

Notethat lim &, = lim e, = Im f,=—.
n—=w T peo n——)»ocf’”J 5

7 .
We also note that (-5— - 3j e péz.

—3. Thus,

Case 2: Let (xo, yo) €L and ¥ < 0. Then y,

Xy =-2x0 +35>0and Yo =-3.

We see that (xz, ¥y ) €L and x, >0. By Case 1, every
. w o, . . 1
solution {(xn, yn)}n:,) is eventually prime period-6, Fg or
2
P _ O
o0
Lemma 5. Every sclution {(xn, Pn )} 0 of system (1) with

initial condition in O; is eventually prime period-6, Py o

2
P6 .
Proof. Let (xo, yo) € Q_1 Then xp 2 0 and Yo > 0. Bence,
X =X5= Y -1
¥ =xp-yy -1

2
*

If X =¥ =%~ ¥ +120, then by Lemma

. 1

(12’3’2)6%'

I x =y =x0—y0+1<0,'then
¥y =—2xq +2y, +1

Yy =2xy = 2y -3<0

If x, =-2x, +2y0+1=—y.,—2£0, then by Lemma 3,

1
(J\?z ) yg) 15 .P6 .
If 2y = -2xy +2pg +1> 0, then
y3=-3 Hence by Lemma 4, the solution is eventually

prime period-6, 71 or P¢. 0

0
Lemma 6. Every solution {(xn, Yy )}n=0 of System (1) with
initial condition in (O is eventually prime period-6, P6I or
2
7R ,
Proof. Let (xo , yG) € Q3. Then g S 0 and I 0. Henee,

¥ =% - yp -1
y1=x0+y0—1<0,
x2 = —3.
By Lemma 4, the solution is eventually prime period-6,-
Pﬁl or Pé?' : u

- w »
Lemma 7. Every solution {(xn, Y )}n=0 of System (1) with

an initial condition in O- is eventually prime period-6 solution

. 2
period-6, Pé or Fg'.
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Proof. Let (xo, yo) € (. Then x5 <0 and y; <0. Hence,
X ==%y =¥ -1
n =%~y -1<0.
Case 1: Suppose x; = —x5 -y ~1< 0 then,
Xy =2Yg +1> 0
Yy = -2ya—-3<0,
Y3 == 3.
By Lemma 4, the solution is evenfuaily prime period-6, Pé or

S 2
P6n

Case 2: Suppose x =-x;—y;—1>0 and so —xb 1.

Then,
JCZ =—2x0 —1>0 )

y2=—2y0-3<0,-

¥y == 2x0 +2y0 +1>0

= —2x0 - Zy{] =3
If J,i3 = ~2x5 =2y, =52 0 then
x4 =4y0 +5=0
Y4 =4y +5>0.
By Lemma 2, the solution is eventually prime period-6, P6I .
If'y3 = —2x0 -:Zy0 —~5<0, then
Xy =4yp + 5>0

y4.£—4x0""5.
5
If y,=—4x,-5<0,  andso~— < x, <-1], then
4 0 ( 40 )

X =4x0+4y0+9>0
y5=—4x0+4y0-1>}0.
By Lemma 5, the solution is eventually prime period-6, Pg or
P2 If 4 5>6, | andsox, < 2 the

. g = TNy — s v = s 21}

6+ 4 0 0°77,

J:S =4x0 +4y0 +9
y5=4x, +4y0 +9, -

M xg=yp520, then by Lemma 3, the solution is eventually

2
prime period-6, P51 o1 Pﬁ".

If xg = yg < 0 then by Lemuma 6, the solution is eﬁentually

prime perzod -6, P6 or PG g A

Lemma 8. Every solution {(117, Yy )}n -0 of System (1) with
an initial condition in (J, is eventually prime period-6, P6 or

2.

Proof..Let (xo,yo) €0y, xg >0 and y, < 0. Then,

| =lx0|“3’0 ~l=xp-yp -1

311 =x0 —!J}O!—l.:xo -F-yo_—l.

If (xl,yl)ERz\;Qd', we apply the above léemmas fo

conclude that the solution is eventually prime period-6. For
the case that X =% =Yy —_1>Q and y1=x0+y0-—1<0,
then

) *I“ﬁl‘yi —l==2y,-1

Vo= —lyll—-1= 2x0 -3.

If (xz, yz) 5 ]R2 \Q4 . we 2.1.pp1y the above lemmas to

conclude that the solution is eventually prime period-6. For
the case that Xy =—2y0 —1>0 and Pg = 2x0 —3<0, 

3
(and 50 xd < 5 and Yo<= %J , then

¥y = Ixz'!—— Vs —1=-2xy -2y, +1

vy = = [p| 1= 235 ~250 -5

jig (xé, y3)eR2\ Q4, we apply the above lemmas to

conclude that the solution is eventually prime period-6. For

the case that x3 = ~2x3 -2 yO +1>0 and

J;,._7x0—7y0—5<0 then

x4flx3|—y3 -1= —4x0 +35

y4=x3—|y3l—1=—-4y -5

If [x,. E}R \Q,, we appiy the above lemmas to
424 4

- conclude that the solution is eventually prime period-6. For

that and

the case x =—4x0+5>0

4y, —5<0{andso x <> and ,th
Y4 =-4yy-5<0{an sox<4an —z<y<—— en
X5 =!x4'—y4—1 =—4x0 +4y0 +9

Vs =x4-Ey4[—1=—4x0 —4y0 -1.
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If (xj, y5) € IR.2 \ Q4, we apply the above lemmas 1o
conclude that the solution is eventually prime period-6. For
the that x5 ==4xy +4yy +9>0 and

case
yg=—4xy — 4y, —1<0,then
Tg =|x51—y5 -1= 8}!0 +9
y6= xs -lysl—i = _Sxo - 7.

2 ' '
If (xé, yﬁ) €R7\(0,, we apply the above lemmas to
conclude that the solution is eventually prime period-6. For
the case that  x =8y, +9>0 and y,=-8xy+7<0,

)

the solution of System (1) is eventua![y-pﬁme period-6, P61 or

Ty

' (715
We will prove that for x; € (E, zj and y; e( "

P62 by Mathematical induction.
For each n = 0, let P(n) be the following statement: For
*y e(an,bn) and yO e(cn,dn)

7411-!-3 adm+3
7

7-{-

Yo +1
4n+3

e+ =
— 4n+3
Yo7 ™

such that xp .- I positive and yo .- I3 negative.

0+§,

Otherwise, the solution is eventually prime period-6, P61' or

-P62. If xg 7 is positive and yp, +'7' is negative, then

4n+4
}”87‘178 =

dn+d
et =2 0 0ns

such that xp .o is positive and Ygn.g Is negative when
Xy € (en_, bn) and y, = (cn, —en). Otherwise, the solution

is eventually prime period-6, ‘Pﬁl or Péz .

Xy ~n

If xg,,¢ ispositiveand yg, o isnegative, then
X040 = 24n+4 x5 - 24??+4y0 - (2§n + 1)
Yenso = 241‘1+4 % +2-’%n+4
such that xg .o is positive and yg .4 is negative.

Yo -1

Otherwise, the solution is eventually prime period-6, Pg or

P62 I Xgu19 is positive and Y419 is negative, then

= mmaA

8410 T 7

AnA

4n45 ¥ - (25& +1)
Y8ps10 = 24&5*‘“0 (26, +3),

such that Xg o 10 is positive and Ya 410 is negative when

Xy E(en, ,,) and Yo € (cn, d, +1). Otherwise, the solution

is eventually prime period-6, Fg or,P62 .
If X80110 is positive and yg .14 is negative, then
4n+5 SAnts
Xn — 2
0 .
4n+5

p1 =" yo+l
4n+5
Yepe1=2 0 - vg = {48, +5),

such that xp .14 is p_osmve and Yapiil is negative.

Otherwise, the solution is eventually prime period-6, P61 or

2
I
If x5, 41 Is positive and y8 |1 Is negative, then
4n+6
lgn+17 = 2 lO +(45n +5)
' 4n+6
Y3n412 = o~ (46, +5),

such that xg 15 i posmve and ye .1+ is negative when

d ) Otherwise, the

T € (e-’?’bn-i-l) and y; € (_bn+1’ n+l
solution is eventually priiné period-6, P61 or Pﬁz;

1 1s negative, then

If xg .15 ispositive and yg
4n+6 Ap+6

18n+13 = xg + 2 Yo +(85n -!-9)
4n+6 _ AAnt6 _1

Yen+13 = x-2 Ty

such that xg ;4 is positive and yo .4 15 negative.

Otherwise, the solution is eﬁchtuaily prime period-6, P61 ot

2
T -
If xg, 15 Ispositiveand yg |4 is negative, then
4nt7
Yopaiq ==2 5 +(86,+ 7).

such that xg _,_'1 4 ls positive and yg, .44 is negative when

xXg € (a11+1,bn+l) and ¥o € (cn +1,d -\ ﬂ). Otherwise, the

sofution is eventually prime period-6, P61 or P62 where
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A3 JAn+2 +1 _pdn+3 1
;7= R e pbl BT
dn:_24:+3+1’e =24n+4_1’f _ 24n+5+1’ o

5 n+3 n 24n+4 n 24n+5
5, = 24n+4 L
We  shall show that P(0) is te. For

& E("o=3’0)=(§=§)= Yo E("o’do)*(‘%‘%) and

= —8):0 +7< 0. Then
- 24(0)+3 4(0)+3

x5 =8y +9>0,
24(0)+3

x7 = gxo +8y0 +1

- : : 40+3
Yg = =85y +8y, +15 =240 Xy +

Yo+ 51 ;
where x+ is positive and ¥- Is negative. Otherwise, we apply
the above lemmas to conclude that the solution is eventually a
prime period-6.

If x5 is positive and p- is negative, then

xg =163y -15 =240, +6;

4(0)+4

y3=16y0.+15 =2 y0+51,-

where Xg is positive and ¥g is negative when Xg € (é(}’ bo)

and y, € (CO, —eo). Otherwise, we apply the above lemmas
to conclude that the solution is eventually a prime period-6.
Ir xg is posmve and Yg is negative is negative, then

xg =163y ~16y, ~31= 2405 _ o4O o ~(26141)

4(0)+4 zy +24O0H

y9=16x0+16y0""1 =2 0"'1,
where xg is positive and Yo Is negative. Otherwise, we apply

the above lemmas to conclude that the solution is eventually
prime period-6 solution.
¥ Xg is positive and Yo is negative, then

4(0)+5y0 _(264)

~(28)+3),

where 0 is positive and Y s negative when

xzo = -32y0 -31 =.'_2

- _ 5205

X € (eo, fO) and y, e (c ,dl). Otherwise, we apply the
above lemmas to conclude that the solution is eventually
prime period-6.

If x; is positive and ¥y Is negative, then
: 4{0)+5 4(0)+5 '
X1 = -32x0 —32})0 +I=-2 © xp —2 © Yo+l

4(0)+> _ 4045
i 0

=325 =32y ~65 =2

Yo —{46143),

where X3 is positive and i is negativé Otherwise, we
apply the above lemmas to conclude that tbe solution is

eventually prime period-6.
If X is pos1t1va and 4 is negative, then

4(0)+6
x5 = —64x, +65=-2%0) xg +(46p+5)

4{0+6 ;
¥y = =64y, - 65 =-2<) ¥p = (460+5),

where x5 is positive and % is negative when

e(eO bl) and 'y, e( 18 1) Otherwise, we apply the

above lemmas to conclude that the solution is eve'atually
prime period-6.
¥ X5 is positive and ¥, Is negative, then

- - 4(0)+6 4(0)+6 :
%13 = ~64xy + 64y, +129= 2 © Xo+2 © Y +(850+9_)

A6, U0

3= —64x0 —64y0 -1 Yo-L

where x, 5 is positive and 7|3 is negative. Otherwise, we
apply the above lemmas to conclude that the solution is
eventually prime period-6.

If x4 is positive and ¥13 is negative, then

' 4(0y+7
x4 =128y, +129 =2 ©) ¥ +(860+9)

4(0)+7
yg=-12855 4127, =2 Oy a5,

where X4 i positive and Y4 is negative when

a and y, €|¢.dp ). Otherwise, we apply the
12 141}

above lemmas to conclude that the solution is eventually .
prime period-6. Hence P(0) is true. _
Next, we assume that P(N) is true for some Ne N, We
shall show that P(N-+1) is true. :
Since P(N) is true, for
HAN+T 24]\’-!»6_|_1

2 1
x{}E(aNH’bNH):( LANHT T ANTS J

+IJ

_’7 4N+7
SAN3

_ANAT
SN

7 € (en e v ) = [

A AntT
Xgua14 =2 Yo +(85n+9)>0’ and
_ _~dnET
Voni1a =2 %y +{88,+7} <0. Then
; ~ _ANST _AN4T
TYN+)+T = F8N415 = xg 2 Yo+l
_ 24(N+1}+3x0 + 24(N+1)+3yO 41,
4N+T 4N+7
Yy(N+1)+7 = VgNs15 =2 X+l +(168y +15)
_24(N+1)-:-3x0 . 24(N+I)+3y0 By

B4

feziia 3 Vinliima 7 201%
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2
I (xS(N+1)+7’ y8(N+1)+7) €R710y. then we apply the

_above lemmas to conclude that the solution is evenmually
prime period-6. For the case that

(xS(N+1)+7’ yS(N+1)+7) € Oy, then-
HN+1+4
Tg(W+1)48 = *8N+16 = 2 %) =N
4N+l)+4
Yg(N+1)48 = YaN+16 = 2 Yo tOnay

(- 2 o
If (18(N+1)+7’y8(N+1)+7)ER \Qy, ‘then we apply

the above lemmas to conclude that the solution is eventually
prime period-6. The case when -

L ANy L4N46
50 € enar _N+1)‘ SANTS > aNe |

2

: )& (_pANHT AN
y0€(¢N+1"eN+1 | AT T AN e

have ¥g 118 > 0 and Yy nvg)yg <0 then

4(N+1)+4x 4(N +I)+4

=2 02 ¥ (2831 +1)

BN+
AN
TYN 0 T

o : 2 .

u (x8(N+1)+9’ J’s(N+1)+9) €R”\(y, then we apply the
above lemmas to conclude that the solution is eventually
prime period-6. -

If (XS(N+1)+9, ys(N+1)+9) [ Q4 , then

AN+ s
TN+1)+10 T 72 ¥ —(-5N ® +1)
AN+S
YB(+1+10 7~ (20y,y+3).

. 2 '
If (XS(N+1)+10’ J’S(N+1)+1o) €R7\Gy, then we apply
the above lemmas to conclude that the solution is eventually
prime period-6. The case when

_ ) 24N+8_1 24N+9le
%0 < (enan Iy ) = AN A and

=2

_pANHT 4N
JANET T ANAT Ve

?o e (s dyat) *(

have Is(N+1)+IO > O a.nd yg(N+1}+10 < O- 'Then
_ 4(N+1)+5 ] 94(N+1)+5 )
N T o< 70T

4(N+1)+5

4[N +I}+5
=2 xp = 2

YgN 11 ¥y (463, +5)

leenia 2 VAliima 7 20172

LT Tal

. 2
it (*8(N+1)+11’_}’8(N+1)+11) €R7\Qy, then we apply

the above lemmas to conclude that the sofution is eventually
prime period-6.

If (IS(N H)H 10 V3N 1) €0y, then
. _)4(N+1)+6-
Sgvanez =2 - g+ (484 +5)
70 _(45N+1 +5)-

HN+H W6
If [x 2\ '
f (18(N+1)+12= y8(N+1)+12)ER Jy» then we apply

YR(N+H2 =2
the above lemas to conclude that the solution is eventually
prime period-6. The case when

24N+8_1 24N+IO+IJ
,and

%) E(BN+1’Z’N+2)=[ AN L ANAD

_pANHI0 4N+ HJ

J’oe("bN+2’dN+2)=( JANHIG T ANHT

we have Yo N41)212 0 and YR(N+1)+12 <{.Then

4NHH6 4(N+1)+6
2 50 +(88y +_9)

BN+ T

x0+2

4(N +1}+6 4(N +1)+6

Yo(N+113 = 72 ¥ =2 ¥ -l

[ S N
I {Sg(r41y4130 Ya(v41)+13 f € R 10y, then we apply
the above lemmas to conciude that the solution is eventually
prime period-6.

It (xS(N+1)+13 ’ yS(N+1)+13) € Oy » then
4N+HT
XQNA)+14 = ¥o +(85y.41 +9)
4(N+1)+7 .
YYN+)+14 =2 5+ {88y + 7).

: 2
If (xs(N+1)+l4’y8(N+1)+l4) €R7AQy, then we apply
the above lemmas to conclude that the solution is eventually
prime period-6. The case when _
94N+11_1 74N+10+1J

Xy € (-"N+2= Ny {

SAFAT TS AND
L ANHIL AN
7o <{ensr duan) = SANT T ARAT P e

have xg pri1y414 > 0 and Yo ar gy g <0.

Hence P(N +1) is true. By mathematical induction P(n) is
true forall n2 0.

Note that
im a,= lim &,= lim ¢, = lm =1
noo 1 g 1 pSw 1 n——mf R
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and lim ¢, = lim d, = lim -b, = lim —¢, =

H—0 n—) H—0
The proofis complete.

1. B GLOBAL BEHAVIOR OF SYSTEM (20)

In this sub-section, we consider the system:

Ixnf—yn-!-l

, a=0,1,...

* 1

Yl 5 Fn ._Iynl

where the initial condition (xOI, Vgl R?. We will show that

[se] .
every - solution {(In’yn)}nzj of System (20) is the

equilibrium solution, (2, 1).

Theorem 2. Let {(xn, yn)} be the solution of System

(20).

Then {(xn, yn)} =3 is equilibrium poiat (2, ).'

Proof. Suppose x;,y,; €R.

We will first show that. Xy 2 ] Vs I
By the triangle inequality
RARCIE S

= g = |~ o] -9 “‘DII
="xol‘x0*43b|‘}b'*4
=|x0’—x0 +'y0]—y0 +1
=7
We see that
_lhhhsﬁ+hL_
So ‘

bl 2yl -1
Thus

[1]- ﬁ*”“ﬁlﬁf
We have o 2 —y,.
Tt is clear that for any x;, ¥y € R.
ixll—x1 +|yIl-y1 20, and sc

- +Iy1’ =3k le’ » which mean

-’yll = lxll—yl +1, thatis

Since x4 2 -¥5 and xy 2 ¥,, We know x, 2 l y»,’,

as required.

leena 4 \Valuma 7 20143

Next we show that ¥y 23 20.
By condition (20.1), we know
y3 = =20
We also know that Xy 2 0 and X 2 ¥y ..
So %3 =’x2’-y7 +1
=iy~ yytlz 0.

Clearly, Xy2yq2 0 as require.

Next we show that x, =.y4 +1 and y, >0.

By condition (20.2), we know
Ry =lx3 —yy+isxy—yg+120
M=%4hkﬁ"h2&

So xy =y +120, as require.

Finally, we show that x5 =2 and ys =1
By condition (20.3), we know

x5=FJ‘}h+1=(y4f0‘y4+1=3

ys =54yl =ryt1m0y =1

and the proof is complete.

II1.C GLOBAL BEHAVIOR OF SYSTEM (21)
In this sub-section, we consider the system:
Ypap = Pl +1
, n=0,1...

Vel T Zn "lynl“ .

1

(20.2)

(20.3)

@n

where the initial condition (20 Yo)e R2. We will show that

every solution {(J»nsyn)} of System (21)

equilibrium solution, {1,1).

is the

00
Theorem 3. Let {(xn, n )}:1:0 be the solution of System

(21). Then {(xn , y”)}n=5 is the equilibrium point (1, 1).

Proof. Suppose Xy, Vg € R.
We will first show that

A l +
By the triangle inequality

- 1 ome ‘\}
|J,I"rll+.}_

(211




INTERNATIONAL JOURNAL OF MATHEMATICS AND COMPUTERS IN SIMULATION

'3’1[""1,51}’1""1

y0‘+1_-1x0’+y0—1|

=[x -
- xo‘_lxol’”o “lﬂ‘on
- xo}‘xo *]J’ol‘yo)

= ’“o“xc)*l)’of“yo-

This implies that

xg =~ lyol—i-l ‘).OI yo-!—li f;.gl xy + !y{)! Yy +3
and so

‘xol—y0+1l+]x0!—y0+l+32xO

Next we show that ’yzl Sxy+l.
Clearly, for any x,, ¥ R,
]xll-—xl +,y1,—y1 2 0, and so
x —ly1’+] S!xll—yl'-{-l
By condition (21.1), we have
xl.—ly1’+1 = —lxlr-i-yl -2,
Hence lxl Fb’l]“, < ’x'll—yl +2and so
'yz’ £ %, +1, as required.

Next we show that x3 2 y3 20,
By condition {(21.2), we have
lyzl < Xy +1 and so

_ Sly2‘£ Xy +1S-ix2l+1...
Then X3 =jx2,—y2+120
Y3 =x2—ly2f+120.

For any X, Yy € R we have

lxzf—xz +ly2]—y2 =0
So we know :

' (3’9 Xn ly,)’andso

Xq =.lx2’—qz2 +12x, fly2‘+1¥y3.

Hence xq 2 3 20, as required.

Next we show that Xy =y 20,

By condition (21.3), we have

stz 3. Volume 7. 2013

—lyol+i

Hence ]xil +x1' +32z , y1,+ ¥,as required. -

+x6—[y0|+1.

(212)

(21.3)

(21.4)

x4=,x3!—y3+1=x3—y3+1.>__0

Vg =¥z —|y3|+1= X3 ¥3 +1=z0.
chcé xg = y4 20, asrequired.
Finalljf, we will show that x5 =y5 =L
By condition (21.4), we have

x5 =ix4‘—y4 +l=x,~yg+1=1

y5=x4-—‘y4|+1=x4—y4+1=1. |
I—Ie;nce (xs, y5) = (1 1) , the equilibrivm solutien, 0

IV, CoONCLUSION AND DISCUSSION

We utilized mathematical iInduction, and  direct
computations to show that every solution of System (1) is
eventually either one of the two prime period-6 solution or the
equilibrium selution, and that every solution of System (20)
and System (21) is the unique equilibrium solution.
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