g

i

o

i
ﬁ-;;?i’ﬁ"

-
-

i




Convergence without Limits 58

Mark Burgin

Mew Applications for a Combined Differential Transformation Method with Adomian 63
Mona D Aljoufi

Several Problems in Characterization of the Partitions Belonging fo Graphs with Given 68
Properties

Arnold Brener

Sompop Moonchai, Yongwimon Lenbury

Prime Period-6 Solutions of a Certain Piecewise Lineay System of Difference Egnations 79
Wirot Tikjha, Yongwimon Lenbury, Evelina Giusti Lapierre

Reconstruction of Iisulin Secretion under the Effects of Hepatic Bxtraction during OGTT: A 85
Modelling and Convolution Appro

Kiattivot Juagwon, Yongwimon Lenbury, Andrea De Gaetano, Pasquale Palumbo

Development and Experimenial Validation of a Model for Biofitration for Hydrogen Sulil 91
Pairote Satiracoo, Prayad Pokethitivook, Yongwimon Lenbury, Siraporn Potivichayanon, Ravi P.

Agarwal

Analytical Study of the Swing By of a Cloud of Parficles by fhe Moon 97
Vivian Mariins Gomes

Some Factors Affecting Hours Worked Weekly in USA, China, and Turkey 193
Fatima Zehvra AHohverd

Computine Modulo Operation on Different Base Number Svsteimns 109
Sung-Hyuk Cha

Application of Markov Chains in Estimating Influence of Federal Regnlations 113
Jewny Shi, Yixun Shi

SHgdinge, Shuffline and Sel Shuffling Sinsularities of Bounded Invertible Planar Plecewise 118

Isomelric Dynamical Svstems
Byungik Kalmg

Mathematical Model for the Determination of the Non-Stationary Ceefficient of Heat Transfer in 124
Mine Works
Dan Codrut Petrilean

Behavior of the Maximum Eniropy Routing in Computer Networks 131
Milan Tuba
Parallelization of the Cuckoo Search Using CUDA Archileciure 137

Ralke Jovanovie, Milan Tuba, Ivona Brajevic




Recent Advances in Mathematics

Prime period-6 solutions of a certain piecewise linear system of
difference equations

WIROT TIKJHA!*, YONGWIMON LENBURY>**, EVELINA GIUSTI LAPIERRE?

1Faculty of Science and Technology, Pibulsongkram Rajabhat University, THAILAND
2Department of Mathematics, Faculty of Science, Mahidol University, THAILAND
3Center of Excellence in Mathematics, CHE, 328 Si Ayutthaya Road, Bangkok, THAILAND
4Department of Mathematics, Johnson and Wales University, 8 Abbott Park Place, Providence, RI 02003, USA
*Corresponding author: wiroitik @ gmail.com, yongwimon.len@mahidol.ac.th http://www.sc.mahidol.ac.th/scma/

Abstract: In this paper we consider a system of piece
is in the closed first quadrant, the open second guadran
exactly two prime period-6 solutions, and that every s

period-6 solutions.

wise linear difference equations where the initial condition
t and the closed third quadrant. We show that there exists
olution of the system is eventually one of the two prime

Key-Words: periodic solution; systems of piecewise linear difference equations.

1 Introduction

During the last three years we have been interested
in the global behavior of systems of piecewise
linear difference equations. This paper is part of a
general project which involves the following system
Tpyl = %.’Eni + ayn + b
, n=0,1,...(N)
Ynt1l = Tn+clynitd
where the parameters a,b,¢,d € {—1,0,1} and ini-
tial conditions (z0,%0) € RZ. There are 81 special
cases. The system’s number A is given by

N =27(a+1)+90b+1)+3(c+ 1) +{(d+1)+1.

This family of piecewise linear difference equa-
tions are the prototypes for more elaborate piece-
wise difference equations that, in many cases, €x-
hibit complicated behavior. Interest in the area
began in 1984 when Davaney published his fa-
mous paper introducing the gingerbread man map:

T+l = 7] —3n +1

, n=0,1,...

Yn+t1 = ZIn
with parameters a, b € R and initial conditions
(zo,%0) € R2. See[1,2].

The gingerbread man map was Devaneys re-
sponse to the 1978 generalized Lozi equation:

Tn+1l = _a|$nl +yn+1

, n=0,1,...

Yny1 = bap
with parameters a,b € R and initial conditions
(20, 70) € R See [3,4].
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The Lozi equation had been used to examine an
attractor that was observed by Lorenz in the Henon
map, a non-linear system of difference equations

Int1 = —aZn+yn+1
, n=0,1,...
Unttr = by
with parameters ¢,b € R and initial conditions
(zo,10) € R? that modeled weather patterns. See [3].

More recently, piecewise linear difference equa-
tions have applications in neural networks and cellular
neural networks, which are capable of high-speed
parallel signal processing. See [6]."

For other systems of this
[7,8,9, 10, 11].

form, see

2 Problem Formulation

Consider the system of piecewise linear difference
equations

I‘Enl_yn—l
, n=0,1,...

En — |yn| -1

Lptl —

(D

Ynt1 —

where the initial condition (o, 70) € R* — {(z,¥) :
# > 0,4 < 0}. The unique equilibrium point of
System(1) is (£, %) = (1, —1).

We show that every solution of System(l) is
eventually one of the following period-6 cycles:
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[zo= 3, w= —3)
M= 9, %= -1
Ty = 5, Y2 = 3
Pl = ,
xr3 = 1, Ys == 1
z4= -1, = -1
Ty — 1, Y5 = -3
7
= =, = —3
Zo 5 Yo
oo U 13
1
Ta= O, Y= —I
5
P2=
o 218
R S
4= 5’ Ya = 5
\s = v i
5 = 5: Yz =
3 Result
Set
Ql - {(3,9)2720,.@'20}
Qs = {(zy):z<0,y>0}
Qs = {(z,y):2<0,y<0}

Theorem 1 Let {(%n, Un) o be a solution of
System(1) with (zo,y0) € R* — {(z,4) : 2 > 0,y <
0}. Then, there exists a non-negative integer NZ>0
such that the solution {(Zn,yn)}or N of System(1)
is either the prime period-6 cycle Py or the prime
period-G cycle PZ.

The proof of Theorem 1 is a direct consequence
of the following lemmas.

Lemma 2 Assume that there is a positive integer N
such that zxy = yn = 0. Then, {(Tn, Yn) oent1 B8
the prime period-6 cycle Fy.

Proof: Suppose that (zn,yn) satisfies the hypothe-
sis, then
TNyl =2ZN — TN — 1= -1,
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YNH1 = TN — N — 1= -1.
Hence, (zn4+1,yn11) = (~1,—1) € Fy. i

Lemma 3 Assume that there is a positive integer N
such that zy = —yn — 2 < O and yn < 0. Then,
{(r Yn) Y 11 IS the prime period-6 cycle )23

Proof: Suppose that (zy,yy) satisfies the hypothe-
sis, then

ey =yv+2—yv —1=1,

yn+1= —yn —2+yn — 1= 3.

Hence, (zy1+1, yv41) = (1,—3) € Fs. &l

Lemmad Let & = {(z,—3)|z € R}. Then, every
solution {(#n, yn) }q of System (1) with an initial
condition in . is eventually a prime period-6 cycle
(P} or P2).

Proof: Case 1: Suppose (Zo,%0) € & and zg = 0.
Then, 21 = o +2 > 0and y1 = zo — 4.

Ifyy = zo — 4 = 0, then (z3,y3) = (-1,—1) €
P}. Suppose thaty; = 29 — 4 < 0, thenz2 =5 and

Y2 = 2.’17{] -3

Case 1.1: Suppose y2 = 2xz0 — 3 >
0 g§$g<4>,thena:3 = 2z + 7and y3 =
—2xy + 7.

3 7
3 <z < 2),
then by Lemma 2, {(Zr, ¥n)}523 is eventually prime
period-6 (P}}.

Suppose that 73 =

If xa Z’y‘3=——2.’L"0-|—720(

y3 = 2z +T7 < 0
(% < 2 < 4). We will prove, by mathematical in-

. ' 7 .
duction, that for ¢p € 2 4} the solution is eventu-

ally prime period-6 . For each n = 0, let P(n) be the
following statement: for Zp € (G, ba),
Tont+d = 24n%2$0 — Ons
Yenya = =25 220 + 6, — 2 <0
If 2 € (@n, Cn), then Zents < 0. So, the solution
is eventually prime period-6.
Ifxg € (Cn, bn), then zgpaa > 0. So,
Tonts = 2310 — 20, +1 >0,
Yont+s = =35
Ton+6 = 24 t3g4 — 26, +3 >0,
Yen+6 = 247:,-{—3560 — 20 — 3 <0,
Leni7 = O
Yonrr = 24 Hpg — 46, — 1.
If 2p € [Breg1, bn)s then Yenyr = 0. So, the solu-
fion is eventually prime period-6 (Fg).
If 2y € (Cny bpt1)» then Yeprr < 0. So
Tont8 = —ofntden + 46, +5 >0,
Yen+8 = odntdy, 45, +3 >0,
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Tonto = —o4nt5p0 1+ 85, + 1,
Yonso = —24 0z + 80, + 1.
If 2 € (¢, tna1)s then Ten 1o = Yonto = 0. S0,
{(n, yn) }2op is eventually prime period-6 (P).
If 29 € (@nt1s bp+1), then
Toni9 = Yonig = —24 w4+ 84, +1 <0,
where

19 x 2t -3 _19x2 41
On == 5w 24ntl AL 5y 24n
19 x 242 1 19 x 24742 — 1
o =g 0 T 5
We shall show that P(0) is true. For
7
zo € (an,bp) = 5,4) and

x5 = y3 = —2x0 + 7 < 0. Thus, we have
Te0)+4 = zq =40 — 15 = 24(0)+2$0 — do,
Ye(0)+4 = Y2 = —4To + 13

= —240+250 4§, — 2 < 0.

7 15

Ifxg € (ao,C{]] = _,_}, then x4 = 4o —

2’4
15 < 0. By Lemma 3, {(%n,¥n)}neq is eventually
prime period-6 (P4 ).
15

Iz € (co, bo) = (1,4), then x4 = 4o —
15 > 0. Thus, we have
T0)+5 = 8xg — 29 = 24(0)+3w0 — 280+ 1>0,
Y6(0) 15 = —
ZH0)+6 = 8xp — 27 = 24(0)+3:E0 — 2060 +3>0,
Y6(0)+6 — 8zp— 33 = 24(0)+3$0 — 200 —-3<0,
Ze(o)+7 = O
Yo(0)+7 = 16z9 — 61 = 24(0)+4g, — 48y — 1.

61

If g € [b1, bo) = [E’4)’ then Yo(0)+7 T
16zp — 61 > 0, SO Zgoy+s = Ys(0)+8 = —16zp +
65 > 0. By Lemma 2, { (2, yn) }52.o is prime period-

6.
15 61

If g € (co,bl) = _:i—’ﬁ)’ then zg(p)+7

= 16xp — 61 < 0. Thus, we have

Tg(0)s = — 1620 + 65 = —240 4, 4+ 455 +5 > 0,
Ye(oyrs = 1620 — 57 = 240470 — 45, + 3 > 0,
Te(oyro = —32@0 + 121 = —o40+55, 1+ 86p + 1,
Ys(0)+9 = —32x0 + 121 = —24(0)+5$0 + 83y + 1.

15 121

Haxg € (Co,all = Z, 30
—32z5 + 121 > 0. So, by Lemma 2,

, then Zg(o)+9 =

Yeo+9 =
{(Zn, ¥n) 221 is eventually prime period-6 (P}).
121 61
IfCC{) S (a]_,bi) = 3—2, E , then To(0)+9 =~

Y6(0) 19 = —32z, + 121 < 0. Hence P(0) is true.
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Next, we assume that P(IV) is true for some posi-
tive integer N >1. We shall show that P(N +1}is true.
Since P(N) is true, Tgy+9 = Y6N+9 = —o4N+5,
+85y + 1 < 0, where 2y € (an+1; byi1) =

19 x 24N+5 _ 3 19 x 24N HE 41
, . Then
5 x 24N+5 5 x 94N+4
T(N+1)+4 = TEN+10 = 24Ny — 1608 — 3
— 94(N+1)+2

Zg — ON+1,
Y6(N+1)+4 = YN+10 = N6y, 4 1608 + 1
— _24(N+1)+2$0 SNyl — 9

AN+6 _
_ _9iN+6g 4 (IQXQ 11) <0.

5
Note that
19 x 24N+6 1 19 x 24M46 16 L1

ON+1 = 7

5

5
= 16y + 3.

If

o € (GN+1,CN+1] =
19 x 24N+5 3 19 x 24NV+6 1
5% 24N+5 ? 5 % 24N+6 *

then

— 4
ZeN+10 = 2 NABgy — 5

By Lemma 3, {(%n, Yn) }2gn 110 18 eventually prime
period-6 (Py).
if
o € (eN11,Dn+1) =
(19 x QEN+6 _ 1 19 x 24N+ +1)
5x 2iN+6 5 20N+ )7

then

AN6 _
19x2 1) <o

19 x 28N +6 1
zens10 = 20y — (—_5—*—) > 0.
Thus, we have
TEN+1)+5 — FT6N+11
= 24(N+1)+3:L‘0 — 2041+ 1> 0,
Ys(N+1)+5 = YEN+11 = —3,
Ta(N+1)+6 = FEN+12
= QUN+DH3 0 . 9Fn1q +3 >0,
Yo(N+1)+6 — YeN+12
= 24(N+1)+3.?J0 — 2Wny1—3
19 x 24N+7 1+ 13
= 24N+7.7;0 — ( 5 + ) < O,
Te(N4D)+7 = T6N+13 = D,
Ys(N+1)+7 — YBN+13
- 24(N+1)+455'{J — 4dy41 — 1.
If

yo € vz, bvy1) =
19 % 24N+8 11 19 x 28V 4]
[ 5x24N+8 ! 5X24N+4 )’
then
yanqiz = 2HNHD g, —ddyyq — 1
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AN+8
_ giN+8g, _ (19>< 2 : +1) >0,
zens1a = —2V 80 + 4041 +5

94N +8
_ _gAN+8g (19 x - +21) 50
vonpia = —2 820 + 46811 + 5 > 0. By Lemma
2, {(Zn> Yn) }2 6N 414 18 eventually prime period-6.
If

zg € (ent1,bvg2) =
(19 x 9AN+6 _ 1 19 x 24N+B 4 1)

5 x 24N+6 7 5 x 24N+8
then
Yon1s = 22D, — 45N-z}m ;81

Thus, we have
Te{N+1}+8 — TEN+14

= 94D Mgy 4 45y +5 > 0,
Ye(N+1}+8 = YsN+14

— AN+ A g + 3

10 x 24N+8 19)
> 0,
5
THN+1)+9 = TENH15 = — 4N+, 4+ 841+ 1,
YB(N+1)+9 = Y6N+15 = 94N+ D550 4 854 + L
It

2o € (eny1, an+2] =
(19 x PAN+6 _ 1 19 x 9N1H9 3]

— 94N+8

Ty —

5 x 24N+6 7 5 24NH9
then
TEN+15 = Y6N+15
= 24N+ +500 + 801 + 1
ANTO _
= 9N+, 4 &2_5__#§) > 0.
By Lemma 2, {(2n, ¥n) }2gn 415 18 €ventually prime
period-6( P ).
if

xy € (any2,bvi2) =
19 x 24N+ 3 19 x 248 1
5 X 24N+9 ? 5 x 24N+8 ?

then
TeN+15 = YeN+15
= N5, 4 8Ny +11
19 x 2499 — 3
— < 0.
Hence, P(N + 1) is true. By mathematical induction,
P(n) is true for all n > 0.

= —24N+9p,

1
Note that im @, = lim &, = lim ¢, = —9
R—00 n—00 =00 5

19

5 ,—3), then

We also note that if (zo,%0) = (

3 3
(373,3}3) = (—'51_“5) = P62
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Case 1.2: Suppose g2 = 239 — 3 <
010z < g), then £4 = —4xg -+ 5 and g4 =
—4z+ 5.

fag € O,—i— Jthenzy =ys = —4dap+5 = 0.

So we apply Lemma 2 and {(2n, ¥n) }5eq is eventu-
ally prime period-6 (Fg).

5
Suppose that zg € -,§ . We will prove,
4’2
for g € g,% , that the solution is eventually

prime period-6 by mathematical induction. For each
n > 0, let Q(n) be the following statement: for
zo € (dn,en),
Len+b = 24n+3$0 — Ons
Yent+5 = —9n 8y o, —2 <0
If zp € (dn, fal, them Tents < 0. So,
(T, yn) 13 is eventually prime period-6 (PH).
If 2o € (fu, €n), then zgnys > 0. So
Tenre = 28" 4r0 — 200 + 1 > 0,
Yon+6 = —3»
Tn+7 = 24n+4$0 — 20, + 3>0,
Yenir = 28 e — 20, — 3 <0,
Tén+8 = 5,
Yen+8 = 24n+5£8() — 40'7,, —1.
If %o € [ent1,€n)s then Yenrs = 0. So, the solu-
tion is eventually prime period-6 (F3).
If 2o € {fn,ent1), then ygnirs < 0. Thus, we
have
Ten+9 = —ofntS s L do, +5 >0,
Yont+9 = 24n+5$0 — 4, +3 >0,
Teni1o = =20z + 8o, + 1,
Yens10 = — 248z + 8oy + L.
If 20 € (fn,dns1]. then Teptr10 = Yon+10 = 0
and so the solution is eventually prime period-6 (Fy).
If 2 € (dni1,ent1), then Tent10 = Yentio < 0
where

_ Tx 2+t 3 _7x2tt 4]
_Tx 2t _Tx 2 1
fn =5 oms 0 T 5 '

The proof is similar to the previous case. We can con-
clude that Q(n) is true for all n > 0.

Note that lim d, = lim e, = lim f, = -.
R—rCO N300 n—oo 5

u-q

We also note that (g, —3) € P2

Case 2: Let (20,%) € % and 2o < 0. Then,
yo = —3. Thus, z2 = —22q 45> 0and yp = —3.

We see that (zg,y2) € & and x2 > 0. By Case
1, every solution {(zn,¥n)}5%, is eventually prime
period-6 (P} or PZ). C
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Lemma 5 Every solution {(Zn,yn) Yoo of System
(1) with an initial condition in Q1 is eventually prime
period-6 (P or P).

Proof: Let (xo,y0) € Q1. Then o > Oand yo = 0.
Hence,
zy=xp— Y — 1,
y1 =xo ~ %o — L.
Hrzi=m=z0—y%+120 then by Lemma 2,
(2, y2) € P51
foi=mn =xp—y+1 < {0, then
o= —2%p+ 240+ 1,
y2=23:0—2y0—3<0.
Ifag=-2z0+2yp+1=—-y2—2< 0, then by
Lemma 3, (2, y2) € I5-
¥ zg = —2xg+ 2yo + 1 > 0, then
x3 = —Axy + 4y + 3,
y3 = —3. Hence by Lemma 4, the solution is eventu-
ally prime period-6 (P} or P§). O

Lemma 6 Every solution {(Zn,yn)}aey Of System
(1) with an initial condition in Q3 is eventually prime
period-6 (P} or P2).

Proof: Let (zg,40) € @3. Then zp < 0 and yo < 0.
Hence,

xy = —Tg— Yo — L,

m=x0+y% 1<,

ya = —3.
By Lemma 4, the solution is eventually prime period-
6 (P} or PZ). a

Lemma 7 Every solution {(Zn,yn)}nen of System
(1) with an initial condition in Q3 s eventually prime
period-6 (P} or P3).

Proof: Let (o, o) € Q2. Then zp < 0and yo > 0.
Hence,

T1=—%o— Y — L,

y1=xp— Y —1<0.

Case 1: Suppose 1 = —zg — yo — 1 < 0. Then,
oo =2y +1>0,
ya=—2yp —3 <0,
Yz = —3.
By Lemma 4, the solution is eventually prime period-
6 (P} or P2).

Case 2: Suppose z1 = —zp— %o — 1 > 0 and so
—zg > 1. Then,
$2=—2:L‘0—1>0,
y2 = —2y0 — 3 <0,
T3 =—2xg+ 250 +1 > 0,
y3 = —2xp — 240 — 5.
fyg = —2x9 — 2yo — 5 = 0, then
Te =4y +5>0,
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ya=4dyo+5>0.
By Lemna 2, the solution is eventually prime period-
6 ().

If y3 = —2x0 — 2yo — 5 < 0, then
za=4dy+5>0,
ya = —4dxo — 5.

5
Hys=—4dwp—5<0 (_ﬁ_l Sxp < —1),‘[1’1611

:z:5:4$0+4y9+9 >0,

ys = —4dxo +4y — 1> 0.

By Lemma 5, the solution is eventually prime period-
6 (Pg or P#).

Ifyy=—4z5—5>0 (mg < —g),then

xs = dxg + 4y + 9,
ys = 4o + 4yo -+ 9.

If &5 = y5 = 0, then by Lemma 3, the solution is
eventually prime period-6 (P4 or Pg).

If z5 = ys < 0, then by Lemma 6, the solution is
eventually prime period-6 (FPg or P). o

4 Conclusion and Discussion

We have presented the prime period-6 character of
the solutions of System(1). We utilized mathemati-
cal induction, and direct computations to show that
every solution of System(1) with an initial condi-
tion in @ U Q2 U Q3 is eventually either the prime
period-6 solution Pg, or the prime period-6 solution
PZ. The proofs involve careful consideration of the
various cases.We conjecture that every solution of
Systern(1)with an initial condition in R? is eventu-
ally either the prime period-6 solution P}, the prime
period-6 solution P2 or the unique equilibrium point,
(1, -1), from the beginning.
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